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Preface 



This manual provides detailed solutions to all the end-of-chapter (b) Exercises, and to the even- 
numbered Discussion Questions and Problems. Solutions to Exercises and Problems carried over 
from previous editions have been reworked, modified, or corrected when needed. 

The solutions to some of the Exercises and many of the Problems in this edition relied more 
heavily on the mathematical, graphical, and molecular modelling software that is now generally 
accessible to physical chemistry students. This is particularly true for some of the new Problems 
that specifically request the use of such software for their solutions. We used the following software 
for many of the solutions in this manual: Excel™ for spreadsheet calculations and graphing, and 
Mathcad™ for mathematical calculations and the plotting of the results. When a quantum-chemical 
calculation or molecular modelling process has been called for, we have often provided the solution 
with PC Spartan Pro because of its common availability. However, the majority of the Exercises 
and many of the Problems can still be solved with a modern hand-held scientific calculator. 

In general, we have adhered rigorously to the rules for significant figures in displaying the final 
answers. However, when intermediate answers are shown, they are often given with one more figure 
than would be justified by the data. These excess digits are indicated with an overline. 

The solutions in this manual have been carefully cross-checked for errors not only by ourselves, 
but also very thoroughly by Valerie Walters, who made many helpful suggestions for improvement. 
We expect that most errors have been eliminated, but would be grateful to any readers who bring 
any remaining ones to our attention. 

We warmly thank our publishers, especially Jonathan Crowe and Jessica Fiorilla, as well as 
Dave Quinn, for their patience in guiding this complex, detailed project to completion. We also 
thank Peter Atkins and Julio de Paula for the opportunity to participate in the development of their 
outstanding Physical Chemistry text. 
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Fundamentals 



Exercises 
F.1 Atoms 

F1 .1{b) The atomic number, Z, is the number of protons in an atom. These protons are located within the 
nucleus. 

The nucleoli number, A, which is also commonly called the mass number, is the total number of 
protons and neutrons in an atom. These nucleons are located within the nucleus. 



Example Element Ground-state electronic configuration 

(a) Group 3 Sc, scandium [Ar^d^s 2 

(b) Group 5 V, vanadium [Ar]3d 3 4s 2 

(c) Group 13 Ga, gallium [Arpd'Ms^p 1 



F1.3(b) (a) Chemical formula and name: CaH 2 , calcium hydride 
Ions: Ca 2+ and H~ 

Oxidation numbers of the elements: calcium, +2; hydrogen, -l 

(b) Chemical formula and name: CaC 2 , calcium carbide 
Ions: Ca 2+ and C\~ (a polyatomic ion) 

Oxidation numbers of the elements: calcium, +2; carbon, -1 

(c) Chemical formula and name: LiN 3 , lithium azide 
Ions: Li + and (a polyatomic ion) 

Oxidation numbers of the elements: lithium, +1; nitrogen, -{ 
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F1.4(b) 





Transition metals 




Lanthanoids 




Actinoids 



l 

IA 


2 

HA 


3 
TTTR 


4 
IVB 


5 

VB 


6 

vm 


7 

vim 


8 

vhib 


9 

VIIIB 


10 

vmB 


11 
IB 


12 
IIB 


13 
DIA 


14 

iva 


15 
VA 


16 
VIA 


17 
VBA 


18 
VUIA 


H 
1.008 


Periodic Table of the Elements 






2 

He 
4.003 


3 

Li 

6.941 


4 

Be 

9.012 




5 
B 
10.81 


6 
C 
12.01 


7 
N 
14.01 


8 
0 
16.00 


9 
F 
19.00 


10 
Ne 
20.18 


11 
Na 

22.99 


12 
Mg 

24.31 


13 
Al 
26.98 


14 

Si 
28.09 


15 
P 
30.97 


16 
S 

32.07 


17 

a 

35.45 


18 
At 

39.95 


19 
K 
39.10 


20 
Ca 
40.08 




31 
Ga 
69.72 


32 
Ge 
72.59 


33 
As 
74.92 


34 
Se 
78.96 


35 
Br 
79.90 


36 
Kr 
83.80 


37 
Rb 
85.47 


38 
Sr 
87.62 


49 
In 
114.8 


50 
Sn 
118.7 


51 
Sb 
121.8 


52 
Te 
127.6 


53 
I 

126.9 


54 
Xe 
131.3 


55 
Cs 

132.9 


56 
Ba 
137.3 


81 

TI 
204.4 


82 
Pb 
207.2 


83 
Bi 

209.0 


84 
Po 

(209) 


85 
At 

(210) 


86 
Rn 

(222) 


87 
Fr 
(223) 


88 
Ra 
226 


89 
Ac 
(227) 


















90 

Th . 


; 91 


92 

23&.0' 


93 
Np 

, 237^ 


94 


95 

(243) 


96 
Cm 

(247) 


97 I 98 
Bk Cf 

(2470- R251) 













F.2 Molecules 

F2.1 (b) (a) Ammonia, NH 3 , illustrates a molecule with one lone pair on the central atom. 



H N H 

H 



(b) Water, H 2 0, illustrates a molecule with two lone pairs on the central atom. 

H o: 

H 



(c) The hydrogen fluoride molecule, HF, illustrates a molecule with three lone pairs on the central 
atom. Xenon difluoride has three lone pairs on both the central atom and the two peripheral atoms. 







H — 









:f x e f: 



FUNDAMENTALS 3 



F2.2(b) (a) Ozone, 0 3 . Formal charges (shown in circles) may be indicated. 



-0 
:o: 



:0 =o© 



o: 



(b) CIF3 



-1 + 



;f ci 



:f: 



(c) azide anion, N3 
F2.3(b) The central atoms in XeF 4 , PC1 S , SF 4 , and SF 6 are hypervalent. 

F2.4(b) Molecular and polyatomic ion shapes are predicted by drawing the Lewis structure and applying 
the concepts of VSEPR theory. 

(a) H 2 0 2 

Lewis structure: 

H O O H 

Orientations caused by repulsions between two lone pairs and two bonding pairs around each 
oxygen atom: 




Molecular shape around each oxygen atom: bent (or angular) with bond angles somewhat 
smaller than 109.5°. 

(b) FSO3 

Lewis structure: 
(Formal charged is circled.) 

o s o F 

Is 

o 



[a. ® 

! :n — n — 



..0 

:n: 
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Orientations around the sulfur are caused by repulsions between one lone pair, one double 
bond, and two single bonds, while orientations around the oxygen to which fluorine is attached 
are caused by repulsions between two lone pairs and two single bonds: 




Molecular shape around the sulfur atom is trigonal pyramidal with bond angles somewhat 
smaller than 109.5° while the shape around the oxygen to which fluorine is attached is bent (or 
angular) with a bond angle somewhat smaller than 109.5°. 



(c) KrF 2 

Lewis structure: 



Orientations caused by repulsions between three lone pairs and two bonding pairs: 

F 



Molecular shape: linear with a 180° bond angle. 

(d) PC1 4 + 

Lewis structure: 

(Formal charge is shown in a circle.) 

Cl 

1© 

Cl P Cl 

Cl 



Orientations caused by repulsions between four bonding pairs (no lone pair): 

-i + 

C1 \©/ C1 
Cl ci 



Molecular shape: tetrahedral and bond angles of 109.5°. 



FUNDAMENTALS 5 



(a) C H Non-polar or weakly polar toward the slightly more electronegative carbon. 



(b) S + 
P- 



(c) 5+ 

N- 



5" 
-Cl 



F2.6{b) (a) 0 3 is a bent molecule that has a small dipole as indicated by consideration of electron densities 
and formal charge distributions. 

(b) XeF 2 is a linear, non-polar molecule. 

(c) N0 2 is bent, polar molecule. 

(d) C 6 H 14 is a non-polar molecule. 

F2.7(b) In the order of increasing dipole moment: XeF 2 ~ C 6 H 14 , N0 2 , 0 3 



F.3 Bulk matter 

Condensed forms of matter (liquids and solids) have relatively high densities because of the close 
proximity of constituent elemental atoms or constituent molecules; compressibility is low and 
attractive forces are strong between neighbours. Perfect gases have low densities and they are highly 
compressible; intermolecular forces of attraction are negligibly small. 

(a) Pressure is an intensive property. 

(b) Specific heat capacity is an intensive property. 

(c) Weight is an extensive property. 

(d) Molality is an intensive property. 



m „ n ( 1 mol 
KMM (a) " = 77 = 5.08^ 



0.028 mol 



[F.l] 



(b) N = nN A = 0.028 mol 



6.0221 x 10 23 molecules 
mol 



1 .7 x 10 22 molecules 



(a) (222 atm) x 



101325 Pa 
1 atm 



2.25 xlO 7 Pa 



(b) Since 1 bar = 1 0 s Pa, the above pressure is 



225 bar 



0/°O77K- 273.15 = 90.18 -273. 15 = -182.97 [F.2] 



9 = -182.97 °C 



The absolute zero of temperature is 0 K and 0 °R. Using the scaling relationship 1 °F/1 °R (given 
in the exercise) and knowing the scaling ratios 5 0 C/9 °F (see Exercise F3.6a) and 1 K/l °C, we find 
the scaling factor between the Kelvin scale and the Rankine scale to be: 



1Z x 1^ x 1* 
1 °R 9 °F 1 °C 



SK 
9°R 
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The zero values of the absolute zero of temperature on both the Kelvin and Rankine scales and the 
value of the scaling relationship implies that: 



77K = f x(0 R /°R) or e R /°R = fx(77K) 



Normal freezing point of water: 

Gr/TI = I x (77K) = f x (273.15) = 491.67 

0R = 



491.67 °R 



F3.7(b) n = 0.325 g x M™ 1 | = 0.0 1 b ! mol 
^20.18 g 

p = [ F 3] = (0 0 1 6 1 molX8 .3 1 4 J K 1 mol 1 )(293 . 1 5 K) ( dm 3 



V 



2.00 dm 3 



\io- 3 



m 



= 1.96xl0 4 Pa= 19.6kPa 



F.4 Energy 

F4.1 (b) All objects in motion have the ability to do work during the process of slowing. That is, they have 
energy, or, more precisely, the energy possessed by a body because of its motion is its kinetic energy, 
E k . The law of conservation of energy tells us that the kinetic energy of an object equals the work 
done on the object in order to change its motion from an initial (i) state of ^ = 0 to a final (f ) state 
of v t = v. For an object of mass m travelling at a speed v, 

E k =\mv 2 [F.4] 

The potential energy, E p or more commonly V, of an object is the energy it possesses as a result of 
its position. For an object of mass m at an altitude h close to the surface of the Earth, the gravita- 
tional potential energy is 

V(h) = mgh[F.5], where £ = 9.81 ms" 2 

Eqn F.5 assigns the gravitational potential energy at the surface of the Earth, V(G), a value equal 
zero and g is called the acceleration of free fall. 

The Coulomb potential energy describes the particularly important electrostatic interaction 
between two point charges Q x and Q 2 separated by the distance r: 

V{r) = in a vacuum [F.6, e 0 is the vacuum permittivity] 
47i£ 0 r 

and V{r) = in a medium that has the relative permittivity e r (formerly, dielectric constant). 

4rc£ r £ 0 r 

Eqn F.6 assigns the Coulomb potential energy at infinite separation, K(<»), a value equal to zero. 
Convention assigns a negative value to the Coulomb potential energy when the interaction is attrac- 
tive and a positive value when it is repulsive. The Coulomb potential energy and the force acting on 
the charges are related by the expression F= -d V/dr. 
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The law of conservation of energy requires that the minimum kinetic energy [F.4] required to reach 
height h equals the increase in gravitational potential energy [F.5]: 

E k = mgh 



= (0.025 kg) x (9.81 m s" 2 ) x (50 m) = 12 kg m 2 s" 2 = 12 J 



4.3(b) The Coulomb potential, <t>, is 

<j> = ® 2 , where r is the separation of point charge Q x and the ion charge Q 2 . 
4ns 0 r 

Q x interacts with two ions, which are treated as point charges in this exercise, and the interactions 
are additive: 




Na + 



r/pmj a 



-(1440 V)x 



[UC-^lV] 



Figure Fl shows the positions of the sodium and chloride ions as the charge Q x approaches 
the centre point between the two ions along a straight line at the angle 9 to the internuclear line. If 
we interpret the exercise as specifying that the approach be at the angle 9 = 90°, then r Na+ = r cr all 



along the approach and the above relationship tells us that 0 fl=9(r = 0 at all values of r (defined in 



Figure F. 1). For angles other than 8 = 90°, the above equation for <p can be computed as a function 
of r at fixed 8. The law of cosines is used to calculate the requisite values r Na <- and r cr at each value 
of r and 6. 



1/2 



r Na+ = (rl +r 2 - 2rj cos 0) U2 and r a - = (r 2 + r 2 - 2rj cos (it - 0)) 

Plots of 0 against r at 8 = 30°, 45°, and 60° are presented in Figure F.2. It is apparent that as Q x 
approaches the centre from infinity the Coulomb potential rises to a peak at about half the inter- 
nuclear distance because of the dominate interaction with the sodium cation. On closer approach 
to the centre the influence of the chloride anion progressively increases, thereby causing a decline in 
the Coulomb potential until the interactions with the two ions is exactly balanced when Q x is mid- 
way between the ions (i.e. at r = 0). 
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^ r c = 141.5 pm ^ 

^ 283 pm 

Figure F.l 




1000 



r/pm 

Figure F.2 

F.5 The relationship between molecular and bulk properties 

F5.1{b) The quantization of energy is most important — in the sense that the allowed energies are widest 
apart — for particles of small mass confined to small regions of space. Consequently, quantization 
is very important for electrons in atoms and molecules. Quantization is important for the electronic 
states of atoms and molecules and for both the rotational and vibrational states of molecules. 

F5.2(b) limf ^heesl ] = lim(e-^ r ) [F.9] = e"~ = 0 



lim ( ^mm- I = Mm ( e -^^) [F.9] = e" 0 = 1 

In the Umit of the absolute zero of temperature, all particles occupy the lower state. The upper state 
is empty. In the limit of infinitely large temperature, all states are equally populated. 



FUNDAMENTALS 9 



The Maxwell distribution of speeds indicates that a few molecules have either very low or very high 
speeds. Furthermore, the distribution peaks at lower speeds when either the temperature is low or 
the molecular mass is high. The distribution peaks at high speeds when either the temperature is 
high or the molecular mass is low. 

Rates of chemical reaction typically increase with increasing temperature because more molecules 
have the requisite speed and corresponding kinetic energy to promote excitation and bond break- 
age during collision at the high temperatures. 



^(T/M) m [FM] 
AT 2 ) (T 2 /M) 112 



1/2 



\l/2 



^(303 K) ( 303K 



^(293 K) 1293K 



1.02 



A gaseous helium atom has three translational degrees of freedom (the components of motion in 
the x, v, and z directions). Consequently, the equipartition theorem assigns a mean energy of f kT 
to each atom. The molar internal energy, U m , is 

U m =±N A kT = ±RT [F.10] = |(8.3145 J mol" 1 K 1 )(303 K) = 3.78 kJ mol" 1 



U = nlI m =mM- l U m ~ (10.0 g) 



Imol \ 
4.00 g J 



( 3.78 kJ 



mol 



9.45 kJ 



A solid-state lead atom has three vibrational quadratic degrees of freedom (the components of 
vibrational motion in the x, y, and z directions). Its potential energy also has a quadratic form in 
each direction because V°c (x - x^) 2 . There are a total of six quadratic degrees of freedom for the 
atom because the atoms have no translational or rotational motion. Consequently, the equiparti- 
tion theorem assigns a mean energy of f kT= 3>kT to each atom. This is the law of Dulong and Petit. 
The molar internal energy, U m , is 

U m = 3N A kT = 3RT [F.10] =3(8.3145 J mol" 1 K" 1 )(293 K) = 7.31 kJ mol" 1 



U = nU m =mM- l U m =(l0.0g) 



1 mol 

207.2 g 



7.31 kJ 
mol 



0.353 kJ 



F.6 The electromagnetic field 



c — ... 3.00xl0 8 ms-' , lrtM . 

v = - F.12 = — — — -~~ = 4.1 7 x 10 14 s" 1 = 

A 720xl0-*m 



4.17xl0 14 Hz 



v^[F.13] = 16QX1 ° 6S " 
c l J 3.00xl0 8 ms~ ! 



0.533 m" 1 
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F6.3(b) (a) v = |[F.13] = — — 
A 3.0 cm 



0.33 cm" 



c 3.00xl0 8 ms-' lrt 1Ain . 

(b) v = - [F.12 = — — — = l.O x 10 10 S" 1 = 

' X 1 3.0xl0" 2 m 



10 GHz 



F.7 Units 



, „ / 10 2 cmY 
F7.1W ,.45dm>[— j = 



F7.2(b) 



F7.3(b) 



F7.4{b) 



F7.5(b) 



F7.6{b) 



F7.7(b) 



1.45xl0 3 cm 3 



10-' m 



1.12 kg m- 3 



J 2 (N m) 2 m 2 



N 3 



N 3 N kg m s" 



m kg -1 s 2 



kT_ _ (L38 1 x lO" 23 C V Kr l ) x (298 K) 
e 



1.602 xlO" ]9 C 



' mV \ 

[io- 3 vJ 



25.7 mV 



[U = 1C V] 
1 eV 

A:7 = (1.381 x 10" 23 J K _1 ) x (298 K) = (4.1 1 x 10 -21 J) x 1 1602xl0 _ 19J 
= 2.57 x 10- 2 eV = ,_ 



25.7 meV 



8.3144 J 
Kmol 



Pam 3 | ( cm 

XI Ixl : I X 



1 mol 



1 0" 2 m J { 6.022 x 10 23 molecule ) 



1.381 x 10 17 Pa cm 3 K" 1 molecule" 



9.869 xlO- 3 atmL 



„ TX ( Pa m 3 ^ f 1 atm ) ( cm f f L A 



. eft (els'] f kgm 2 s" 2 . 
(a) Base umt of /is = Base unit of- — = - — |x| = | = Cm 2 s 



2m e I kg 



Base unit of 



(b) Unit of -^5- = (C« kg" 1 s- 2 ) x| tttt I = I^V 4 ^ 1 * 
u«r 3 I C V J 



(C m 2 s- 1 ) 2 



/x 0 r 3 ^(Js 2 C- 2 m- , )x(m 3 )J'\kgm 2 s- 2 



f4 V-4U,r-l c-2 



art 1 Equilibrium 



The properties of gases 



Answers to discussion questions 

The partial pressure of a gas in a mixture of gases is the pressure the gas would exert if it occupied 
alone the same container as the mixture at the same temperature. Dalton's law is a limiting law 
because it holds exactly only under conditions where the gases have no effect on each other. This 
can only be true in the limit of zero pressure where the molecules of the gas are very far apart. 
Hence, Dalton's law holds exactly only for a mixture of perfect gases; for real gases, the law is only 
an approximation. 

The critical constants represent the state of a system at which the distinction between the liquid 
and vapour phases disappears. We usually describe this situation by saying that above the critical 
temperature the liquid phase cannot be produced by the application of pressure alone. The liquid 
and vapour phases can no longer coexist, although supercritical fluids have both liquid and vapour 
characteristics. 

The van der Waals equation is a cubic equation in the volume, V. Every cubic equation has some 
values of the coefficients for which the number of real roots passes from three to one. In fact, any 
equation of state of odd degree n > 1 can in principle account for critical behaviour because for 
equations of odd degree in V there are necessarily some values of temperature and pressure for 
which the number of real roots of V passes from n to 1. That is, the multiple values of V converge 
from n to 1 as the temperature approaches the critical temperature. This mathematical result is 
consistent with passing from a two-phase region (more than one volume for a given T and p) to a 
one-phase region (only one Kfor a given 7" and p), and this corresponds to the observed experimental 
result as the critical point is reached. 



Solutions to exercises 

E1 .1(b) (a) The perfect gas law [1 .8] is 

pV=nRT 

implying that the pressure would be 

nRT 
P = ~77~ 
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E1.2(b) 



E1.3{b} 



E1.4(b) 



All quantities on the right are given to us except n, which can be computed from the given mass 
of At. 



n = 



25 g 



= 0.626 mol 



39.95 g mol" ! 

(0.626 mol) x (8.31 x 10~ 2 dm 3 bar K" 1 mol -') x (30 + 273 K) _ 
so p = __ 

not 2.0 bar. 

(b) The van der Waals equation [ 1 .2 1 a] is 

RT a 
P ~V m -b VI 



10.5 bar 



so p = 



(8.3 1 x 1Q- 2 dm 3 bar K l mol-' ) x (30 + 273) K 
(1 .5 dm 3 /0.626 mol) - 3.20 x 10~ 2 dm 3 mol" 1 

(1 . 337 dm 6 atm mol" 2 ) x (1 .0 1 3 bar arm-') ^ 
(1.5 dm 3 /0. 626 mol) 2 



10.4 bar 



(a) Boyle's law [1.5] applies. 

pV= constant so PfV r =p l V i 
This equation can be solved for either initial or final pressure, hence 



Pi 



PfV { = (1.97 bar) x (2.14 dm 3 ) 



V t (2.14 + 1.80) dm 3 



1.07 bar 



(b) The original pressure in Torr is 



/?i = (1.07 bar)x 



1 atm 
1.013 bar 



760 Torr 
1 atm 



803 Torr 



The relationship between pressure and temperature at constant volume can be derived from the 
perfect gas law, p V= nRT [1 .8] 

so p~T and — = ~r 
Ti 7} 

The final pressure, then, ought to be 

_ £j7} _ (125 kPa)x(ll + 273)K _ 
Pf ~ T { ~ (23 + 273) K 



120 kPa 



According to the perfect gas law [1.8], one can compute the amount of gas from pressure, tempera- 
ture, and volume. 

pV=nRT 



so 



pV _ (1.00 atm) x (1.013 x 10 s Pa atar 1 ) x (4.00 x 10 3 m 3 ) = j 66 x 1Q5 j 
H ~ RT~ (8.3145 J K-' mol- 1 ) x (20 + 273) K 
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Once this is done, the mass of the gas can be computed from the amount and the molar mass: 



m = (1.66 x 10 5 mol) x (16.04 g mol" 1 ) = 2.67 x 10 6 g = 2.67 x I0 3 kg 



i1 .5(b) Use the equation for hydrostatic pressure [1 .3], p =/7 ex + pgh. Let p a be the pressure at the top of the 
straw and p is the pressure on the surface of the liquid (atmospheric pressure). Thus, the pressure 
difference is 

.3 



p- p^= pgh = (1. 0 gem' 3 ) x 



lkg 



r i 



cm 



1.5xl0 3 Pa 



10 3 g {I0~ 2 m 
= 1.5xl0^ 2 atm 



x (9.81 ms" 2 )x (0.15 m) 



E1 .6(b) The pressure in the apparatus is given by 
P^P^ + Pgh[\3\ 
where /? ex = 760 Torr = 1 atm = 1 .01 3 x 10 5 Pa, 

and pgh = 1 3.55 g cm -3 x 







f 1cm Y 


llO'gJ 


X 


J0" 2 m J 



x 0.100 m x 9.806 m s" 2 = 1.33 x 10 4 Pa 



p = 1.013 x 10 5 Pa + 1.33 x 10 4 Pa = 1.146 x 10 s Pa = 



115kPa 



E1 .7(b) Rearrange the perfect gas equation [1 . 8] to give R = 



£V = PK 
nT T 



All gases are perfect in the limit of zero pressure. Therefore, the value of p VJT extrapolated to zero 
pressure will give the best value of R. 

The molar mass can be introduced through 

P V^nRT = — RT 
M 

u- u ♦ ■ mRT RT 
which on rearrangement gives M = = p . 

V p p 

The best value of Mis obtained from an extrapolation of pip versus p to zero pressure; the intercept 
is MIRT. 

Draw up the following table: 



pidXm. 


(pVJT)J(dm 3 atm K" 1 mol" 1 ) 


(p/p)/(g dm -3 atm -1 ) 


0.750 000 


0.082 0014 


1.428 59 


0.500 000 


0.082 0227 


1.428 22 


0.250 000 


0.082 0414 


1.427 90 



From Figure 1.1(a), 



pV m 



0.082 062 dm 3 ami Kr 1 mol~' 
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0.08207 



0.08206 - 



- 0.08205 H 



0.08204 - 



1 0.08203 - 

^ 0.08202- 
3- 

0.08201 H 



0.08200 



pVjf = -l.m xl(rV + 0.082062 




0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 




p/atm 



Figure 1.1(b) 



From Figure 1 . 1 (b), =1 .427 55 g dm" 3 atrrr 1 



M = RT 



£ = (0.082062 dm 3 arm K -1 mol" 1 ) x (273.15 K) x (1 .42755 g dm" 3 atrrr 1 ) 



31.9988 g mol" 1 



The value obtained for R deviates from the accepted value by 0.005%, better than can be expected 
from a linear extrapolation from three data points. 



E1 .8{b) The mass density p is related to the molar volume V m by 

V -—-—x—-— 

n ' m n p 
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where Mis the molar mass. Putting this relationship into the perfect gas law [1.8] yields 



pV m = RT so — = RT 
P 

Rearranging this result gives an expression for M; once we know the molar mass, we can divide 
by the molar mass of phosphorus atoms to determine the number of atoms per gas molecule. 



M = 



RTp (8.3145 Pa m 3 mol" 1 ) x [(100 + 273) K] x (0.6388 kg nr 3 ) 



p 1.60xl0 4 Pa 
= 0.124 kg mol" 1 = 124 g mol 1 
The number of atoms per molecule is 
124 g mol -1 



31.0 g mol 



= 4.00 



suggesting a formula of P 4 



Use the perfect gas equation [1 .8] to compute the amount; then convert to mass: 

pV=nRT so n = i — 
F RT 

We need the partial pressure of water, which is 53% of the equilibrium vapour pressure at the given 
temperature and standard pressure. (We must look it up in a handbook like the CRC Handbook of 
Chemistry and Physics or another resource such as the NIST Chemistry WebBook.) 



p = (0.53) x (2.81 x 10 3 Pa) = 1.49 x 10 3 Pa 



so n = 



(1.49 x!0 3 Pa)x (250 m 3 ) 
(8.3145 J K" 1 mol" 1 ) x (23 + 273) K 



= 151 mol 



and m = (151 mol) x (18.0 g mol" 1 ) = 2.72 x 10 3 g = 2.72 kg 



E1 .10(b) (a) The volume occupied by each gas is the same, since each completely fills the container. Thus, 
solving for V we have (assuming a perfect gas) 



K = 



n s RT 

Pj 



We have the pressure of neon, so we focus on it 
0.225 g 



20.18 g rnol" 



= 1.115 xlO 2 mol 



Thus, 



j - 1.115xl0- 2 molx8.3145Pam 3 K- I mol- 1 x300K , 1j( fA , , 

V ; = 3.14 x 10 3 m 3 = 

8.87xl0 3 Pa 



3.14 dm 3 



(b) The total pressure is determined from the total amount of gas, n = n CB4 + n M + « Ne . 
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0.320 e - 0 175ff 

»cH t =— ^tt = 1.995 xl0- 2 mol n AT = U U3g 



16.04 gmoH '~ 39.95 gmol" 1 

n = (1.995 + 0.438 + 1.115) x 10" 2 mol = 3.55 x 10 2 mol 



4.38 xlO 3 mol 



. «^ riol 3.55xl0- 2 molx8.3145Pam 3 K- 1 mol- 1 x 300 K 
and p = [1 .81 = 

V 3.14xl0- 3 m 3 



2.82xl0 4 Pa 



28.2 kPa 



E1.1 1 (b) This is similar to Exercise 1 . 1 1(a) with the exception that the density must first be calculated: 
RT 

M = p [Exercise 1 .8(a)] 

P 



33.5 x 10 3 g 
p- x 

H 250 cm 3 



10 3 cm 3 
dm 3 



= 0.134g dm" 



M = 



(0. 1 34 g dm- 3 ) x (62.36 dm 3 Torr K~' mol" 1 ) x (298 K) 
152 Torr 



16.4 g mol" 



E1 .12(b) This exercise is similar to Exercise 1 . 12(a) in that it uses the definition of absolute zero as that tem- 
perature at which the volume of a sample of gas would become zero if the substance remained a gas 
at low temperatures. The solution uses the experimental fact that the volume is a linear function of 
the Celsius temperature: 

V= V 0 + a6, where V Q = 20.00 dm 3 and a = 0.0741 dm 3 °C- 1 

At absolute zero, V- 0 = V 0 + cc8 

V u 20.00 dm 3 

so 0(abs.zero) = = — — — - 

v a 0.0741 dm 3 °C- ! 



-270°C 



which is close to the accepted value of -273°C. 



E1.13(b) (a) ^ = ^[1.8] 



(i) P = 

(ii) p = 
(b) p = 



(1.0 mol) x (0.08206 dm 3 atm mol' 1 K' 1 ) x (273.15 K) _ 
22.414 dm 3 

(1.0 mol) x (0.08206 dm 3 atm mol" 1 K _1 ) x (500 K) 



1.0 atm 



0.150 dm 3 



270 atm 



(2 sig. figures) 



-^1-4 [1.21a] 
V-nb V 2 



From Table (1.6) for H 2 S, a = 4.484 dm 6 atm mol" 1 and b = 0.0434 dm 3 mol"' . 
(1.0 mol) x (0.08206 dm 3 atm mol" 1 K 1 ) x (273.15 K) 



(i) P = 



22.41 4 dm 3 -(1.0 mol) x (4.34 x 10- 2 dm 3 mol 1 ) 
(4.484 dm 6 atm mol- 2 ) x (1 .0 mol) 2 = 
(22.414 dm 3 ) 2 



0.99 atm 
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_ (1 .0 mol) x (0.08206 dm 3 atm mol"' K~') x (500 K) 
W P ~ 0.150dm 3 -(1.0mol)x(4.34xl0- 2 dm 3 mol- 1 ) 

(4.484 dm 3 atm mol-' ) x (1 .0 mol) 2 
(0.150 dm 3 ) 2 



190 atm (2 sig. figures) 



i1 .14(b) The conversions needed are as follows: 

l atm = 1 .013 x 10 5 Pa, 1 Pa = 1 kg nr 1 s" 2 , 1 dm 6 = (10"' m) 6 = 10" 6 m 6 , 1 dm 3 = 10~ 3 m 3 
Therefore, 

, . 1.013 xlO^gnrV 2 lO^m 6 

a = 1.32 atm dm 6 mol- 2 x x - 

1 atm dm 6 



1.34xl0-'kg m 5 s- 2 mol" 2 



10 3 m 3 

and b = 0.0426 dm 3 moH x " - 

dm 3 



4.26 xl0- 5 m 3 mol" 1 



E1 .15(b) The compression factor is 
RT L V° 



(a) Because F m = + 0MV° m = (U2)K° , we have Z = 



1.12 



Repulsive forces dominate. 



(b) The molar volume is 



F = (1.12)F° = (1.12)x 



RT 



i, i ^^ ( (0.08206 dm 3 atm mol" 1 K _1 ) x (350 K) ^ u „ . . 

F = (1.12) x - — - = 2.7 dm 3 mol" 

^ 12 atm ) 1 



E1 16(b) (a) r ^ (8.3145 J K-' mol-') x (298.15 K) 
m /> (200bar)x(10 5 Pabar-») 



= 1 .24 x lO" 4 m 3 mol" 1 = 0. 1 24 dm 3 mol 



(b) The van der Waals equation is a cubic equation in K m . The most direct way of obtaining the 
molar volume would be to solve the cubic analytically. However, this approach is cumbersome, so 
we proceed as in Example 1 .4. The van der Waals equation is rearranged to the cubic form 



Vl-\b + 



RT 

P ) 



r> + [*k-^ = o or x 3 



-KM;) 



> ab 
x = 0 

P 



with x= F m /(dm 3 mol" 1 ). 
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The coefficients in the equation are 

b+ *L = (3 .i9 x 10- dm 3 mol"') + (0 08206 dm3 a tm mol- x (298.15 K) 
p (200bar)x(1.013atmbar ') 

= (3 . 1 9 x 1 0- 2 + 0. 1208) dm 3 mol" 1 = 0. 1 527 dm 3 mol 1 

a _ 1.364 dm 6 atm mol 2 
7 ~ (200 bar) x (1.013 atm bar" 1 ) 



= 6.73x1 0- 3 dm 6 mol" 2 



ab (1 .364 dm 6 atm mol" 2 ) x (3.19 x 10" 2 dm 3 mol" 1 ) „ x „ 

— = ,™ t. x /i ^ „ 7 — r; - = 2.148 xlO" 4 dm 9 moH 

p (200 bar) x (1 .01 3 atm bar 1 ) 

Thus, the equation to be solved is x 3 - 0.1527x 2 + (6.73 x 10" 3 )x - (2.148 x 10" 4 ) = 0. 

Calculators and computer software for the solution of polynomials are readily available. In this 
case we find 



x = 0.109 and K = 



0.109 dm 3 mol" 



The difference is about 1 5%. 



pV 

E1 .17(b) The molar volume is obtained by solving Z = ^—^ [1.1 7], for V m , which yields 

RT 

T , ZRT (0.86) x (0.08206 dm 3 atm mol" 1 K" 1 ) x (300 K) t aZ , , , . 

V m = = — — 1 = 1 .06 dm 3 mol -1 

p 20 atm 



(a) Then, V = n V m = (8.2 x 1 0" 3 mol) x (1 .06 dm 3 mol- 1 ) = 8.7 x 1 0" 3 dm 3 = 



8.7 cm 3 



(b) An approximate value of B can be obtained from eqn 1 . 19b by truncation of the series expan- 
sion after the second term, B/V mt in the series. Then, 



B = V„ 



pK 

RT 



- 1 = K m x (Z - 1) = (1.06 dm 3 moH) x (0.86 - 1) = 



-0.15dm 3 mol- 



E1. 18(b) (a) Mole fractions are 
n 



/i tota! (2.5 + 1.5) mol 



0.63 



Similarly, x n - 



0.37 



(c) According to the perfect gas law 

Aotal^ =W total-^^ 



SO Ptotal 



_ #wKr = (4.0 mol) x (0.08206 dm 3 atm mol-' K' 1 ) x (273.15 K) = 



22.4 dm 3 



4.0 atm 



(b) The partial pressures are 

= Act = (0.63) x (4.0 atm) = 



2.5 atm 



and p H = (0.37) x (4.0 atm) = 1 .5 atm 
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1.19(b) The critical volume of a van der Waals gas is V c = 3b 
so b = \ V c = \ (1 48 cm 3 mol" 1 ) = 49.3 cm 3 mol" 1 = 



0.0493 dm 3 mol" 



By interpreting b as the excluded volume of a mole of spherical molecules, we can obtain an esti- 
mate of molecular size. The centres of spherical particles are excluded from a sphere whose radius 
is the diameter of those spherical particles (i.e. twice their radius); that volume times the Avogadro 
constant is the molar excluded volume b 



if 36 

V 



so r~— 

2 1 4nN A 



If 3(49.3cm 3 mol-) f 
2^471(6.022 xlO 23 mol" 1 ) J 



8 cm = 



1.35xl0- 10 m 



The critical pressure is p c = 



21b 2 



so a = 21 p c b 2 = 27(48.20 atm) x (0.0493 dm 3 mol" 1 ) 2 = 



3.16 dm 6 atm mol -2 



But this problem is overdetermined. We have another piece of information: 



T = 



8a 



21 Rb 



According to the constants we have already determined, T c should be 
8(3.16 dm 6 atm mol" 2 ) 



T r = 



27(0.08206 dm 3 atm mol" 1 K" 1 ) x (0.0493 dm 3 mol" 1 ) 



= 231K 



However, the reported T c is 305.4 K, suggesting that our computed alb is about 25% lower than it 
should be. 



dZ 

E1 .20(b) (a) The Boyle temperature is the temperature at which lim 

^m— d(l/FJ 

van der Waals equation 



vanishes. According to the 



Z = 



so 



RT 
dZ 



— -—W 

[v m -b vi " 



RT 



V m -b V m RT 



f dZ 



d(l/F m ) (dV m 



dK„ 



d(l/K m ) 



VIP a 
{V m -bf RT 



-V 



1 



(V m -bf V m -b ViRT 
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In the limit of large molar volume, we have 

lim = b = 0 so = b 

y^d(l/V m ) RT RT 



and T = — = 



(4.484 dm 6 arm mol" 2 ) 



Rb (0.08206 L arm mol 1 K" ! ) x (0.0434 dm 3 mol" 1 ) 
(b) As in Exercise 1 . 1 9(b) 



1259 K 



4ji(2r) 3 



V 



so 



r-lf-5- 



1 

r = — 
2 



( 



3(0.0434 dm 3 mol-') 
4n(6.022xl0 23 mol l ) 



= 1.29 x 10 9 dm = 1.29 x 10 10 m = 



0.129 nm 



E1 .21(b) States that have the same reduced pressure, temperature, and volume are said to correspond. The 
reduced pressure and temperature for N 2 at 1 .0 atm and 25°C are 



Pt= JL = J^L = 0 .030 and r r =£ = 
p c 33.54 arm 7; 

The corresponding states are 

(a) ForH 2 S 

p = PtPc = (0.030) x (88.3 atm) = 

T = T T T C = (2.36) x (373.2 K) = 



(25 + 273) K 
126.3 K 



= 2.36 [1.24, Table 1.5] 



2.6 atm 



881 K 



(Critical constants of H 2 S obtained from CRC Handbook of Chemistry and Physics.) 
(b) ForC0 2 

p = p r p c B (0.030) x (72.85 atm) = |2.2 atm 



T - T r T c = (2.36) x (304.2 K) = 
(c) For Ar 



718 K 



p = p T p c = (0.030) x (48.00 atm) = 
T = T t T c = (2.36) x (150.72 K) = 



1.4 atm 



356 K 



E1 .22(b) The van der Waals equation is 



P = 



RT 



V m -b 

which can be solved for b 
RT 



b — V m - 



a 

' m 



= 4.00xl0" 4 m 3 mol" 1 - 



(8.3145 J K- 1 moH) x (288 K) 



4.0xl0 6 Pa + 



0.76 m 6 Pa mol" 2 
(4.00 xl0 4 m 3 mol" 1 ) 2 



= 1.3xl0- 4 m 3 mol- 1 
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The compression factor is 



pV m _ (4.0 x 10 6 Pa) x (4.00 x lQ- 4 m 3 mol-') 
~RT [ ' ] ~ (8.3145 J K- 1 mol" 1 ) x (288 K) 



0.67 



Solutions to problems 

Solutions to numerical problems 



P V 



Solving for n from the perfect gas equation [1.8] yields n = — — . From the definition of molar mass 

RT 

n - —, hence P = 77 = ~~- Rearrangement yields the desired relationship, namely 
M V RT 



P = P- 



RT 
M 



Therefore, for ideal gases — = and M = . For real gases, find the zero-pressure limit of — 

p M pip " p 

by plotting it against p. Draw up the following table. Bear in mind that 1 kPa = 10 3 kg m _1 s -2 . 



p/(kPa) 


12.223 


25.20 


36.97 


60.37 


85.23 


101.3 


p/(kg nr 3 ) 


0.225 


0.456 


0.664 


1.062 


1.468 


1.734 


pip 


54.3 


55.3 


55.7 


56.8 


58.1 


58.4 


10 s m 2 s- 2 















— is plotted in Figure 1.2. A straight line fits the data rather well. The extrapolation to p = 0 yields 

p 

an intercept of 54.0 x 10 3 m 2 s -2 . Then, 

M= RT = (8.3 145 J K-' mol- 1 ) x (298. 1 5 K) 
5.40xl0 4 m 2 s" 2 5.40 xl0 4 m 2 s" 2 



= 0.0459 kg mol" 1 = 45.9 g mol" 1 



59 



58-1 

r-T 57 
to 

E 

2 56 

3 55 

54 4 
53 



0 



Figure 1.2 
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....*^f^\.... 




















< 













































80 



100 



120 



24 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



COMMENT. This method of the determination of the molar masses of gaseous compounds is due to 
Cannizarro, who presented it at the Karlsruhe conference of 1860, which had been called to resolve the 
problem of the determination of the molar masses of atoms and molecules and the molecular formulas of 
compounds. 

P1 .4 The mass of displaced gas is p V, where V is the volume of the bulb and p is the density of the gas. 
The balance condition for the two gases is 

m(bulb) = p Kbulb), m(bulb) = p' F(bulb) 

which implies that p = p'. Because [Problem 1.2] p = ~~, the balance condition is pM= p'M', which 

RT 

implies that M' ~ — x M. 

P 

This relationship is valid in the limit of zero pressure (for a gas behaving perfectly). 

In experiment 1 , p = 423.22 Torr, p' = 327. 10 Torr. Hence, 

„. 423.22 Torr , , M ,„ 

M = x 70.014 g mol" 1 = 90.59 g mol" 1 

327.10 Torr 

In experiment 2,p = All 22 Torr, p' = 293.22 Torr, hence, 

M' = 427 ' 22 T ° rr x 70.0 1 4 g mol" 1 = 102.0 g mol" 1 
293.22 Torr 

In a proper series of experiments one should reduce the pressure (e.g. by adjusting the balanced 
weight). Experiment 2 is closer to zero pressure than experiment 1 , so it is more likely to be close to 
the true value: 



AT = 102 g mol 1 



The molecules CH 2 FCF 3 and CHF 2 CHF 2 have molar mass of 102 g mol" 1 . 

COMMENT. The substantial difference in molar mass between the two experiments ought to make us wary 
of confidently accepting the result of Experiment 2, even if it is the more likely estimate. 

P1 .6 We assume that no H 2 remains after the reaction has gone to completion. The balanced equation is 
N 2 + 3H 2 ^2NH 3 . 
We can draw up the following table: 





N 2 


H 2 


NH 3 


Total 


Initial amount 


n 


«' 


0 


« + «' 


Final amount 


«-}»' 


0 


3" 


n + \n" 


Specifically 


0.33 mol 


0 


1.33 mol 


1.66 mol 


Mole fraction 


0.20 


0 


0.80 


1.00 
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nRT „ ~ iv f (0.08206 dm 3 atm mol 1 K" 1 ) x (273.15 K) 

p = = (1.66 mol) x — 

1 22.4 dm 3 



1 .66 atm 



p(H 2 ) = x(H 2 )p = \o\ 

p(N 2 ) = x(N 2 )p = 0.20 x 1 .66 atm = 



0.33 atm 



/>(NH 3 ) = *(NH 3 )/> = 0.80 x 1 .66 atm = 1 .33 atm 



From the definition of Z [1 . 17] and the virial equation [1 . 19b], Z may be expressed in virial form as 



Z = l + B 



Since V m = [assumption of perfect gas], — = hence on substitution and dropping terms 

' 1 



1 



beyond the second power of — 



Z = l + B\^-\ + c\ P 



RT 



RT 



Z = 1 + (-21.7 x 10- 3 dm 3 moH) x 

+ (1.200xl0- 3 dm 6 mol- 2 )x 
Z = l-(0.0968) + (0.0239) = 



100 atm 



(0.08206 dm 3 atm mol" 1 K" 1 ) x (273 K) 



100 atm 



(0.08206 dm 3 atm mol" 1 K" 1 ) x (273 K) 



0.927 



V m = (0.927) xteV (0.927) x f (0 0821 dm 3 atm K- mol-) x (273 K)^ , 
\ p J y 100 atm J 



0.208 dm 3 



Question. What is the value of Z obtained from the next approximation using the value of V m just 
calculated? Which value of Z is likely to be more accurate? 

Since B'(T h ) = 0 at the Boyle temperature [Section 1 .3b], B'(T B ) = a + be~ c/T i ~ 0 
Solving for T B : T B = 



-c 






In 






I* J 



-(1131 K 2 ) 



In 



From Table!. 7 7-.. -|f * I r 



2a 



-(-0.1993 bar- 1 ) 
(0.2002 bar" 1 ) 



1 i (2aR) V2 



5.0xl0 2 K 



^12 J [3b' ) 



., , , } , may be solved for from the expression for p c and yields j ~~- 
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Thus, 7>|-|x 



R 







(?) 








(?) 









. * J 

(40 atm) x (1 60 x 10 3 dm 3 mol- 1 ) 
0.08206 dm 3 atm mol" 1 K _1 



210 K 



By interpreting b as the excluded volume of a mole of spherical molecules, we can obtain an esti- 
mate of molecular size. The centres of spherical particles are excluded from a sphere whose radius 
is the diameter of those spherical particles (i.e. twice their radius); that volume times the Avogadro 
constant is the molar excluded volume b 



b=N A 



( 47c(2r) 3 



so 



1 

r =2 



3b 



1 

r= 2 



160 cm 3 mol" 1 



^47t(6.022xl0 23 mol- 1 ) 



4nN, 



A J 



v ' 3 if v ^ n 

[Exercise 1.19(b)] - - U-^ 



= 1.38xl0- 8 cm = 



0.138 nm 



Solutions to theoretical problems 

P1.14 Substitute the van der Waals equation [1 .21b] into the definition of the compression factor [1.17] 

z = IZhl = — 1— [Exercise 1 .20(a)] 

RT ( ±) RTV * 



which on expansion of 1 = ! + ■—- + | + •■■yields 



-1 . / . \2 



b 



,2 

a ] (1 „ 1 



We note that all terms beyond the second are necessarily positive, so only if 



a b{b " 



> — + 



RTV m V, 



m ' m 



, V 



+ 



can Z be less than one. If we ignore terms beyond -p-, the conditions are simply stated as 

Z<1 when~^->&; Z>1 when < b 
RT RT 

Thus, Z < 1 when attractive forces predominate and when there is insufficient thermal energy to 
disrupt those forces, and Z > 1 when size effects (short-range repulsions) predominate. 

P1 .1 6 The Dieterici equation is 

Vj- e -alRTV m 

p = — [Table 1.7] 

P V„-b 
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At the critical point the derivatives of p with respect to V m equal zero along the isotherm defined by 
T= T c . This means that {dpldV m ) T = 0 and (d 2 p/BVi) T = 0 at the critical point. 

r ) = \ aV m -ab-RTVi \ 
{BV m ) T P { V 2 m (V m -b)(RT) J 

and (*£.) J d P ) \ "K-ab-RTVl \ | p (-2aVj + 4V m ab + RTVj- lab 2 ) 



n[(K m -£)W)]} 



Setting the Dieterici equation equal to the critical pressure and making the two derivatives vanish 
at the critical point yields three equations: 

RTq-" irt ^ 

P c = I . ; aV e -ab-RT e Vl=0 
V c -b 

-2a V\ + 4V c ab + RT c Vl - lab 2 = 0 

Solving the middle equation for T c , substitution of the result into the last equation, and solving for 
V c yields the result 

V c = 2b or b=VJ2 

(The solution V c = b is rejected because there is a singularity in the Dieterici equation at the point 
V m = b.) Substitution of V c =2b into the middle equation and solving for T c gives the result 

T c = a/4bR or a = 2RT c V Q 

Substitution of K c = 2b and T c = alAbR into the first equation gives 

ae- 2 2RT P e- 2 



Pc = 



4b 2 



The equations for V c , T c , p c are substituted into the equation for the critical compression factor 
[1.23] to give 

z =£zH = 2e- 2 = 0.2707. 
RT C 

This is significantly lower than the critical compression factor that is predicted by the van der Waals 
equation, Z c (vdW) = p z VJRT C = 3/8 = 0.3750. Experimental values for Z c are summarized in Table 1 .5, 
where it is seen that the Dieterici equation prediction is often better. 

^r = l + B'p + C'p>+ -[1.19a] 
Thus, *> + cy + ."«^- + £ + ..- 

Multiply through by V m replace p V m by RT{ 1 + (Bi KJ + • • • } , and equate coefficients of powers of 

\iv- 
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„,„„ BB'RT + C'R 2 T 2 C 
B RT + + ■•• = £ + —- + 



Hence, B'RT^ B, implying that 



B' = 



RT 



Also, BB'RT + C'R 2 T 2 = C=B 2 + C'R 2 T 2 , implying that 



C' = 



C-B 2 



R 2 T 2 



P1.20 Write K m =/(7»,thendK m = 



dV„ 



dT) 



Restricting the variations of Tand p to those that leave V m constant, that is dV m = 0, we obtain 



dV m ] J dp 



From the equation of state 



dp 



dK 



dT 



i;r 2(g + fer) K m /?r + 2(a + z>r) 



and 
Substituting 



dp) R 


b 


RV m + b 


dr\ v m 







dT 



VI 



RV^ + b 



RVl+bV T 



m ■ " ' m 



V m RT + 2(a + bT)){ Vi ) V^RT + 2(a + bT) 
From the equation of state, a + bT=pVi - RTV a 
RVi+bV m 



Then, 



dV„ 



dT ) p V m RT + 2pV 2 m -2RTV m 



RV m +b m 



2pV m -RT 



PA. 22 Z = — , where V° m = the molar volume of a perfect gas 

Vm 

From the given equation of state 
RT 

V m = b + = b + Vt 



For V m = 106, we have \0b = b + V^, so V° m = 9b. 
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The virial equation is 



pVm =RT\l + ± + £ + - 



[1.19b] 



or — 1 + 1 — — +••• 

RT V m VI 

pV m 1 

(a) If we assume that the series may be truncated after the B term, then a plot of vs pr 
have B as its slope and 1 as its ^-intercept. Transforming the data gives 



will 



/>/MPa 


K m /(dm 3 mol" 1 ) 


(l/K m )/(moldm- 3 ) 


pVJRT 


0.4000 


6.2208 


0.1608 


0.9976 


0.5000 


4.9736 


0.2011 


0.9970 


0.6000 


4.1423 


0.2414 


0.9964 


0.8000 


3.1031 


0.3223 


0.9952 


1.000 


2.4795 


0.4033 


0.9941 


1.500 


1.6483 


0.6067 


0.9912 


2.000 


1.2328 


0.8112 


0.9885 


2.500 


0.98357 


1.017 


0.9858 


3.000 


0.81746 


1.223 


0.9832 


4.000 


0.60998 


1.639 


0.9782 



0.995 - 



hi 



0.99- 



0.98- 



0.975 





pVJRt= -0.011324/ V, 


+ 0.99^48 





































0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 
(l/V m )/(moldm- 3 ) 



Figure 1.3(a) 



The data are plotted in Figure 1 .3(a). The data fit a straight line reasonably well, and the y-intercept 
is very close to 1 . The regression yields B = -1 .324 x 10~ 2 dm 3 mol -1 . 
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(b) A quadratic function fits the data somewhat better (Figure 1.3(b)) with a slightly better cor- 
relation coefficient and ay-intercept closer to 1. This fit implies that truncation of the virial series 
after the term with Cis more accurate than after just the B term. The regression then yields 



0.995- 



0.99- 



0.98 



0.975 







.01503V m + 0.99996 j 





























0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 
(l/V m )/(moldnT 3 ) 

Figure 1.3(b) 



B = -1.503 x KHdn^moH and C = 1.06 x 10- 3 dm 6 mol- 2 



Solutions to applications 

P1 .26 The perfect gas law is p V~ nRT 

pV 

so n = - — 
RT 

At mid-latitudes 

(1.00 atm) x {(1.00 dm 2 ) x (250 x 1Q- 3 cm)/10 cm dm-'} 
n ~ (0.08206 dm 3 atm K" 1 mol" 1 ) x (273 K) 

In the ozone hole 



1.12xl0- 3 mol 



n = 



(1.00 atm) x {(1.00 dm 2 ) x (100 x lQ- 3 cm)/10 cm dm-'} ^ 



(0.08206 dm 3 atm K" 1 mol" 1 ) x (273 K) 
The corresponding concentrations are 



4.46 xlO" 4 mol 



1.12 xlO" 3 mol 



V (1.00dm 2 )x(40xl0 3 m)x(10dmm- 1 ) 



2.8xl0- 9 moldm- 3 



and — = 



4.46 xlO" 4 mol 



V (1.00dm 2 )x(40xl0 3 m)x(10dmm- 1 ) 
respectively. 



1.1 xlO" 9 mol dm" 3 
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n = ^- [1.8J V = — r 3 = — x (3.0 m) 3 = 1 13 m 3 = volume of balloon 
RT 3 3 



/>= l.Oatm, r=298 K 

(1.0 atm)x(113 xl0 3 dm 3 ) 



(a) n = 



(0.08206 dm 3 atm mol" 1 K* 1 ) x (298 K) 



4.62xl0 3 mol 



(b) The mass that the balloon can lift is the difference between the mass of displaced air and the 
mass of the balloon. We assume that the mass of the balloon is essentially that of the gas it 
encloses: 

m = m (H 2 ) = «M(H 2 ) = (4.62 x 10 3 mol) x (2.02 g mol" 1 ) = 9.33 x 10 3 g 
Mass of displaced air = (1 13 m 3 ) x (1 .22 kg nr 3 ) = 1 .38 x 10 2 kg 
Therefore, the mass of the maximum payload is 



138 kg -9.33 kg = 1.3xl0 2 kg 



(c) For helium, m = «M(He) = (4.62 x 1 0 3 mol) x (4.00 g mol 1 ) = 1 8 kg. 



The maximum payload is now 138 kg - 18 kg = 1.2 x 10 2 kg 



Avogadro's principle states that equal volumes of gases contain equal amounts (moles) of the gases, 
so the volume mixing ratio is equal to the mole fraction. The definition of partial pressures is 

The perfect gas law is 

P V = nRT so ?L = -E>_=W 
F V RT RT 



(a) 
and 
(b) 
and 



(261xl0" 12 )x(1.0 atm) 



n(CCl 3 F) 

V ~ (0.08206 dm 3 atm K'mol-') x (10 + 273) K 

h(CC1 2 F 2 ) (509 x 10 12 ) x (1.0 atm) 



UxlO^mol dm 3 



(0.08206 dm 3 atm K' 1 mol" 1 ) x (10 + 273) K 
(261 x 10- 12 ) x (0.050 atm) 



V 

«(CCl 3 F) = 

V ~ (0.08206 dm 3 atm K _1 mol" 1 ) x (200 K) 

«(CC1 2 F 2 ) _ (509 x 10- 12 ) x (0.050 atm) 

V ~ (0.08206 dm 3 atm K" 1 mol" 1 ) x (200 K) 



2.2x10"' 'mol dm" 3 



8.0xl0- 13 mol dm 3 



1.6xl0- ,2 moldm- 3 



The first law 



Answers to discussion questions 

Rewrite the two expressions as follows: 

(1) adiabatic p~\IV y (2) isothermal p « \IV 

The physical reason for the difference is that, in the isothermal expansion, energy flows into the 
system as heat and maintains the temperature despite the fact that energy is lost as work, whereas 
in the adiabatic case, where no heat flows into the system, the temperature must fall as the system 
does work. Therefore, the pressure must fall faster in the adiabatic process than in the isothermal 
case. Mathematically, this corresponds to y> 1. 

The change in a state function is independent of the path taken between the initial and final states; 
hence for the calculation of the change in that function, any convenient path may be chosen. This 
may greatly simplify the computation involved and illustrates the power of thermodynamics. 

The following list includes only those state functions that we have encountered in the first two 
chapters. More will be encountered in later chapters. 

Temperature, pressure, volume, amount, energy, enthalpy, heat capacity, expansion coefficient, 
isothermal compressibility, Joule -Thomson coefficient. 

One can use the general expression for n T given in Further Information 2.2 (and proved in Sec- 
tion 3.8, eqn 3.51) to derive its specific form for a van der Waals gas as given in Exercise 2.31(a), 
that is, n T = a/V^. (The derivation is carried out in Example 3.6.) For an isothermal expansion in 
a van der Waals gas dU m = (a/V m ) 2 . Hence, AU m = -a(\IV^ - 1/F m>1 ). See this derivation in the 
solution to Exercise 2.31(a). This formula corresponds to what one would expect for a real gas. 
As the molecules get closer and closer the molar volume gets smaller and smaller and the energy 
of attraction gets larger and larger. 

Solutions to exercises 

The physical definition of work is dw = -Fdz. [2.5] 

In a gravitational field the force is the weight of the object, which is F=mg. 
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If g is constant over the distance the mass moves, dw may be integrated to give the total work 



w = — 



J.-i 



F dz = - mg dz = -mg{z ( - z, ) = -mgh, where h = {z ( - zj 



w = -(0.120 kg) x (9.81 ms- 2 )x (50 m) = -59 J = 



59 J needed 



E2.2(b) This is an expansion against a constant external pressure, hence w = -p tx AV. [2.8] 
The change in volume is the cross-sectional area times the linear displacement: 



AK = (50.0 cm 2 ) x (15 cm) x 



1 ra 



100 cm f 

so w = -(121xl0 3 Pa)x(7.5xl0- 4 m 3 ) = 



= 7.5xl0- 4 m 3 



-91J 



as 1 Pa m 3 = 1 J 



For all cases AU = 0, since the internal energy of a perfect gas depends only on temperature. (See 
Section 2.2a and Section 2.1 1(b) for a more complete discussion.) From the definition of enthalpy, 
H= U+pV, so AH = AU+ A{p V) = AU+ A(nRT) (perfect gas). Hence, AH = 0 as well, at constant 
temperature for all processes in a perfect gas. 



(a) 



At/ = A/J = 0 



w~-nRTki 



[2.10] 



= -(2.00 mol) x (8.3145 J K" 1 mol" 1 ) x (22 + 273) K x In 



31.7 dm 3 

22.8 dm 3 



-1.62 xlO 3 J 



q = -w = 



1.62 xlO 3 J 



(b) 



AU = AH = 0 



w = -p^AV[2.«\ 
where p^ in this case can be computed from the perfect gas law 
pV=nRT 

(2.00 mol) x (8.3145 JK" 1 mol" 1 ) x (22 + 273) K 



so p- 



and w - 



31.7 dm 3 

-(1.55 x 10 5 Pa) x (31.7 - 22.8) dm 3 



x(10dmm-') 3 =1.55xl0 5 Pa 



(10 dm m- 1 ) 3 



-1.38 xlO 3 J 



q = -w = 



1.38 xlO 3 J 



(c) 



AU = AH = Q 



w = 0 



[free expansion] q = AU - w = 0- 0 = |0 



COMMENT. An isothermal free expansion of a perfect gas is also adiabatic. 
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E2.4(b) The perfect gas law leads to 



E2.6(b) 



E2.7{b) 



p x V nRT, Pi T 2 (111k Pa) x (356 K) 

or Pi= 



p 2 V nRT 2 ' 



There is no change in volume, so 



w = 0 



277 K 
. The heat flow is 



143 k Pa 



q = jCydT « C V AT = (2.5) x (8.3145 J K^ 1 mol" 1 ) x (2.00 mol) x (356 - 277) K 



= 3.28 xlO 3 J 



AU = q + w= 3.28 xlO 3 J 



E2.5(b) (a) w = - Ptx AV = 



-(7.7 xlO 3 Pa) x (2.5 dm 3 ) 



(lOdmnr 1 ) 3 



-19 J 



(b) w = -nRT\a 



w = - 



6.56 g 



39.95 g mol- 



x (8.3145 J K-'mol" 1 ) x (305 K) x In 



(2.5 + 18.5)dm 3 
18.5 dm 3 



= -52.8 J 



AH = A^H = -A vap iJ = -(2.00 mol) x (35.3 kJ mol" 1 ) = 



-70.6 kJ 



Since the condensation is done isothermally and reversibly, the external pressure is constant at 
1.00 atm. Hence, 



q = q=AH = 



-70.6 kJ 



vv = -/> ex A V [2.8], where AV- K liq - K vap - - K vap because F liq « K vap 

nRT 



On the assumption that methanol vapour is a perfect gas, K vap = 
densation is done reversibly. Hence, 

h - nRT = (2.00 mol) x (8.3145 J K" 1 mol- 1 ) x (64 + 273) K = 
and AU=q+w= (-70.6 + 5.60) kJ = 



and p - /?„, since the con- 



5.60 xlO 3 J 



-65.0 kJ 



The reaction is 

Zn + 2H + ->Zn 2+ + H 2 
so it liberates 1 mol of H 2 (g) for every 1 mol Zn used. Work at constant pressure is 

w = -p a AV ~- P V SiS = -nRT 



5.0 g 



^ 65.4 g mol" 



- x (8.3145 J K _1 mol" 1 ) x (23 + 273) K = 



-188 J 
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E2.8(b) (a) At constant pressure, q = AH. 

L00+273K 

[20.17 + (0.4001)77Kj dr J Kr 1 



r r L 00+2731 

= k dr = 

J J 0+273 K 



(20.17)7/ + 1(0.4001) xf£ 



JK- 



273 K. 



= [(20.17) x (373 - 273) + }(0.4001) x (373 2 - 273 2 )]J = 



14.9 x 10 3 J 



= AH 



w = -pAV = -nRAT = -(1.00 mol) x (8.3145 J K" 1 mol" 1 ) x (100 K) = -831 J 



AU = q + w = (U.9- 0.831) kJ = 



14.1 kJ 



(b) The energy and enthalpy of a perfect gas depend on temperature alone. Thus, AH = 
, as above. At constant volume, w = [o] and AU = g, so q = 



14.9 kJ 



and AU = 14.1 kJ 



+14.1 kJ 



E2.9(b) For reversible adiabatic expansion 



r f = r,|pH [2.28a] 



where c ^ = £^ZA = (37.1 1 - 8.3145) J K- mol- = 
J? 8.3145 J K-'mol- ! 



therefore, the final temperature is 



J f = (298.15 K)x 



500xlQ- 3 dm 3 
2.00 dm 3 



200 K 



E2. 1 0(b) Reversible adiabatic work is 

w = C V AT [2.27] = n(C p , m - R) x (T f - T { ) 
where the temperatures are related by 

T{ =t{^\ [2.28a], where c = ^ = Cp ' m - - = 2.503 
[VfJ R R 



So T { = [(23.0 + 273.15)K]x 



3.12 g 



400xl0- 3 dm 3 Y /25 ° 3 



2.00 dm 3 



= 156K 



and w = — - — Vr x (29.125 - 8.3145) J K" 1 mol"' x (156 - 296)K = 
28.0 g mol" 1 



-325 J 



E2.1 1 (b) For reversible adiabatic expansion 



PfV 7 t = p-y\ [2.29], so A = />,|jH =(87.3Torr)x 



f 500xlO- 3 dm 3 Y 3 



3.0 dm 3 



8.5 Torr 
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E2.12(b) 



q p = nC p , m AT[2.24] 

q p 178 J 



- 1£ - 



p ' m nAT 1.9 molx 1.78 K 



53 J K _1 mol- 



C Km = C p>m - = (53 - 8.3) J K- 1 moH = 45 J K" 1 mol 



E2.13(b) 



AH = q^CjAT [2.23b, 2.24] - nC^AT 

AH = q p = (2.0 mol) x (37. 1 1 J K 1 mol 1 ) x (277 - 250) K = 



2.0xl0 3 Jmol" 1 



AH = AU + A(pV) = AU + nRAT so AU = AH - nRAT 

AU = 2.0 x 10 3 J mol" 1 - (2.0 mol) x (8.3145 J K 1 mol 1 ) x (277 - 250) K 



= l^xlO^mol 1 



E2. 14(b) In an adiabatic process, q = [o] . Work against a constant external pressure is 



w = - PeK AV = 



AU —q+w= 



-(78.5 x 10 3 Pa) x (4 x 15 - 15) dm 3 
(10 dm rrr 1 ) 3 



-3.5xl0 3 J 



-3.5xl0 3 J 



One can also relate adiabatic work to AT (eqn 2.27): 

w 



w = C V AT = n(C p m - R)AT, so AT = 



AT = 



-3.5xl0 3 J 



(5.0 mol) x (37. 1 1 - 8.3145) J K _l mol" 1 
AH = AU + A(p V) = AU + nRAT 



-24 K 



= -3.5 x 10 3 J + (5.0 mol) x (8.3145 J K _1 mol 1 ) x (-24 K) = 



-4.5xl0 3 J 



E2.15(b) In an adiabatic process, the initial and final pressures are related by (eqn 2.29): 



PfVj= Pi Vl where 7 = ^ = -^- = 



20.8JK- 1 mol" 



C y , m C, im - R (20.8 - 8.31) J K" 1 mol" 1 
Find K; from the perfect gas law: 



= 1.67 



y = nRTi = Q- 5 mol X 8 - 31 J K "' mol-')(315 K) _ 
! ~ p { 230xl0 3 Pa 



so r t = VA±} =(0.0.7Tm3) 230 kPa 



= 0.0171 m 3 



Pi 



170kPa 



0.0205 m 3 



Find the final temperature from the perfect gas law: 

_ ptVf _ (170 x 10 3 Pa) x (0.0205 m 3 ) = 
f " nR ~ (l.SmolXSJIJK-'mol- 1 ) 



279 K 
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Adiabatic work is (eqn 2.27) 

w = C V AT = (20.8 - 8.31) J K^mol" 1 x 1.5 mol x (279 - 315) K = 

E2.16(b) At constant pressure 

q = AH = «A vap //*= (0.75 mol) x (32.0 kJ mol" 1 ) = 



-6.7xl0 2 J 



24.0 kJ 



and w = -pAV = -pV Vipm = -nRT = -(0.75 mol) x (8.3145 J K _1 mol" 1 ) x (260 K) 
w = -1.6xl0 3 J = 



-1.6 kJ 



AU = w + g = 24.0- 1.6 kJ = 



22.4 kJ 



comment. Because the vapour is here treated as a perfect gas, the specific value of the external pressure 
provided in the statement of the exercise does not affect the numerical value of the answer. 

E2.17(b) The lattice enthalpy is the difference in enthalpy between an ionic solid and the corresponding 
isolated ions. In this exercise, it is the enthalpy corresponding to the process 

MgBr 2 (s)->Mg 2+ (g) + 2Br(g) 

The standard lattice enthalpy can be computed from the standard enthalpies given in the exercise 
by considering the formation of MgBr 2 (s) from its elements as ocairring through the following steps: 
sublimation of Mg(s), removing two electrons from Mg(g), vaporization of Br 2 (l), atomization of 
Br 2 (g), electron attachment to Br(g), and formation of the solid MgBr 2 lattice from gaseous ions: 

A f /T (MgBr 2 ,s) = A sub iT (Mg,s) + A ion /T (Mg,g) + A vap /T(Br 2 ,l) 

+ A at /r(Br 2 ,g) + 2A eg iT (Br,g) - A L /f*(MgBr 2 ,s) 

So, the lattice enthalpy is 

A L /T (MgBr 2 ,s) = A^iniVfes) + A ion /T(Mg,g) + A vap tf *(Br 2 ,l) 

+ A at /T (Br 2 ,g) + 2A eg iT (Br,g) - A f JT(MgBr 2 ,s) 

A L £T (MgBr 2 ,s) = [148 + 2187 + 31 + 193 - 2(331) + 524] kJ mol" 1 = 12421 kJ mol" 1 



E2L18{b) The reaction is 

C 6 H s OH(l) + 7 0 2 (g) 6 C0 2 (g) + 3 H 2 0(l) 

A C H* = 6A f /T (C0 2 ) + 3A f JT (H 2 0) - A f £T(C 6 H 5 OH) - 7A f /T(0 2 ) 



= [6(-393.51) + 3(-285.83) - (-165.0) - 7(0)] kJ mol 1 = -3053.6 kJ mol 1 



E2.1 9(b) We need Af#* for the reaction 
(4) 2B(s) + 3H 2 (g)->B 2 H 6 (g) 

reaction (4) = reaction (2) + 3 x reaction (3) - reaction (1) 
Thus, A { JHT = A r /T {reaction(2)} + 3 x A r £T {reaction(3)} - A r /T {reaction(l )} 



= [-1274 + 3 x (-241.8) - (-2036)] kJ mol-' = +36.6 kJ mol 
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E2.20(b) For anthracene the reaction is 



C 14 H 10 (s) + f Q,(g) -> 14 C0 2 (g) + 5 H 2 O0) 

A c «7*=A c /f*-A« gJ Rr[2.21] 5 Aw g =-{mol 

A c tT = -7061 kJ mol" 1 - (-{ x 8.3 x 10" 3 kJ K 1 mol 1 x 298 K) 
= -7055 kJ mol" 1 

( 2 25 x 1 0~ 3 e ^ 

\q\ = \q v \ = \nA c U»\ = I 17823gmol , 1 x (7055 kJ mol" 1 ) = 0.0891 kJ 



= M = 0-0891 kJ = kJ 
A7 1.35 K 1 



When phenol is used the reaction is C 6 H 5 OH(s) + ~ 0 2 (g) -> 6 C0 2 (g) + 3 H 2 0(1) 

A 0 H* = -3054 kJ mol- 1 [Table 2.6] 

A C *T = A c /T - An g RT, A« g = -f 

= (-3054 kJ mol" 1 ) + (|) x (8.314 x 10- 3 kJ K" 1 mol" 1 ) x (298 K) 
= -3050 kJ mol- 1 



\q\ = 



-3<r \ 



135xlQ- 3 g 
94.12 g mol" 1 



x (3050 kJ mol" 1 ) = 4.375 kJ 



4.375 kJ 



A7 = M = . 

C 0.0660 kJ K" 1 



+66.3 K 



COMMENT. In this case A C L/* and A C H* differed by about 0.1 %. Thus, to within 3 significant figures, it would 
not have mattered if we had used A C H* instead of A 0 l/*, but for very precise work it would. 



E2£1 (b) The reaction is AgBr(s) -» Ag + (aq) + Br~(aq) 

A^JT = A f JP(Ag\aq) + A fJ ff*(Br",aq) - A f iT(AgBr,s) 
= [105.58 + (-121.55) - (-100.37)] kJ mol" 1 = 



+84.40 kJ mol 



E2.22(b) The combustion products of graphite and diamond are the same, so the transition C(gr) -» C(d) is 
equivalent to the combustion of graphite plus the reverse of the combustion of diamond, and 



A^tf* = [-393.51 - (-395.41)] kJ mol" 1 = 



+1.90 kJ mol" 1 



E2.23(b) (a) reaction(3) = (-2)xreaction(l) + reaction(2) and A« g =-1 

The enthalpies of reactions are combined in the same manner as the equations (Hess's law). 

A r ZT (3) = (-2) x A r /T (1) + A,/T(2) 

= [(-2) x (52.96) + (-483.64)] kJ mol" 1 = 



-589.56 kJ mol- 



A t U* = A r #* - An g RT = -589.56 kJ mol" 1 - (-3) x (8 .3 14 J K" 1 mol" 1 ) x (298 K) 
= -589.56 kJ mol 1 + 7.43 kJ mol" 1 = 1-582.13 kJ mol" 1 
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(b) A,//* refers to the formation of one mole of the compound, so 
A f £T (HI) = {(52.96 kJ moH) = |26.48kJmol- 



A f #*(H 2 0) = {(-483.64 kJ mol" 1 ) = 



-241.82 kJmol- 



E2.24(b) 



b T H*=A t U*+RTbn g [22i] 

= -772.7 kJ mol" 1 + (5) x (8.3145 x 10" 3 kJ K" 1 moh 1 ) x (298 K) 



= -760.3 kJ mof 



E2.25(b) Combine the reactions in such a way that the combination is the desired formation reaction. The 
enthalpies of the reactions are then combined in the same way as the equations to yield the enthalpy 
of formation. 



{N 2 (g) + {0 2 (g)^NO(g) 
NO(g) + {Cl 2 (g)^NOCl(g) 



A^*/(kJmoH) 
+90.25 

-{(75.5) 



{ N a <g) + { 0 2 (g) + { CI 2 (g) -> NOCl(g) +52.5 



Hence, A f £T(NOCl,g) = +52.5 kJ mol' 1 



E2.26(b) According to Kirchhoff 's law [2.36a] 

lOO'C 



rioo-c 

A r £T(100°C) = A r /T(25°C) + A r C;d7 

J 25°C 



where A r as usual signifies a sum over product and reactant species weighted by stoichiometric coeffi- 
cients. Because C^can frequently be parametrized as 

C pM = a + bT+c/T 2 

the indefinite integral of C pjn has the form 

\C p<ai dT^aT + \bT 2 -c/T 

Combining this expression with our original integral, we have 
\H *(100°C) = A r /T (25°C) + (TA t a + - A r c/r)|™* 

Now, for the pieces 

A r /T(25°C) = 2(-285.83 kJ mol" 1 ) - 2(0) - 0 = -571.66 kJ mol" 1 
A r a = [2(75.29) - 2(27.28) - (29.96)] J K 1 mol 1 = 0.06606 kJ K 1 mol" 1 
A T b = [2(0) - 2(3.29) - (4.18)] x 10" 3 J K~ 2 mol" 1 = -10.76 x 10^ kJ K" 2 mol 1 
A r c = [2(0) - 2(0.50) - (-1.67)] x 10 s J K mol" 1 = 67 kJ K mol" 1 
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A r 7T (100°C) = [-571.66 + (373 - 298) x (0.06606) + ^(373 2 - 298 2 ) 
x (-10.76 x 10-*) - (67) x - ^)] kJ mol" 1 



-566.93 kJ mol" 



E2.27(b) The hydrogenation reaction is 

(1) C 2 H 2 (g) + H 2 (g) -> C 2 H 4 (g) A T H«(T) = ? 

The reactions and accompanying data which are to be combined in order to yield reaction (1) and 
A r H*(T) are 

(2) H 2 (g) + \ 0 2 (g) -4 H 2 0(1) A c iT (2) = -285.83 kJ mol" 1 

(3) C 2 H 4 (g) + 3 0 2 (g) -» 2 H 2 0(1) + 2 C0 2 (g) A c /T (3) = -141 1 kJ mol 1 

(4) C 2 H 2 (g) + f 0 2 (g) -> H 2 0(1) + 2 C0 2 (g) A c tf* (4) = -1300 kJ mol" 1 
reaction (1) = reaction (2) - reaction (3) + reaction (4) 

Hence, at 298 K: 

(a) A r iT =A c /r(2)-A cJ ff*(3) + A c iT(4) 

= [(-285.83) - (-141 1) + (-1300)] kJ mol 1 



-175 kJmol" 1 



A t U^=A T H^-An g RT[22Y\\ An g =-1 

= -175 kJ mol" 1 - (-1) x (2.48 kJ mol" 1 ) 



-173 kJmol- 1 



(b) At 348 K: 

A r iT (348 K) = A T H *(298 K) + A r C;(348 K - 298 K) [Example 2.6] 

A r C> Xv^JJ) [2.36b] = C* m (C 2 H 4 ,g) - C; ra (C 2 H 2 ,g) - Q m (H 2 ,g) 
j 

= (43.56 - 43.93 - 28.82) x 10" 3 kJ K -1 mol" 1 
= -29.19 xlO^kJK" 1 mol' 1 

A r iT (348 K) = (-1 75 kJ mol" 1 ) - (29. 1 9 x 10" 3 kJ K _1 mol" 1 ) x (50 K) 



-176kJmol- 



E2.28(b) NaCl, AgN0 3 , and NaN0 3 are strong electrolytes, therefore the net ionic equation is 

Ag + (aq) + Cl"(aq) -» AgCl(s) 

A T H* = A f iT (AgCl) - A f /T (Ag + ) - A f iT (CI) 
= [(-127.07) - (105.58) - (-167.16)] kJ mol" 1 



= -65.49 kJ mol 
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E2.29(b) The cycle is shown in Figure 2.1. 

Ca 2+ (g)+2e-+2Br(g) 



Ionization 



Dissociation 



Vaporization 
Br 

Sublimation 
Ca 

-Formation 



-Solution 



Ca(g)+2Br(g) 



Ca(g) + Br 2 (g) 



Ca(g) + Br 2 (l) 



Ca 2+ (g) + 28r(g)w 



Ca(s) + Br 2 (l) 



Ca 2+ (g) + 2Br-(aq) V 



CaBr 2 (s) 



Electron 
gain Br 



Hydration Br 



Hydration Ca 



Figure 2.1 

-A hyd /T (Ca 2+ ) = -A^//* (CaBr 2 ) - A f /T(CaBr 2 ,s) + A sub /T(Ca) 
+ A vap /T (Br 2 ) + A^/T (Br 2 ) + A ion /T (Ca) 
+ A ion /T (Ca + ) + 2A eg /T (Br) + 2A hyd H« (Br") 
= [-(-103.1) - (-682.8) + 178.2 + 30.91 + 192.9 
+ 589.7 + 1 145 + 2(-33 1 .0) + 2(97.5)] kJ mol" 1 



= 2456 kJ mol" 1 



so A hyd /T(Ca 2 +) = 



-2456 kJ mol" 1 



2.30(b) The Joule-Thomson coefficient # is the ratio of temperature change to pressure change under con- 
ditions of isenthalpic expansion. So, 



dT 



AT 



-10K 



{dp ) H Ap (1.00-22)atm 



0.48 K atnr 



■2.31(b) The internal energy is a function of temperature and volume, U m = U m (T, KJ, so 



dT 



dT + 



[dV m 



dV m [K T =(dUJdV) T ] 



For an isothermal expansion dT- 0, hence 
dU„ 



dU m = 



dV m 



dV m =n T dV m =—dV, 



V 2 



At/ m = [ B, " 2 dC/ in = ( m ' 2 ~dK m = a\ 



22.1dm3moH 



dK m 



1.00 dm 3 mol-1 K^ 

a 21.1a 



a 



22.1dm 3 mol- 1 l.OOdn^mol- 1 22.1dm 3 mol- 



2 2 .ldm3mol-l 
I.OOdm^mo]-! 

= 0.95475a dm" 3 mol 
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From Table 1 .6, a = 1 .337 dm 6 atm mol 2 

AU m = (0.95475 mol dm 3 ) x (1.337 atm dm 6 mol" 2 ) 

= (1.2765 atm dm 3 mol" 1 ) x (1.01325 x 10 5 Pa atm" 1 ) x 



( lm 3 
[l0 3 dm 3 



= 129 Pa m 3 mol 1 = 



129Jmol- 



w = - f p d V m , where p = ^ for a van der Waals gas. Hence, 



\{v m -b) 



Thus, 



22.1dm3mol-i 



RT 



— dV m = -g + AU n 



dV^RTMV^-b) 



[.OCdm^mol-l \y m ~b 

= (8.314 J K-' mol" 1 ) x (298 K) x In 



22.1dm'moH 



LOOdm^mol-I 

22.1 - 3.20 x 1Q- 2 
1.00-3.20xl0- 2 



+7.7465 kJ mol" 1 



and w = -q + AU m = -(7747 J mol" 1 ) + (129 J mol" 1 ) = -7618 J moH = -7.62 kJ mol-' 



E2.32(b) The expansion coefficient is 



a = 



KX3.7 x 10- 4 K 1 + 2 x 1.52 x !Q- 6 r K~ 2 ) 

KT3.7 x 10- 4 + 2 x 1.52 x 10- 6 (77K)] K 1 
K'[0.77 + 3.7 x lO-^TVK) + 1.52 x 10- 6 (77K) 2 ] 

[3.7 x 10- 4 + 2 x 1.52 x 1Q- 6 (310)] K ' 
0.77 + 3.7 x 10" 4 (310) + 1.52 x 10" 6 (310) 2 



1.27xl0- 3 K- 



E2.33(b) Isothermal compressibility is 



K T = — 



AV 



so Ap = 

dp J T VAp F Vk t 



A density increase of 0.08% means A VI V= -0.0008. So, the additional pressure that must be applied 
0.0008 



Ap = 



2.21x10^ arm" 1 



3.6xl0 2 atm 



E2.34(b) The isothermal Joule-Thomson coefficient is 

r dH IL ) = = _(i.n k arm" 1 ) x (37.1 1 J K 1 mol" 1 ) = 

. * Jt 



-41.2 J atm -1 mol" 1 



THE FIRST LAW 43 



If this coefficient is constant in an isothermal Joule-Thomson experiment, then the heat that 
must be supplied to maintain constant temperature is AH in the following relationship 



AH/n 
Ap 



= -41.2 J atm" 1 mol" 1 so AH = -(41.2 J atar'mol-OwA/? 



27.2 xlO 3 J 



AH = -(41.2 J atm" 1 mol" 1 ) x (12.0 mol) x (-55 atm) = 

Solutions to problems 



Assume all gases are perfect unless stated otherwise. Unless otherwise stated, thermochemical data 
are for 298 K. 



Solutions to numerical problems 



nRT 



w = -p n AV[2.S] V { = » V s ; so AV ~ V { 

Hence, w * (-/? ex ) x = ~ nRT - H-° mol > x ( 8 - 314 J K-'mol" 1 ) x (1073 K) 



w ~ 



-8.9 kJ 



Even if there is no physical piston, the gas drives back the atmosphere, so the work is also 



w« -8.9 kJ 



The virial expression for pressure up to the second coefficient is 



P = 



w = - p dV = -n{ f— 1 x fl + —Id V^-nRTki^A + nBRT 





J + nBRT 


f J__ 













From the data, 

nRT = (70 x 10" 3 mol) x (8.314 J K-'mol^ 1 ) x (373 K) = 217 J 
V m , = _, 5 - 25 . Cm3 : = 75.0 cm 3 mol"', = J'^^f : = 89.9 cm 3 moH 



70xl0- 3 mol 



and so B\ = (-28.7 cm 3 mol -1 ) x , 

1 V^) K ' i 89.9 cm 3 mol" 1 75.0cm 3 moH 

= 6.34 x 10- 2 



70xl0- 3 mol 
1 



1 
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Therefore, w = (-217 J) x In 



6.29 
5.25 



+ (217 J) x (6.34 x 10- 2 ) = (-39.2 J) + (13.8 J) = 



-25 J 



Since AU= q + w and AU= +83.5 J,g = AU ~w= (83.5 J) + (25 J) = 



AH = AU + A(pV), with pV = nRT\l + y 



+109 J 



= (217 J) x (6.34 x 10- 2 ) = 13.8 J 
Therefore, AH = (83.5 J) + (1 3.8 J) = 



, as AT = 0 



+97 J 



P2.6 



[ Vl , - , nRT n 2 a r , _ . 

w = ~j pdV with p = y—j-- — [\.2U] 

Therefor „ = -„*r j — ^ ^- 



-w^r In 



This expression can be interpreted more readily if we assume F» nb, which is certainly valid at all 
but the highest pressures. Then, using the first term of the Taylor series expansion, 

x 2 

ln(l - x) = -x - — ••• for|x|«l 

ln(K - nb) = inV + lnj\ - yj * hiV - y 
and, after substitution 



w«-nRTln\ — 



1 1 



1 1 



~-nRT\n\^\-n 2 (a-bRT)^ 1 1 



*+w 0 -n 2 (a-bRT)\ — - — 
*i " i 



= perfect gas value + van der Waals correction. 



w 0 , the perfect gas value, is negative in expansion and positive in compression. Considering the 



correction term, in expansion K 2 > F l9 so ^y- - yj < 0. If attractive forces predominate, a > bRT 

and the work done by the van der Waals gas is less in magnitude (less negative) than the perfect 
gas — the gas cannot easily expand. If repulsive forces predominate, bRT>a and the work done by 
the van der Waals gas is greater in magnitude than the perfect gas — the gas easily expands. In the 
numerical calculations, consider a doubling of the initial volume. 
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(a) >v 0 = -nRThi —\ - >< 1 mol" 1 ) x <8.31 4 J K _1 raol 1 ) x (298 K ) x In 



^ 2.0 dm 3 
J. 0 dm 3 



vv 0 =-1.72 xl0 3 J = 



-1.7 kJ 



(b) w = w 0 - (1.0 mol) 2 x [0 - (5. 1 1 x 10~ 2 dm 3 mol' 1 ) x (8.314 J K 1 mol" 1 ) x (298 K)] 
1 1 



2.0 dm 3 1.0 dm 3 
(c) vv = M' 0 - (1 .0 mol) 2 x (4.2 dm 6 atm mol" 2 ) x 
w ~ w 0 + 2. 1 dm 3 atm 



= (-1.72xl0 3 J)-(63J) = -1.78xl0 3 J = 
I 1 



-1.8 kJ 



2.0 dm 3 1.0 dm 3 



1lVlT ~ , , . I lm V fl.01xl0 5 Pa > 

= (-1.72 x 10 3 J) + (2. ldm 3 atm) x I r-r-r— I x 1 



10 dm 



1 atm 



= (-1.72 x 10 3 J) + (0.21 x 10 3 J) = 



-1.5 kJ 



Schematically, the indicator diagrams for the cases (a), (b), and (c) would appear as in Figure 2.2. 
For case (b) the pressure is always greater than the perfect gas pressure and for case (c) always less. 
Therefore, 



rv 2 rv 2 rv 2 

pdV{c)<\ pdV(a)<\ pdV(b) 

Vj J V X J Vi 



and we see that w(b) > w(a) > w(c). 




.1:0.. 



2.0.. 



Figure 2.2 
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P2.8 The calorimeter is a constant-volume instrument as described in the text (Section 2.4), therefore 
AU=q v 

The calorimeter constant is determined from the data for the combustion of benzoic acid 



AU = 



0.825 g 



122.12 gmol" 1 j 



x (-3251 kJ mol" 1 ) = -21.96 kJ 



Since AT = 1.940 K, C = ^ = = 1 1.32 kJ K" 1 

AT 1.940 K 

For D-ribose, AU = -CAT = -(1 1.32 kJ K" 1 ) x (0.910 K) 

Therefore, A t U = = -(11.32 kJ K _1 ) x (0.910 K) x (^l^l) = -2127 kJ mol ' 
n \ 0.727 g ) 

The combustion reaction for D-ribose is 

C 5 H 10 O 5 (s) + 5 0 2 (g) -> 5 C0 2 (g) + 5 H 2 0(1) 
Since there is no change in the number of moles of gas, A X H = AU [2.21] 
The enthalpy of formation is obtained from the sum 

A///(kJ mol" 1 ) 
5 C0 2 (g) + 5 H 2 0(1) -> C 5 H 10 O 5 (s) + 5 0 2 (g) 2127 
5 C(s) + 5 0 2 (g) 5 C0 2 (g) 5 x (-393.5 1) 
5H 2 (g) + |Q 2 (g)^5H 2 Q(l) 5 x (-285.83) 

5 C(s) + 5 H 2 (g) + f 0 2 (g) ^ C 5 H 10 O 5 (s) -1270 



Hence, A { H = 



-1270kJmoH 



P2.10 Data: methane-octane normal alkane combustion enthalpies 



Species 


CH 4 


C 2 H 6 


C 3 H 8 


C 4 H, 0 


QH I2 


QH 14 


QHj 8 


A c H*/(kJmol- 1 ) 


-890 


-1560 


-2220 


-2878 


-3537 


-4163 


-5471 


M/(g mol" 1 ) 


16.04 


30.07 


44.10 


58.13 


72.15 


86.18 


114.23 



Suppose that A C H* = kM". There are two methods by which a regression analysis can be used to 
determine the values of k and n. If you have a software package that can perform a 'power fit' of 
the type Y= aX h , the analysis is direct using F= A C H and X= M. Then, k = a and n = b. Alternatively, 
taking the logarithm yields another equation — one of linear form 

ln|A c i/^| = ln|A;| + «lnM, where k<0 

This equation suggests a linear regression fit of In (A C H*) against In M (Figure 2.3). The intercept 
is In k and the slope is n. Linear regression fit 



In \k\ - 4.21 12, standard deviation = 0.0480 k = -e 42112 = -67.44 



n = 0.9253 , standard deviation = 0.0121 
R= 1.000 
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This is a good regression fit; essentially all of the variation is explained by the regression. 

For decane the experimental value of A C H* equals -6772.5 kJ mol" 1 (CRC Handbook of Chemistry 
and Physics). The predicted value is 



A C H* = kM" - -67.44(1 42. 28) (0 - 9253) kJ mol"^ 
Normal alkane combustion enthalpies 



-6625.5 kJ mol- 




2.5 3.0 3.5 4.0 4.5 5.0 
In A//(gmor') 



Figure 2.3 

Percentage error of prediction = 
Percentage error of prediction = 



-6772.5 -(-6625.5) 



-6625.5 



xlOO 



2.17% 



(a) The magnitude of the energy released as heat is 



q = -nA c H«=- 



1.5g 



- x (-5645 kJ mol" 1 ) = 
342.3gmol" 1 

(b) Effective work available is ~ 25 kJ x 0.25 = 6.2 kJ 
Because w = mgh, and m « 65 kg 
6.2xl0 3 J 



+25 kJ 



9.7 m 



65 kg x 9.81m s' 
(c) The energy released as heat is 



q = -A T H = -nA c H* = - 



2-5 g 



lSOgmol" 



x (-2808 kJ mol- 1 ) = 



39 kJ 



(d) If one-quarter of this energy were available as work a 65 kg person could climb to a height h 
given by 



\q = w = mgh so h = 



39xl0 3 J 



4mg 4(65 kJ) x (9.8 m s" 2 ) 



15m 
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P2.14 



P2.16 



H 3 0 + (aq) + NaCH 3 COO • 3 H 2 0(s) -> Na + (aq) + CH 3 COOH(aq) + 4 H 2 0(1) 
»«it = m^/M^ = 1 .3584 g/(l 36.08 g mol" 1 ) = 0.0099824 mol 
Application of eqns 2.13 and 2.19b gives: 



^i^m ~ ^calorimeter -^^salt — ^ralorimeter+contentsATVft 



'salt 



= -(C, 



calorimeter 



+ c 



solution 



)A77n 



salt 



= -(91 .0 J K 1 + 4. 144 J K" 1 cm" 3 x 100 cm 3 ) x (-0.397 K)/0.0099824 mol 
= 20.1 kJ mol-' 

Application of eqn 2.32 gives: 

A r iT = A f /T (Na\aq) + A f £T (CH 3 COOH,aq) + 3A f H*(H 2 O t \) 
-A f tf *(H + ,aq) - A f (NaCH 3 COO • 3H 2 0,s) 

(where the water coefficient is 3 not 4 because one water in the chemical equation is part of the 
hydrated hydrogen ion). Solving for A f //*(Na + ,aq) and substituting A f H* values found in Tables 2.6 
and 2.8 gives 

A f /T (Na + ,aq) = A r /T - A f i?*(CH 3 COOH,aq) - 3A f iT (H 2 0,1) 
+ A f ZP(H\aq) + A f JT(NaCH 3 COO 3H 2 0,s) 

A,H *(Na\aq) = {20.1 - (-485.76) - 3(-285.83) + (0) + (-1604)} kJ mol" 1 



-241 kJ mol" 1 



We must relate the formation of DyCl 3 

Dy(s)+1.5Cl 2 (g)^DyCl 3 (s) 

to the three reactions for which we have information. This reaction can be seen as a sequence of 
reaction(2), three times reaction(3), and the reverse of reaction(l), so 

A f /r(DyCl 3 ,s) = A r JP(2) + 3A r /T(3) - A t H\\), 

A f #*(DyCl 3> s) = [-699.43 + 3(-l 58.31) - (-180.06)] kJ mol" 1 



-994.30 kJ moi- 



re.™ (a) A t H* = A f /T(SiH 3 OH) - A f /T (SiH 4 ) - }A f /T (0 2 ) 
= [-282 - 34.3 - }(0)] kJ mol" 1 



-316.3 kJmol" 



(b) A r /T = A f /T (SiH 3 0) - A f /T (H 2 0) - A f iT (SiH 4 ) - A { H*(O z ) 
= [-98.3 + (-285.83) - 34.3 - 0] kJ mol" 1 



-418.43 kJmol- 



(c) A T H* = A f /T(SiH 2 0) - A f JT (SiHjOH) - A f JT (H 2 ) 
= [-98.3 - (-282) - 0] kJ mol"' 



= 183.7 kJmoH 
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dH = 



V 

^ Jr 



] dT + f ^ I dp, or dff = f ^ db [constant temperature] 



= — /iC p>m [Justification 2.2] = — j — 6 



2a 



(2)x(3.60dm 6 atmmol- 2 ) 



(0.0821 dm 3 atm K _1 mol 1 ) x (300 K) 



- 0.044 dm 3 mol" 1 = - 0.2483 dm 3 mol" 1 



AH = 



pt 



dH = 



P = 



Pi 



RT 



(-0.2483 dm 3 mol" 1 ) dp = -0.2483(/? f - p{) dm 3 mol" 1 



~ [1.21b] 



V -b V 2 
'(0.0821 dm 3 atm K _1 mol" 1 ) x (300 K)^ 



(20.0 dm 3 mol" 1 ) - (0.044 dm 3 mol" 1 ) J 



3.60 dm 6 atm mol 2 
(20.0 dm 3 mol" 1 ) 2 



= 1.225 atm 



(0.0821 dm 3 atm K~ x mol- 1 ) x (300 K) j _ ( 3.60 dm 6 atm moH ^ . _ _ 



(10.0 dm 3 mol" 1 ) - (0.044 dm 3 mol" 1 ) 



(10.0 dm 3 moH) 2 



AH = (-0.2483 dm 3 mol" 1 ) x (2.438 atm - 1.225 atm) 
= (-0.301 dm 3 atm mol" 1 ) x 



1.013xl0 5 Pa 



-30.5 J mol" 1 



lm 

10dm j { atm 

Solutions to theoretical problems 



A function has an exact differential if its mixed partial derivatives are equal. That is, f(x,y) has an 
exact differential if 



dx^dy ) dy\ dx 



and 



d 




dy 




a 


(SC.) 






a 


(a/ 


dx y dy 


d 




dy 




d_ 


'¥) 


dt 





dxydy^ 



= z~(x 2 +6y) = 2x 



dx 



■ — xsoixy - .xsinxv — x l yco&xy = — 2;csinxy - x 2 ycosxy 
= — (-x 2 sinxy) = -2xsinxy - x 2 ycosxv 



= ^-(3x 2 f) = 6x 2 y and ~f|0 = ^-(2 
dy dx \ dy 



dx 



d df 



t=dS i2t+eS)=eS 
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P2.24 



w 

dT 



dV L \dV\dT\ dT(dV L 

Jt \ V Jv ) T V V J Tj 



(derivatives may be taken in any order) 



dU , 

— = 0 for a perfect gas [Section 2. 1 1(b)] 
Hence, 



dCy 

dV 



= 0 



Likewise C =1 

p I dT 



so 



-^—\ = 0 for a perfect gas. 
*P Jt 



Hence, 



= 0. 



P2.26 Using Euler's chain relationship and the reciprocal identity [MB2.3c] 

(dp) = (dp) (dV) 
W) v {dv) T {BT) p 

Substituting into the given expression for C„ - C v 



(dp) 




'BVX 


[dV) 


J 





Using the reciprocal identity again 
[dT 



f dV^ 



\*P Jt 



For a perfect gas, p V= nRT, so 



dV_ 
dT 



2 r ^ 2 
1 nR 



I and I — — = 

V P J K d PJT 



nRT 



-T 



r nR^ 2 



SO C p — Cy = 



I p 



nRT 



nR 
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This problem is the same as Problem 2.25(b). The solution is the same as presented for that 
problem. 



(a) V= V(p,T), hence, dK = 



fdV^ 

[dp J 


dp + 

T 




dT 

p 



Likewise p = p(V,T), so dp = 



£-1 dr + 



%\ 6T 



(b) Weusea = |£||£j [2.42] and k t = - 



r \Ydv 



— — [2.43] and obtain 
d P Jr 



dlnK = — dV = 

V 



1 V BV 



i YaK^i 



dT = 



-k t dp + adT 



Likewise d hip = * = -f^l dF + ±f^l dJ 



We express | J in terms of* v : 



1 f3F 



dp_ 



TJ 



SO 



dV 



We express] | in terms of K>and a 



|>) fill f^_l =_1 so f*-l <^ /37 ^ _ a 
\ZT)\dV)\<ip) T (dT) y (dV/dp) T k t 



dV adT 
so d In p = + 

/>K- r F pK T 



V ) 



PK T 



w = -\ pdV = -nRT 

J v x 

= -nRT\n 



dV 



V-nb 



+ n 2 a 



dV_ 

V 2 



- n-a\ 

V, - nb ) [V 2 V x 



By multiplying and dividing the value of each variable by its critical value we obtain 



w = -nR x 



in 



(v 2 






~K 




nb 


U 





( n 2 a 



V V 
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w = 



x (r r ) x In — 3 - 



3^w 

The van der Waals constants can be eliminated by defining w T = , then w = — L and 

a 3b 



w = 



g 

--«7;in 
9 




- 


C---1 



Along the critical isotherm, T t = 1 , K rJ = 1 , and K r2 = Hence, 



--In 
9 



3*-^ 1 , 
i-l 



P2.34 fim [^] [2 ' 5 ° ] 

Use of Euler's chain relationship [MB2.4] yields 



fi = — 
3p „ 



[Justification 2.2] 



BUm ) + 
Jr L 



3p 



3Kr 



Jr 



Use the virial expansion of the van der Waals equation in terms of p. (See the solution to Problem 1 .9.) 
Now let us evaluate some of these derivatives. 



pV m =RT 
KpVJ 



dU_ 

dv 
1 + 



RT 



k t = [Exercise 2.31a] 



b !/» + ••• 

RT u 



L * J 



Substituting 



I Ip 



-aRT 
(pVJ 2 



b- 



RT 
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Since 



— — is in a 

I 3p Jt 



sense a correction term, that is, it approaches zero for a perfect gas, little error 



will be introduced by the approximation, (p V^f = (RT) 2 



Thus, 



1 

a = v 



\ dp 



Jt 



b- 



RT 



2a 



2a 
RT 



-b 



b and u = 

RT J C, 



p,ra 



1 



bt ) or 

p v\ — — 
dV 



— [reciprocal identity, MB2.3b] 



a =v x ~ 



V-nb 



f 2na ^ 
~RV* 



[Problem 2.35] 



x (V - nb) 



(RV 2 )x(V -nb) 



(RTV*)-(2na)x(y-nby 



-1 



K- r = X 



BV 



1 



-nRT 1 ( 2n 2 a \ 
y-nbf ) + { V" ) 



[reciprocal identity] 



[Problem 2.35] 



(V 



V 2 (V - nb) 2 



nRTV i -2n 2 a(V -nb) 2 



Then,^= 7 -^ 



, implying that k t R -a{V m - b) 



a nR 

Alternatively, from the definitions of a and k t above 



[reciprocal identity] 













L 
















? 







3jp v 



[Euler chain relation] = 



V-nb 
nR 



[Problem 2.35], 



Kj-R — 



a(V - nb) 



Hence, k t R = a(V m - b). 
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fdV_) fd(pV)) fdv] 



dU_ 
BV 



= T 



dp_ 
dT 



= T 



(3L 

[dT 

(dp_ 



Bp 



-P 



V\ r /T 



dV_ 



+ V + p 



BV_ 



+ V = 



T 

-T 



equation for I 



Jt 



+ V [chain relation] 



[reciprocal identity] 



P2.38 Work with the left-hand side of the relationship to be proved and show that after manipulation 

using the general relationships between partial derivatives and the given equation for 
right-hand side is produced. 

^r"l =f"^7rl f^r~l [change of variable] 
dp ) T {dV) T {dp) T 



P2.40 



(RTyT rt RT p 

~jjH , p = p— so — = — ; hence 



M ' 



M 



For argon, y = |, so c = 



(8.314 J K" 1 mol- 1 ) x (298 K) x f 
39.95 xlO 3 kg mol" 1 







r- 


322 m s" ! 



Solutions to applications 

P2.42 (a) q v = -nA c U*, hence 

-q v -CAT -MCAT 



(ii) A C £T=^ = 
n 



m 



, where m is sample mass and M molar mass 



(180.16 g mol" 1 ) x (641 J K _1 ) x (7.793 K) 

so A C J7*=-- - ' \ = 

c 0.3212 g 

(i) The complete aerobic oxidation is 

QH,A(s) + 6 0 2 (g) -> 6 C0 2 (g) + 6 H 2 0(1) 



-2802 kJ mol' 
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Since there is no change in the number of moles of gas, A r H* = A T U* [2.21] and 



-2802 kJ mol" 1 



(hi) A c /T = 6A f /T (C0 2 ,g) + 6A f /T(H 2 0,l) - A f /T (C 6 H 12 0 6 ,s) - 6A f ff* (0 2 ,g) 
so A fJ £r(C 6 H 12 0 6 ,s) = 6A f /T(C0 2 ,g) + 6A f iT(H 2 0,l) - 6A fJ ftT(0 2 ,g) - A C H* 
A f tf*(C 6 H 12 0 6 ,s) = [6(-393.51) + 6(-285.83) - 6(0) - (-2802)] kJ mol" 1 



-1274 kJ mol" 



(b) The anaerobic glycolysis to lactic acid is 
C 6 H 12 0 6 -> 2 CH 3 CH(OH)COOH 

A t H* = 2A f fT (lactic acid) - A f /T (glucose) 

= {(2) x (-694.0) - (-1274)} kJ mol" 1 =-114 kJ mol" 1 



Therefore, aerobic oxidation is more exothermic by 2688 kJ mol -1 than glycolysis. 



The coefficient of thermal expansion is 



a = —\ - — 



AV 
VAT 



so AV^aVAT 



This change in volume is equal to the change in height (sea level rise, Ah) times the area of the ocean 
(assuming that area remains constant). We will use a of pure water, although the oceans are com- 
plex solutions. For a 2°C rise in temperature 

AV=(2A x lO" 4 K" 1 ) x (1.37 x 10 9 km 3 ) x (2.0 K) = 5.8 x 10 5 km 3 

AV 



so Ah = = 1.6xl0^ 3 km= 1.6m 

A 1 



Since the rise in sea level is directly proportional to the rise in temperature, AT= 1°C would lead to 
and AT= 3.5°C would lead to Ah = 



Ah= 0.80 m 



2.8 m 



COMMENT. More detailed models of climate change predict somewhat smaller rises, but the same order of 
magnitude. 

We compute fx from 



1 ( dH 



f dH 



and we estimate from the enthalpy and pressure data. We are given both enthalpy and heat 

{dp) T 

capacity data on a mass basis rather than a molar basis; however, the masses will cancel, so we need 
not convert to a molar basis. 



56 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



(a) At 300 K 
426.6 



W(kJkg->) 



y = 427.92!- 18.000* 

j 




425.6 



0.07 0.08 0.09 0.10 0.11 0.12 0.13 
p/MPa 



Figure 2.4(a) 



The regression analysis gives the slope as -1 8.0 J g _1 MPa 1 = | —J (see Figure 2.4(a)) 



so 



-18.0 kJ kg-' MPa' 1 _ 
0.7649 kJ kg 1 K- 1 



23.5 K MPa 



(b) At 350 K 



y = 473.52 - 14.450* 



462 
461 
460 

W(kJkg-i) 459 
458 

457 

456 

Figure 2.4(b) 



dH i 

The regression analysis gives the slope as -14.5 J g _1 MPa" 1 = | —J (see Figure 2.4(b)) 




-14.5 kJ kg-' MPa 1 
1.0392 kJ kg" 1 K 



so fi = — 



14.0 K MPa" 




3 



The second law 



Answers to discussion questions 

The device proposed uses geothermal heat (energy) and appears to be similar to devices currently 
in existence for heating and lighting homes. As long as the amount of heat extracted from the hot 
source (the ground) is not less than the sum of the amount of heat discarded to the surroundings 
(by heating the home and operating the steam engine) and of the amount of work done by the 
engine to operate the heat pump, this device is possible; at least, it does not violate the first law of 
thermodynamics. However, the feasibility of the device needs to be tested from the point of view of 
the second law as well. There are various equivalent versions of the second law, and some are more 
directly useful in this case than others. On first analysis, it might seem that the net result of the 
operation of this device is the complete conversion of heat into the work done by the heat pump. 
This work is the difference between the heat absorbed from the surroundings and the heat dis- 
charged to the surroundings, and all of that difference has been converted to work. We might, then, 
conclude that this device violates the second law in the form stated in the introduction to Chapter 3 
and therefore that it cannot operate as described. However, we must carefully examine the exact 
wording of the second law. The key words are 'sole result'. Another slightly different, although 
equivalent, wording of Kelvin's statement is the following: 'It is impossible by a cyclic process to 
take heat from a reservoir and convert it into work without at the same time transferring heat 
from a hot to a cold reservoir.' So as long as some heat is discharged to surroundings colder than 
the geothermal source during its operation, there is no reason why this device should not work. 
A detailed analysis of the entropy changes associated with this device follows (see Figure 3.1). 



Environment at T, 




"ground" water at T h 

Figure 3.1 C v and C p are the temperature-dependent heat capacities of water 
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Three things must be considered in an analysis of the geo thermal heat pump: Is it forbidden by the 
first law? Is it forbidden by the second law? Is it efficient? 

A-Etot = Aiiwater + AE^^ + AE eav ^ Ioomeat 

A£ water = 0 

A£ r ound=-cv(r h ){:r h - rj 

^-^environment = — C v(^h) { — ^cl 

adding terms, we find that A£ tot = 0, which means that the first law is satisfied for any value of T h 
and T c : 

AS water = 0 

a C _ gground _ -<^(r h ){r h -^ C } 

grOUTtd rp rjl 

» _ ^environment _. ^)(^c){^h ~ ^c) 

^^environment /jt T-t 

* c * c 

Adding terms and estimating that C p (T h ) = C P (T C ) = C,, we find that 

±S m =C p {T b -Tjjr-jr 

This expression satisfies the second law (AS tot > 0) only when T h > T c . We can conclude that, if the 
proposal involves collecting heat from environmentally cool ground water and using the energy to 
heat a home or to perform work, the proposal cannot succeed no matter what level of sophisticated 
technology is applied. Should the 'ground' water be collected from deep within the Earth so that 
T h > T c , the resultant geothermal pump is feasible. However, the efficiency, given by eqn 3.10, must 
be high to compete with fossil fuels because high installation costs must be recovered during the 
lifetime of the apparatus. 

T 

1 J c 

With T c « 273 K and T h = 373 K (the highest value possible at 1 bar), rf m = 0.268. At most, about 
27% of the extracted heat is available to do work, including driving the heat pump. The concept 
works especially well in Iceland, where geothermal springs bring boiling water to the surface. 

D3.4 All of these expressions are obtained from a combination of the first law of thermodynamics with 
the Clausius inequality in the form TdS > dq (as was done at the start of Justification 3.2.) It may 
be written as 

-d U -p^d V + dw add + TdS > 0 

where we have divided the work into pressure-volume work and additional work. Under conditions 
of constant energy and volume and no additional work, that is, an isolated system, this relationship 
reduces to 

dS>0 
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which is equivalent to AS, ot = AS^^ > 0. (The universe is an isolated system.) 

Under conditions of constant temperature and volume, with no additional work, the relationship 
reduces to 

dA<0, 

where A is denned as U- TS. 

Under conditions of constant temperature and pressure, with no additional work, the relationship 
reduces to 

dG<0, 

where G is defined as U + pV- TS=H- TS. 

In all of these relationships, choosing the inequality provides the criteria for spontaneous change. 
Choosing the equal sign gives us the criteria for equilibrium under the conditions specified. 

D3.6 See the solution to Exercise 2. 3 1 (a) and Example 3.6, where it is demonstrated that n r = a/V* for a 
van der Waals gas. Therefore, there is no dependence on b for a van der Waals gas. The internal 
pressure results from attractive interactions alone. For van der Waals gases and liquids with strong 
attractive forces (large a) at small volumes, the internal pressure can be very large. 

D3.8 The relationship (dG/dT) p = -S shows that the Gibbs function of a system decreases with T at 
constant P in proportion to the magnitude of its entropy. This makes good sense when one 
considers the definition of (?, which is G = U + pV- TS. Hence, G is expected to decrease with 
Tin proportion to S when p is constant. Furthermore, an increase in temperature causes entropy 
to increase according to 

AS=J dq^/T 

The corresponding increase in molecular disorder causes a decline in the Gibbs energy. (Entropy is 
always positive.) 



Solutions to exercises 

Assume that all gases are perfect and that data refer to 298. 15 K unless otherwise stated. 



AS = 



dq 



rev *7rev 

T ~ T 



(a) A5 = 

(b) AS = 



50xl0 3 J 
273 K 

50xl0 3 J 
(70 + 273) K 



LSxHFJK- 1 



1.5xl0 2 JK-' 
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E3.2(b) At 250 K, the entropy is equal to its entropy at 298 K plus AS, where 



E3.3(b) 



E3.4(b) 



— = — = C Km In— 



so S = 154.84 J K ! mol" 1 + [(20.786 - 8.3 145) J K 1 mol" 1 ] x In 



250 K 
298 K 



152.65 J K _1 mol" 1 



However, the change occurred AS has the same value as if the change happened by reversible heat- 
ing at constant pressure (step 1) followed by reversible isothermal compression (step 2): 

AS=AS 1 +AS 2 

For the first step 



AS-J — -\-^ r — C »^T i 

AS, = (2.00 mol) x 'l j x (8.3145 J K 1 mol" 1 ) x ln^±|j^JL = 18.3 J K _l 



and for the second 



AS> = 



J T 
where <? rev 



rev _ Itev 

T 



= - w =jpdV = nRT ln^f = nRT ln^- 



so AS 2 = nR ln^- = (2.00 mol) x (8.3 145 J K _1 mol" 1 ) x ln *'~^ atm = -25.6 J K" 1 
p { 7.00 atm 



AS = (18.3 - 25.6) J K" 1 = 



-7.3 J K 



The heat lost in step 2 was more than the heat gained in step 1, resulting in a net loss of entropy. 
Alternatively, the ordering represented by confining the sample to a smaller volume in step 2 over- 
came the disordering represented by the temperature rise in step 1. A negative entropy change is 
allowed for a system as long as an increase in entropy elsewhere results in AS l0{i] > 0. 

q = 9™ = 0 [adiabatic reversible process] 
AS = j r ^ = § 

AU = nC Km AT = (2.00 mol) x (27.5 J K -1 mol" 1 ) x (300 - 250) K 
= 2750 J = 



+2.75 kJ 



w = A/7 = 2.75 kJ-0= 2.75 kJ 
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AH=nC pm AT 



C p , m = C Km +R = (27.5 J K 1 mol~' + 8.314 J K" 1 mol" 1 ) = 35.814 J K" 1 mol 1 
So, AH = (2.00 mol) x (35.8 14 J K' 1 mol 1 ) x (+50 K) = 358L4 J = 



3.58 kJ 



Since the masses are equal and the heat capacity is assumed constant, the final temperature will be 
the average of the two initial temperatures, 

J f = {(200°C + 25°C) = 1 12.5°C 
The heat capacity of each block is 
C=mQ 

where C s is the specific heat capacity 

so Atf(individual) = mC s AT = 1 .00 x 10 3 g x 0.449 J K" 1 g" 1 x (±87.5 K) = ±39 kJ 
These two enthalpy changes add up to zero: 



A/f tot =0 



AS = mQ\n\ j; 200°C = 473.2 K; 25°C = 298.2 K; 1 12.5°C = 385.7 K 



AS, = (1 .00 x 1 0 3 g) x (0.449 J K 1 g 1 ) x In 
AS 2 = (LOO x 10 3 g) x (0.449 J K _1 g" 1 ) x In 



385.7 
298.2 

385.7 
473.2 



= 115.5 J K" 1 



= -91.802 J K" 1 



24 J K- 1 



AS tolAi = AS, + AS 2 - 

(a) q = 0 [adiabatic] 

(b) w = -p ai AV =-(1.5atm)x 

= -2272 J = 



fl.Olx 10 5 Pa \ , x «, x I lm' 

x(l00.0cm 2 )x(l5cm)x 



atm 



I0 e 



cm 



-230 J 



-230 J 



(c) AU = q + w = 0~230J = 

(d) AU=nC v , m AT 
AU -22121 



AT = 



-5.3 K 



nC Km (1.5 mol) x (28.8 J K" 1 mol" 1 ) 

(e) Entropy is a state function, so we can compute it by any convenient path. Although the specified 
transformation is adiabatic, a more convenient path is constant-volume cooling followed by 
isothermal expansion. The entropy change is the sum of the entropy changes of these two steps: 



[3.23 & 3.17] 



AS = A.S, + AS 2 = nC Vm \n 


(t > 


+ ni?ln 


(v,) 
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T r = 288.15 K - 5.26 K = 282.9 K 



E3.9(b) 



V,= 



_ nRT _ (1.5 mol) x (8.206 x lQ- 2 dm 3 atm K -1 mol 1 ) x (288.2 K) 



9.0 atm 



= 3.942 dm 3 



V t = 3.942 dm 3 + (100 cm 2 ) x (1 5 cm) x 



= 3.942 dm 3 + 1 .5 dm 3 = 5.44 dm 3 



( 1dm 3 

[1000 



AS = (1.5 mol) x \ (28.8 J K - ' mol" 1 ) x In 



cm' 



282.9 
288.2 



f 5 44 ^ 
+ (8.314 J K-' mol" 1 ) x In A« 
^ 3.942 j 



= 1.5 mol(-0.5346 J K" 1 mol-' + 2.678 J K" 1 mol" 1 ) = 3.2 J K - ' 



E3.7(b) (a) A S = ^- = 35.27 xlO^mol 1 , +1Q45 g JK - ] = 
1 1 K} vap r b (64.1 + 273.15)K 



104.6 J K" 1 



(b) If vaporization occurs reversibly, as is generally assumed 



A5 sys +A5 , sur =0 so AS wr = 



-104.6 J K- 



E3.8(b) (a) A r S» = S:(Zn 2+ ,aq) + 5*(Cu,s) - SS(Zn,s) - S:(Cu 2+ ,aq) 



= [-1 12.1 + 33.15 - 41.63 + 99.6] J K' 1 mol- l = -21.0 J K 1 moH 



(b) A r S e = 125:(C0 2 ,g) + 1 lS^HAl) - s:(C 12 H 22 0„,s) - 12S£(0 2 ,g) 
= [(12 x 213.74) + (1 1 x 69.91) - 360.2 - (12 x 205.14)] J K^mol" 1 



= +512.0 JK-'mol" 



(a) A T H* = A r /T(Zn 2+ ,aq) - A f /T(Cu 2+ ,aq) 

= -153.89 - 64.77 kJ mol" 1 = -218.66 kj mol 1 



A r G* = -218.66 kJ mol" 1 - (298.15 K) x (-21.0 J K _1 mol 1 ) = 
(b) A r /T - A c iT = -5645 kJ mol" 1 

A r G*= -5645 kJ mol" 1 - (298.15 K) x (512.0 J K 1 mol" 1 ) = 
E3.10(b) (a) A r G* = A f G*(Zn 2+ ,aq) - A f G*(Cu 2+ ,aq) 



-212.40 kJ mol" 



-5798 kJ mol- 



= -147.06 - 65.49 kJ mol" 1 = 



-212.55 kJ mol" 1 



(b) A r G* = 12A f G*(C0 2 ,g) + 1 lA f <T(H 2 0,l) - A f G*(C 12 H 22 O n ,s) - 12A r G*(0 2 ,g) 
= [12 x (-394.36)+ 11 x (-237.13) - (-1543)- 12 x 0] kJ mol" 1 
= -5798 kJ mol" 1 



COMMENT. In each case these values of A r G* agree ciosely with the calculated values in Exercise 3.9(b). 
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■1Kb) 



CO(g) + CH 3 OH(l) -> CH 3 COOH(l) 
A r iT = £ vA f /T- X vA f /T[2.32] 

Products Reactants 

= -484.5_kJ mol" 1 - (-238.66 kJ mol" 1 ) - (-1 10.53 kJ mol 1 ) 
= -135.31 kJmol" 1 

AX= I vS£- X vSZ [3.25a] 

Products Reactants 

= 1 59.8 JK 1 mol" 1 - 126.8 J K" 1 mol 1 - 197.67 J K." 1 mol" 1 
= -164.67 J K" 1 moH 

A r G* = A t H* -TAtS* 

= -135.3TkJmoH- (298 K) x (-164.67 J K _1 mol" 1 ) 



= -135.31 kJ mol" 1 + 49.072 kJ mol" 1 = -86.2 kJ mol 



E3. 12(b) The formation reaction of urea is 

C(gr) + i 0 2 (g) + N 2 (g) + 2 H 2 (g) -> CO(NH 2 ) 2 (s) 

The combustion reaction is 

CO(NH 2 ) 2 (s) + } O z (g) -> C0 2 (g) + 2 H 2 0(1) + N 2 (g) 

A c ff* = A fJ tf ^(C0 2 ,g) + 2A f /T(H 2 0,l) - A f //*(CO(NH 2 ) 2 ,s) 

A f iT(CO(NH 2 ) 2 ,s) = A f /r(C0 2 ,g) + 2A f iT(H 2 0,l) - A c /T(CO(NH 2 ) 2 ,s) 

= -393.51 kJ mol" 1 + (2) x (-285.83 kJ mol" 1 ) - (-632 kJ mol- 1 ) 
= -333.17 kJ mol" 1 

A f S~=^(CO(NH 2 ) 2 ,s) - $:<C,gr) - }S£(0 2 ,g) - S£(N 2 ,g) - 2^(H 2 ,g) 
= 104.60 J K' 1 mol" 1 - 5.740 J K" 1 mol" 1 - {(205.138 J K _1 mol" 1 ) 

-191.61 J K" 1 mol 1 - 2(130.684 J K-' mol 1 ) 
= -456.687 J K- 1 mol" 1 

A l G*=A t H*-TA { S* 

= -333.17 kJ mol- 1 - (298 K) x (-456.687 J K -1 moH) 
= -333.17 kJ mol" 1 + 136.093 kJ mol 1 



= -197 kJ mol" 1 



E3.13{b) (a) A5(gas) = nR In 



= 5.873 J K^ = 



[3.17] = 



21 g 



5.9 J K" 1 



AS(surroundings) = -AS(gas) - 
A£(total) = [o] 



39.95 g mol 1 

[reversible] 



x (8.3 14 J K- 1 mol-')ln 



4.60 
1.20 



-5.9 J K- 1 



(b) A5(gas) = |+5.9 J K" 1 1 [S is a state function] 
AS^surroundings) = [o] [no change in surroundings] 
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E3.14(b) 



AS(total) = +5.9 J K 



(c) q KV = 0 so AS(gas) = [o] 

AS(surroundings) = [o] [no heat is transfered to the surroundings] 
AS(total) = [o] 

C 3 H 8 (g) + 5 0 2 (g) 3 C0 2 (g) + 4 H 2 0(1) 

A r G* = 3A r G*(C0 2 ,g) + 4A f G*(H 2 0,l) - A f G*(C 3 H 8 ,g) - 0 

= 3(-394.36 kJ mol" 1 ) + 4(-237.13 kJ mol 1 ) - l(-23.49 kJ mol- 1 ) 
= -2108.1 lkJmol- 1 



The maximum non-expansion work is 



2108.11kJmol- 



since|w addttn J = |AG|. 



0.500 



T 500 K 

E3.15,b, (a) , = ,-^[3.10] = !- — 



(b) Maximum work = n | q h \ = (0.500) x (1 .0 kJ) = 

(c) ^ = 7}^ and |w max | = |^ h |-|^ min l 

= 1.0 kJ- 0.50 kJ = 



E3.17(b) 



0.50 kJ 



0.5 kJ 



E3.16(b) AG = «tfrin — 



[3.59] = nRT]n\ \ [Boyle's law] 



AG = (2.5 x 10- 3 mol) x (8.314 J K" 1 mol" 1 ) x (298 K) x In 



||) =-5 [3.53]; hence (^) =-S ( , and (|f^ 



72 
1,100 

= -S { 



-2.0 J 



= -42.8 J K- 1 



E3.18(b) dG = -5dr+ Vdp [3.52]; at constant T, dG = Vdp, therefore 

rm 

AG = Vdp 

J pi 

The change in volume of a condensed phase under isothermal compression is given by the isother- 
mal compressibility (eqn 2.43): 
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K = -L\$L) =1.26x10"* Pa- 1 

This small isothermal compressibility (typical of condensed phases) tells us that we can expect a 
small change in volume from even a large increase in pressure. So we can make the following 
approximations to obtain a simple expression for the volume as a function of the pressure: 



K T ~—. 



1 f V-Vi 



V[p- Pi 



L p 



, SO V=V i (l-K T p) 



where V x is the volume at 1 atm, namely the sample mass over the density, m/p: 

•100 MPa 



r 100 MPa 

AG = —(\-K T p)dp 

J 100 kPa P 




100 MPa 



dp — K T 



100 kPa 



100 MPa 



pdp 



100 kPa 



100 MPa 



~-K tP - 



100 kPa 



100 MPa 



lOOkPa 



^ — -(9.99 x 10 7 Pa - 4(1 .26 x 10" 9 Pa" 1 ) x (1.00 x 10 16 Pa 2 )) 

0.791 gem -3 



= 31.6 cm 3 x 



lm 



100 cm 
- 2 96 xl0 3 J = |3.0kJ 



x9.36xl0 7 Pa 



E3.19(b) AG m = G^- G^ =RT\a 



^ I [3.59] 



= (8.314 J K" 1 mol" 1 ) x (323 K) x In 



252.0 
92.0 



2.71 kJ mol" 



E3.20(b) For an ideal gas, G° = G£ + RT In 



VP 



[3.59 with C? m =<?:] 



But for a real gas. G m = + RT ln| ~ | [3.61] 



So G m -G° = RThi£- [3.61 minus 3.59]; ^ = 0 

= /W 1 ln<!> = (8.314 J K- 1 mol" 1 ) x (290 K) x (In 0.68) 



= -0.93 U mol" 1 
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E3.21 (b) AC? = /2 V m Ap [3.58] = VAp 



f lm 3 

AG = (1.0 dm 3 ) x [ I x (200 x 10 3 Pa) = 200 Pa m 3 = 200 J 



tl0 3 dm 3 



E3.22(b) AG m =RT ln\^} = (8.314 J K -1 mol" 1 ) x (500 K) x U 1000kPa 

1 P-J I 50.0 kPa 



= +2.88kJmol-' 



P3.2 



Solutions to problems 

Solutions to numerical problems 



AS = 



Pc om dr 

-eel [3.22] = 



dr = am' 



T ) 



a = 91 .45 J K-' mol" 1 , b = 7.5 x 10" 2 J K -2 mol" 1 

300 K 



AS m = (9 1 .47 J K" 1 mol- 1 ) x In 



273 K 



+ (0.075 J K-2 mol"') x (27 K) 



10.7 JK-'mol" 



P3.4 First, determine the final state in each section. In section B, the volume was halved at constant 
temperature, so the pressure was doubled: p B>( = 2p Bi . The piston ensures that the pressures are equal 
in both chambers, so p Kf = 2/> Bi = 2p KK . From the perfect gas law 

7 k= p M PV = (2^ i )x(3.00dm 3 ) = R 
T Ki p^ 0> Aa )x(2.00dm 3 ) 



(a) A.S A =nQ, m ln|^[[3.23].«^ln 



A,f 



[3.17] 



AS A = (2.0 mol) x (20 J K -1 mol- 1 ) x In 3. 00 



+ (2.00 mol) x (8.314 J K _1 mol"') x In 



3.00 dm 3 



2.00 dm 3 



50.7 J K 1 



Ub,. 



^ = (2.00 mol) x (8.314 J K _1 mol- 1 ) x lnf * ™ d ™\ 

1 2.00 dm 3 



= -11.5JK- 1 
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(b) The Helmholtz free energy is defined as A = U- TS [3.33], Because section B is isothermal, 
AU=OtmdA(TS)=TAS, so 



AA%= -T B AS B = -(300 KX-1 1.5 JK" l ) = 3.46 x 10 3 J = 



+3.46 kJ 



In section A, we cannot compute A(TS), so we cannot compute AU. AA 



is indeterminate 



in both 



magnitude and sign. We know that in a perfect gas, U depends only on temperature; moreover, U(T) 

BU 

is an increasing function of T, for — — = C (heat capacity), which is positive, since AT> 0, AU> 0 as 

BT 

well. But A(TS) > 0 too, since both the temperature and the entropy increase, 
(c) Likewise, under constant-temperature conditions 

AG = AH -T AS 
In section B, AH B = 0 (constant temperature, perfect gas), so 

AG B = -r B A5 B = -(300 K) x (-1 1.5 J K" 1 ) = |3.46xl0 3 J 



AC? A is indeterminate in both magnitude and sign. 



+39.2 J K" 



(d) AS(total system) = AS A + AS B = (50.7 - 1 1.5) J K" 1 = 
If the process has been carried out reversibly as assumed in the statement of the problem we can say 

AS(system) = AS(surroundings) = 0 
Hence, A5(surroundings) = 



-39.2 J K" 1 



Question. Can you design this process such that heat is added to section A reversibly? 





q 


w 


AU=AH 


AS 




AS tot 


Path (a) 


2.74 kJ 


-2.74 kJ 


0 


9.13 J K- 1 


-9.13 J K" ] 


0 


Path (b) 


1.66 kJ 


-1.66 kJ 


0 


9.13 J K" 1 


-5.53 J K" 1 


3.60 J K" 1 



Path (a) 

w = -nRT In — I [2. 10] = -nRT In ^ 



= -(1.00 mol) x (8.314 J K _l mol" 1 ) x (300 K) x In 



[Boyle's law] 

3.00 atm ^ 



1.00 arm J 



= -2.74xl0 3 J 



-2.74 kJ 



AH = AU = [o] [isothermal process in perfect gas] 
q - AU - w = 0 - (-2.74 kJ) = 1+2.74 kJ 



ac r . + , „ 2.74 x 10 3 J 
AS = isothermal] = — — — — — 
T 1 300 K 



+9.13 J K" 1 
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AS t ot = 0 [reversible process] 

A5 sur = AS tot - AS = 0 - 9.13 J K-' = 
Path (b) 



-9.13 J K" 1 



(nRT nRT 



Pi 



= -nRT 



Pi 



= -(1.00 mol) x (8.314 J K" 1 ) x (300 K) x 
= -1.66xl0 3 J = 



1.00 atm 1.00 atm 
^ 1.00 atm 3.00 atm 



-1.66 kJ 



AH - AU = [oj [isothermal process in perfect gas] 
q = AU -w = 0- (-1.66 kJ) = 1+1.66 kJ 



AO q w r . , 2.74 xlO 3 J 

AS = — [isothermal] = 

T 1 J 300 K 



+9.13 J K _1 



Note: One can arrive at this by using q from Path (a) as the reversible path, or one can simply use AS 
from Path (a), realizing that entropy is a state function. 



AS,, 



<?sur ~<l _ -1-66 XlO 3 J 

TlT" 717" 300K 



-5.53 J K- 1 



AS iot = AS+ AS sur = (9. 1 3 - 5.53) J K" 1 = 



+3.60 J Kr 



1 1 

P3.8 AS depends on only the initial and final states, so we can use AS = n C p m \n— [3 .23] . 

a PRt 

Since q = nC p , m (T { - 7]), T t = 7] + -J- = 7] + — - [<? = ItV = PRt] 



That is, A5 = «C^, m ln 1 + 



PRt 



Since n = 



500 g 



63.5 g mol" 



= 7.87 mol 



AS = (7.87 mol) x (24.4 J K _l mol" 1 ) x In 1 + 



(1.00 A) 2 x (1000 Q)x(15.0 s) 
(7.87) x (24.4 J K- 1 ) x (293 K) 



+45.4 J K" 



= (192JK- ! )x(lnl.27) = 
[1 J=lAVs=lA 2 ns] 

For the second experiment, no change in state occurs for the copper, hence AS(copper) =0. However, 
for the water, considered as a large heat sink 

v _ g _ PRt = (j 00 A ) 2 x ( 100 ° Q ) x 0 5 0 s ) = 

(water) - ^ - ^ m ^ 



+51.2 J K" 1 
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.10 Consider the temperature as a function of pressure and enthalpy: T= T(p,H) 

The Joule-Thomson expansion is a constant-enthalpy process (Section 2.12). Hence, 



dT = | ^ j dp = ndp 



AT = 



lidp- p.Ap [fi is constant] 



= (0.21 K arm" 1 ) x (1.00 atm - 100 arm) 



-21 K 



T f = Ti + AT= (373 - 21) K= 352 K [Mean T= 363 K] 
Consider the entropy as a function of temperature and pressure: S = S(T,p). 

Therefore, dS = ^ j dT + ^ j dp 



(BS) 




r dS] 




T 





— | [Table 3.5] 



DT 

For F m = (1 + fip) 

P 



p 



Then, dS m = ^ dT - —(1 + Bp)dp 
T p 

or dS m = d7 - —dp - RB dp 
T p 



On integration 
AS, 



-r 



d5' m = C^ln 



^1 D Jft 



-/{hi £2. -JW( A - A ) 



= fjtln |^-^ ln n_J. 0-525 atm-- 
2 1 373 100 363 



x (-99 atm) 



= +35.9JK-'mol- 1 
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P3.12 



P3.14 



A r fT = X vA f fT- X vA f iT [2.34a] 

products reactants 

A r iT(298 K) = 1 x A f /T(CO,g) + 1 x A f H*(H 2 0,g) - 1 x A f /T(C0 2 ,g) 
= {-110.53 - 241.82 - (-393.51)} kJ mol-' = 



+41.16 kJmol- 1 



AX= X vs;- X vS: [3.25a] 

products reactants 

A r S*(298 K) = 1 x + 1 x S:(H 2 0,g) - 1 x S«(C0 2 ,g) - 1 x ^(H 2 ,g) 



= (197.67 + 188.83 - 213.74 - 130.684) kJ mol" 1 = |+42.08 J K-' mol' 1 
A r iT(398 K) = A r /T(298 K) + \C;dT [2.36a] 

J 298 K 

= A r #*(298 K) + A r CpAT [heat capacities constant] 

A r c;= i x c; m (co, g ) + 1 x c* m (HAg) - 1 x c;. m (co 2 , g ) - 1 x c; m (H 2 , g ) 

= (29.14 + 33.58 - 37. 1 1 - 28.824) J K _1 mol" 1 = -3.21 J K _i mol" 1 



A r ZT(398 K) = (41.16 kJ mol" 1 ) + (-3.21 J K" 1 mol" 1 ) x (100 K) = 
For each substance in the reaction 



+40.84 kJ mol- 



A5 m = C Am ln|^ \ = C p Jn 



398 K 
298 K 



[3.23] 



Thus, 



A r ^(398K) = A r 5*(298K)+ X | - I vC* m (J)ln 

V -*i J reactants 



products 



= A r 5*(298K) + A r Cjln 



398 K 



v 298K^ 

= (42.08 J K" 1 mol- 1 ) + (-3.21 J K _1 mol-^ln 
= (42.08 -0.93) J K-' moH = 



398 K 
298 K 



+4U5JK- , mol- 



comment. Both A r H* and A r S* changed little over 1 00 K for this reaction. This is not an uncommon result. 
Draw up the following table and proceed as in Problem 3.11. 



T/K 

(C p JT)(JKr*mo\-i) 


14.14 
0.671 


16.33 
0.778 


20.03 
0.908 


31.15 
1.045 


44.08 
1.063 


64.81 
1.024 




T/K 

(C p , m /r)(JK- 2 moH) 


100.90 
0.942 


140.86 
0.861 


183.59 
0.787 


225.10 
0.727 


262.99 
0.685 


298.06 
0.659 
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Plot C pM against T (Figure 3.2(a)) and C P> JT against T (Figure 3.2(b)), extrapolating to T= 0 with 
C pm = #r 3 fitted at T= 14.14 K, which gives a = 3.36 mJ K _1 mol -1 . Integration by determining the 
area under the curve then gives 




77 K 

Figure 3.2(a) 




J.16 



The Gibbs-Helmholtz equation [3.55] may be recast into an analogous equation involving AG and 
AH, since 







(dcA 









and AH = H ( -H, 
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Thus, 



a A r <r ] a t w 



dT T 



T- 



A r G* 
T 



^ 3 y~j~J dr [constant pressure] = — dJ 



A r iTdT 



T 2 



dT Til 
Therefore, Miff) _ , ^ f ± _ 1 



[A r H* assumed constant] 



and so A r G«{T) = — A r G«(T c ) + 



l--|A : /rrr, 



= tA r Gf(r 0 ) + (l-T)A r H*(r e ), where t = — 

For the reaction 

2CO(g) + 0 2 (g)^2C0 2 (g) 

A r G^(r c ) = 2A f G*(C0 2 ,g) - 2A f G*(CO,g) 

= [2 x (-394.36) - 2 x (-137.17)] kJ mol" 1 = -514.38 kJ mol" 1 

A,/*^) = 2A f iT(C0 2 ,g) - 2A f /T(CO,g) 

= [2 x (-393.51) - 2 x (-1 10.53)] kJ mol" 1 = -565.96 kJ mol"' 



Therefore, since t = 



375 
298.15 



= 1.258 



A r G*(375 K) = {(1.258) x (-514.38) + (1-1.258) x (-565.96)} kJ mol"' 



-501 kJ mol 1 



P3.1 8 A graphical integration of In 0 = 



Z-l 

I P 



dp [3.63] is performed. We draw up the following table: 



plaXm 


1 4 


7 


10 


40 


70 


100 




-2.9 -3.01 


-3.03 


-3.04 


-3.17 


-3.19 


-3.13 



The points are plotted in Figure 3.3. The integral is the shaded area up to zero on the vertical axis, 
which has the value -0.3 13, so at 100 atm 
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Solutions to theoretical problems 



.20 Paths A and B in Figure 3.4 are the reversible adiabatic paths that are assumed to cross at state 1 . 
Path C (dashed) is an isothermal path which connects the adiabatic paths at states 2 and 3. Now go 
round the cycle (1 -> 2, step 1; 1 — > 3, step 2; 3 1 , step 3). 




A * 



Figure 3.4 

Step 1 AC/j = q l +w x = Wi \q { — 0, adiabatic] 
Step 2 

AU 2 = q 2 + w 2 = 0 [isothermal step, energy depends on temperature only] 
Step 3 A C/ 3 = q i + w 3 = w 3 [<j 3 = 0, adiabatic] 
For the cycle AU = 0 = + q 2 + w 2 + w 3 or w(net) = w 1 +w 2 + w i = ~q 2 
But, AU l - -AU 3 [AT 7 , - -AJJ; hence, w, - - w 3 and w(net) = w 2 = -q 2 , or -w(net) = q 2 
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Thus, a net amount of work has been done by the system from heat obtained from a heat reservoir 
at the temperature of step 2, without at the same time transferring heat from a hot to a cold reser- 
voir. This violates the Kelvin statement of the second law. Therefore, the assumption that the two 
adiabatic reversible paths may intersect is disproven. 

Question. May any adiabatic paths intersect, reversible or not? 

Alternative solution not requiring the system to be a perfect gas 

Note that step 2 above effectively requires the system to be a perfect gas. The following solu- 
tion is more general. 

Suppose that two adiabats cross at point 1. 

Consider the isotherm at T crossing both adiabats at points 2 and 3. 

We now can define a quasi-steady closed cycle along the two adiabats and the isotherm. 

By definition of state variables: 

AU = jdU = 0 
AS = jdS = 0 

Using the first law: 

AU = jdq + jdw = q + w 
=><7 = -w 

and the second law for reversible processes we have: 



AS = o 



T T 



=f > q = 0 
As Tis finite we find: 
w = -q = 0 

As the work corresponds to the surface area of our closed cycle we conclude that the two adiabats 
coincide (are a single curve). 



P3.22 V = 



T 



RT 

— + B + Cp + Dp 2 
P 



which is the virial equation of state. 

P3.24 We start from the fundamental relationship 
dU=TdS-pdV[3M] 
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But, since U= U(S, V), we may also write 



Comparing the two expressions, we see that 

These relationships are true in general and hence hold for the perfect gas. We can demonstrate this 
more explicitly for the perfect gas as follows. For the perfect gas at constant volume 

dU=C v dT 

and 

ds _ dg rev = CydT 
T T 



Then, 



&U ) (d£) C y dT 



dS) y { dS J (CydT 



For a reversible adiabatic (constant-entropy) change in a perfect gas 
dU=dw = -pdV 



Therefore, 



= ~P 



26 a =\7) x [w\ [2A2] ' K ' = -[h x 



(a) I I = f ] [Maxwell relationship] 

dV) T {dT) y 



dT 



—■j {J^j [Euler chain relation MB2. 3c] 



dT j 



dV_ 
V [ dT 



[reciprocal identity, MB2.3b] 
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(dV) JdT] 



= j — [Maxwell relationship] 

dp ) s 



fdS 



fH5Kfl~- la 

dT 



First, treat the numerator: 



[reciprocal] 



fdS] 






-m. 



As for the denominator, at constant p 

"-(§)dr and dS = ^ = f -&fv,,-*m 



Therefore, | |^ | = ^ and 
dT) T 



aTV 
C 



dp 



[Maxwell relationship] 



3K 



1 



'as^ Tar 



[Euler chain] = 



as 

[reciprocal] 

( dS_" 

dT 



as 

dU 



dp 

dT J I 
[Maxwell relation] = 



dV 
dT 



(dU_ 
{dT) 



Jv 

dV\ (dU_ 

dT as 



dsn (du 

dUjAdT 



[Euler chain] 



[reciprocal identity, twice] = 



aT 









P3.28 First use an identity of partial derivatives that involves a change of variable 
'Hl.fH.lfMl j™.) [MB2 .3a] 



THE SECOND LAW 77 



We will be able to identify some of these terms if we examine an expression for dH analogous to the 
fundamental equation [3.46]. From the definition of enthalpy, we have: 

dH=dU+pdV+Vdp=TdS-pdV[3A6]+pdV+ Vdp=TdS+Vdp 

Compare this expression to the exact differential of H considered as a function of S and p: 



f dH 



BH 



= V [dH exact] 



A 



Substitution yields I 

l dp 

(a) For pV=nRT 



Jt 



dp 



[Maxwell relation] 



/ix nRT an 2 _ , , , _ 

Because we cannot express Kin closed form as a function of T, we solve for Tas a function of V 
and evaluate 

— — =-r| — - + V = + K [reciprocal identity] 

l^Jr (ar^ 



/»(K-irfQ { na{V~nb) 
nR RV 2 



Therefore, 



RV* 
-T 



\dp ) T p na 2na(V~nb) 
~nR RV 2 RV 3 



+ V 



which yields after algebraic manipulation 



nb - 



2na 
~RT 



V- 



i-f— u ; 

(RTV 



A = l-^ 



When — « 1, X = 1 and 
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P3.30 



P3.32 



2na _ 2na 1 2na p 
RTV~~RT X V~~RT X nRT = R 2 T 2 



2 pa 



Therefore, 



nb - 


\2na 
~{Rf 


1- 


' 2 P a 


R 2 T 2 



For argon, a = 1.337 dm 6 atm mol" 2 , b = 3.20 x 10" 2 dm 3 mot" 1 , 
2na (2) x (1.0 mol) x (1.337 dm 6 arm mol" 2 ) 



RT (8.206 x 10- 2 dm 3 atm K^mol" 1 ) x (298 K) 
2 pa (2) x (10.0 atm) x (1 .337 dm 6 arm mol" 2 ) 



R 2 T 2 [(8.206 x 10' 2 dm 3 atm K 1 mol 1 ) x (298 K)] 2 
{(3.20 xlO- 2 )- (0.1 l)}dm 3 



= 0.1 ldm 3 
= 0.045 



Hence, | 

dp 



Jt 



1 - 0.045 



= -0.0832 dm 3 = -8.4 J arm" 1 



AH* 



dH 
dp 



A/? =(-8.4 J arm -1 ) x(latm) = 



-8 J 



" H f 1 Cy= 



dT 



du 

dT 



-1 



dV_ 

du 



[Euler chain relation] 



= - ^^prj [reciprocal identity] = p-T 



hp_ 

dT 



Therefore, 



-1 



dT 



dV) \ dp 



dV 



[Euler chain] = 



3K 
dT 



d_V} 
dp ) 



a 



aT 

frC v =p 



r dv_ 



1 



dp} 
dV 



Js 



The only constant-entropy changes of state for a perfect gas are reversible adiabatic changes, for which 
pV r = const 
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t, I 3*0 I 3 001181 



- ^ X [ K ^ J" V 



Therefore, k s = 



-1 



-yp 



+1 



Hence, ^7^=+! 



The starting point for the calculation is eqn 3.63. To evaluate the integral, we need an analytical 
expression for Z, which can be obtained from the equation of state. 

(a) We saw in Section 1.4 that the van der Waals coefficient a represents the attractions between 
molecules, so it may be set equal to zero in this calculation. When we neglect a in the van der Waals 
equation, that equation becomes 



P = 



RT 



V m ~b 
and hence 

bp 



Z = l + - 



RT 



The integral in eqn 3.63 that we require is therefore 



b 
RT 



F RT 



Consequently, from eqns 3.62 and 3.63, the fugacity at the pressure p is 
/ = 



.bp/RT 



From Table 1.6, b = 3.71 x 10 2 dm 3 moH, so pb/RT= 1.516 x giving 



/ = (10.00 atm) x e° 01516 = |l0.2atm| 

COMMENT. The effect of the repulsive term (as represented by the coefficient b in the van der Waals equation) 
is to increase the fugacity above the pressure, and so the effective pressure of the gas— its 'escaping tendency' 
—is greater than if it were perfect. 

(b) When we neglect b in the van der Waals equation we have 
RT a 



V,. 

and hence 
Z = l- 



VI 



RTV m 

Then, substituting into eqn 3.63 we get 



ln</> = 



Z-l 



CP 



dp = 



-a 



PRTV C 



-dp 
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In order to perform this integration we must eliminate the variable V m by solving for it in terms of p. 
Rewriting the expression for p in the form of a quadratic we have 

p p 

The solution is 



Applying the approximation (RT) 2 » 4ap we obtain 



RT RT 



V=- 
2^ p 



Choosing the + sign we get 
RT 

V m = , which is the perfect-gas volume. 

P 



Then, 
ln0 = 



CP 



-dp = 



ap 



(RT) 2 



(RT) 2 

For ammonia, a = 4. 169 atm dm 6 mol -2 

4.169 atm dm 6 mol" 2 x 10.00 atm 



ln0 = - 



(0.08206 dm 3 atm K" 1 mol 1 x 298.15 K) 2 
= -0.06965 



0 = 0.9327 = ^ 
P 



f = <j>p = 0.9327 x 10.00 atm = 



9.327 atm 



Solutions to applications 

P3.36 Taking the hint, we have 

A trs 5"(25°C) = AS, + AS U + AS* 

We are not given the heat capacity of either the folded or unfolded protein, but if we let C p m be the 
heat capacity of the folded protein, the heat capacity of the unfolded protein is C PM + 6.28 kj K" 1 mol 1 . 
So, for the heating and cooling steps, we have: 
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.38 



and A5 111 = (C pjn +6.28kJK- 1 mol- 1 )ln 



298.2 K 
348.7 K 



, so 



A5j+ A5iii= C m ln 



348.7 K\ 



J 



298.2 K 
= (6.28UK-'mol- , )ln 



+ (<!„+ 6.28 kJ K" 1 mol 1 ) In 



298.2 K 
348.7 K 



298.2 K 



348.7 K 
= -0.983 kJ K-'mol 1 



For the transition itself, use Trouton's rule (eqn 3.20): 



A^iT 



509 kJ mol" 



= 1.460 kJ K" 1 mol- 



T vs 348.2 K 

Hence, A^S* = (1 -460 - 0.983) kJ K" 1 mol 1 = 0.477 kJ K 1 mol" 1 = 

(a) At constant temperature. 



477 J K 1 mol" 



A,G = A r H- 7A r 5 so A T S = 



\H - A r G 



AO -20-(-31)]kJ mol" 1 AA -- 1Txrl ,, 

and A r S = = +0.035 kJ K _i mol 1 = 

310K 



+35 J K- 1 mol" 



The positive sign for the entropy of reaction is consistent with the formation of two new substances, 
resulting in greater disorder on the product side. 

(b) The power density P is 

p JAfi]n 
V 

where n is the number of moles of ATP hydrolysed per second 
N 10 V 1 



n = 



N A 6.02 xlO 23 mol" 1 



= 1.66 xlO" 18 mol s" 1 



12 W m" 3 



and Fis the volume of the cell 

V = \nr* = | ff (10 x 10~ 6 m) 3 = 4.19 X 10" 15 m 3 

Thu P = |Af<?l " = (31 x 10 3 J mol- 1 ) x (1 .66 x 10 18 mol s ') 
~ V ~ 4.19 x 10" 15 m 3 

This is orders of magnitude less than the power density of a computer battery, which is about 
15 W J 100 cm 

r battery ' 



1.5xl0 5 Wm- 3 



100 cm 3 ^ lm 
(c) Simply make a ratio of the magnitudes of the free energies 
14.2 kJ (mol glutamine)- 1 



31kJ(molATP)" 



0.46 



mol ATP 



mol glutamine 
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P3.40 The Gibbs-Helmholtz equation is 



±(AG) 



V 1 J 



AH 

' T 2 



SO 



^190 ^220 \ 7"i 



[ 220 



190 



1 

^220 



A r Gf 90 = A r G£ 0 ^ + A r /T 

J -3 -in 



^220 



For the monohydrate 



A r Gr 90 =(46.2kJmoI-')x 



190 K 

220 K 



+ (127 kJmol" l )x 



1- 



A,GtHo = 



57.2 kJ mol" 



For the dihydrate 



A r G^,= (69.4 kJ mol" 1 ) x 



190 lO 



220 K 



+ (188kJmol- 1 )x 1 



85.6 kJ mol" 1 



For the trihydrate 



190 K 
220 K 



190 K 
220 K 



A,G,;, = (93.2 kJ mol" i x | + (237 kJ mol" 1 ) x f 1 - ^| 



A r Gf 90 = 1 12.8 kJ mol" 1 



P3.42 In effect, we are asked to compute the maximum work extractable from a gallon of octane, assum- 
ing that the internal combustion engine is a reversible heat engine operating between the specified 
temperatures, and to equate that quantity of energy with gravitational potential energy of a 1000-kg 
mass. The efficiency is 

n = — [3.8] = -^- = 77^=1-^ [3.10], so |w| =\AH\\ 1--^] 

|A#| = 5512xl0 3 Jmol 

( 

so |w| = 1.448 xl0 8 Jx 1 

V 

If this work is converted completely to potential energy, it could lift a 1000-kg object to a height h 
given by | w | = mgh, so 



. , rtrt , 3.00xl0 3 g lmol - tngT 

_1 xl.00 galx ; — : — - x _ . _ = 1.448 xl0 8 J 



1 14.23 g 



1073 K 

2273 K v 



= 7.642 xl0 7 J 
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7.642 x 10 7 J 



= 7.79xl0 3 m = 



7.79 km 



mg (1000 kg)(9.8 lms" 2 ) 

(a) As suggested, relate the work to the temperature-dependent coefficient of performance {Impact 
13.1]: 



\dq c \ \C p dT\ 

jdw| = — = = ( ; 



{T h -T 



T h dT 



-dT 



Integrating yields 



M = C, 



dT 



dT 



=cJr h in^-(r f -7i) 

! *■ i 



= a\T h \n^-T i+ T t 
if J 



(b) The heat capacity is C p = (4. 184 J K _1 g" 1 ) x (250 g) = 1046 J K." 1 , so the work associated with 
cooling the water from 293 K to the freezing temperature is 



|wLoi i n g =1046JK- 1 x 



293 K x ln^^- - 293 K + 273 K | = 748 J 
273 K 



The refrigerator must also remove the heat of fusion at the freezing temperature. For this isother- 
mal process, the coefficient of performance does not change, so 



C 



= 6.008xl0 3 JmoH x 
The total work is 



T h -T 



i50g 



18.0gmol- 



293 - 273 . , n , , 
C| — ^ — 1 = 6113 J 



6.86 xlO 3 J = 6.86kJ 



M total = |wL oling + \w\ {nae = (748 + 6113) J = 
At the rate of 100 W = 100 J s _l , the refrigerator would freeze the water in 
6.86 x 10 3 J 



t = 



100 J s- 



68.6 s 



Physical transformations 
of pure substances 



Answers to discussion questions 



Mathematically, we can trace the change in chemical potential when pressure is changed to the p V 
term within the Gibbs energy (part of the definition of enthalpy); the product changes when the 
pressure changes. Physically, an incompressible system does not store energy like a spring (or like 
a highly compressible gas); however, it can transmit energy, as it does in a hydraulic cylinder. 
Furthermore, an incompressible system under pressure is under stress at a molecular level. Its 
bonds or intermolecular repulsive forces resist external forces without contraction. Finally, one can 
observe changes in phases in equilibrium with incompressible liquids (the pressure of their vapours, 
for example) when pressure is applied to the liquid; see Section 4.4(c). 




Refer to Figure 4.1 above and Figure 4.8 in the text. Starting at point A and continuing clockwise 
on path p(T) toward point B, we see a gaseous phase only within the container with water at pressures 
and temperatures p(T). On reaching point B on the vapour-pressure curve, liquid appears on the 
bottom of the container and a phase boundary or meniscus is evident between the liquid and less 
dense gas above it. The liquid and gaseous phases are at equilibrium at this point. Proceeding clock- 
wise away from the vapour-pressure curve the meniscus disappears and the system becomes wholly 
liquid. Continuing along p(T) to point C at the critical temperature no abrupt changes are observed 
in the isotropic fluid. Before point C is reached, it is possible to return to the vapour-pressure curve 
and a liquid-gas equilibrium by reducing the pressure isothermally. Continuing clockwise from 
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point C along path p(T) back to point A, no phase boundary is observed even though we now 
consider the water to have returned to the gaseous state. Additionally, if the pressure is isothermally 
reduced at any point after point C, it is impossible to return to a liquid-gas equilibrium. 

When the path p( T) is chosen to be very close to the critical point, the water appears opaque. 
At near-critical conditions, densities and refractive indices of both the liquid and gas phases are 
nearly identical. Furthermore, molecular fluctuations cause spatial variations of densities and 
refractive indices on a scale large enough to strongly scatter visible light. This is called critical 
opalescence. 

.6 See Section 4.6 for classification of phase transitions. First-order phase transitions show discon- 
tinuities in the first derivative of the Gibbs energy with respect to temperature. They are recognized 
by finite discontinuities in plots of H, U, S, and V against temperature and by an infinite discontinuity 
in C p . Second-order phase transitions show discontinuities in the second derivatives of the Gibbs 
energy with respect to temperature, but the first derivatives are continuous. The second-order tran- 
sitions are recognized by kinks in plots of H, U, S, and V against temperature, but most easily by a 
finite discontinuity in a plot of C p against temperature. A A,-transition shows characteristics of both 
first- and second-order transitions and, hence, is difficult to classify by the Ehrenfest scheme. It 
resembles a first-order transition in a plot of C p against T, but appears to be a higher-order transition 
with respect to other properties. 

At the molecular level first-order transitions are associated with discontinuous changes in the 
interaction energies between the atoms or molecules constituting the system and in the volume they 
occupy One kind of second-order transition may involve only a continuous change in the arrange- 
ment of the atoms from one crystal structure (symmetry) to another while preserving their orderly 
arrangement. In one kind of X-transition, called an order-disorder transition, randomness is intro- 
duced into the atomic arrangement. See Figures 4.19 to 4.22 of the text. 



Solutions to exercises 



.1 (b) The phase rule (eqn 4. 1) relates the number of phases (P), components ( C ), and degrees of freedom 
(F) of a thermodynamic system: 

F=C-P+2 

Restricting to pure substances (C= 1) and rearranging for phases gives 
P=3-F 

Areas in the phase diagram have two degrees of freedom; one can vary pressure and temperature 
independently (within limits) and stay within the area. Thus, F = 2 and P = 1 in areas. Lines have 
one degree of freedom; one can vary pressure or temperature, but to stay on the line the value of the 
other is determined by the line. Thus, F= 1 and P~ 2 on lines. Points on the phase diagram have zero 
degrees of freedom; one can vary neither pressure nor temperature on a given point. Thus, F= 0 and 
P=3 on points. 



fa) is in an area, so there is a single phase . (b) and (c) are points, so there are three phases present. 



(d) is on a line, so there are two phases present. 
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E4.2(b) For pure substances (one-component systems), the chemical potential is the molar Gibbs energy: 
dG = 0 2 -/ii)d« 

so AG = (n 2 - fijn = (-8.3 kj mol- ] )(0. 15 x 10" 3 mol) = +1 .2 x 10" 3 kJ = 



E4.3(b) 



E4.4(b) 



1.2J 



The difference between the definition of normal and standard transition temperatures is the pres- 
sure at which the transition takes place: normal refers to exactly 1 atm (101325 Pa), while standard 
refers to exactly 1 bar (10 5 Pa). At the standard boiling temperature and pressure, the liquid and gas 
phases are in equilibrium, so their chemical potentials are equal: 

AiquidC^ itd'Atd) = ^gas(^std>/W) 

The same can be said at the normal boiling temperature and pressure: 

^liquidv^norm'/^norm) Mgas(^norm'/'norni) 

Eqns 4.2 and 4.3 show how the chemical potential changes with temperature and pressure, so for 
small changes we can write 



1 ar 



dp = -s m dr + V m dp 



Jt 



Assuming that the differences between standard and normal boiling point are small enough, we can 
equate the differences in the chemical potentials of the two phases: 

A/^s = S m ^AT+ F m>gas A/> = -5 mUquid Ar+ K mljquid A^ = Au liquid 

where Ap is defined as p norm - /> std . Rearrange to isolate AT: 

O^mjiquid "-^mjgas)^^"' ( ^mjiquid ^m,gas)Ap 

(-A vap S)Ar = (K m>]iquid - V m>m )Ap » -V mgas Ap 

Use the ideal gas law to find the molar volume of the gas. Also, we need to find A vap 5 or to use 
Trouton's rule (eqn 3.20): 

AT = ^gasAP = RTAp _ RT\Ap _ (8.3145 J K" 1 mol"')(373 K) 2 (1325 Pa) 



A vap 5 



(10 5 Pa)(40.656xl0 3 J) 



0.38 K 



That is, the normal boiling temperature is 0.38 K higher than the standard boiling temperature. 

Use the phase rule (eqn 4.1) 

F=C~P+2 
to solve for the number of phases: 

P=C-F+2 = 4-F+2 = 6-F<\6\ 

The maximum number of phases in equilibrium occurs when the number of degrees of freedom is 
at a minimum, namely zero; that number is six. 
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.5(b) Eqn 4.2 shows how the chemical potential changes with temperature 



• = l|p! d7 



so Ap = -js m 6T = -S m AT = -53 J K" 1 mol 1 x (1000 - 100) K 



= 4.8xl0 4 Jmol-» 



48 kJ mol" 



Note: As the problem stated, we assumed that the entropy is constant over the temperature range. 
.6(b) Eqn 4. 3 shows how the chemical potential changes with pressure 



■7(b) 



dp = V m dp = —dp 
P 



so A/i = 



M M 78.11gmol 1 ,_, . A ,._ lm 3 

— dp = — Ap = - x (10 x 10 6 - 100 x 10 3 ) Pa x — - — - 

p F p F 0.879 gem" 3 v ' 10W 



S.SxlO^mol- 1 



0.088 kJ mol" 1 



Note: We assumed that the sample is incompressible. 

The effect on vapour pressure of a change in applied external pressure on a liquid is given by eqn 4.4: 
p = p* e ymWw*T 

For liquid naphthalene, the molar volume is 
^ = M = 118 ; 16 gm oH =122Wmol _, 



so 



p 0.962 g cm" 3 
V m (\)AP 122.8cm 3 mol l x(15xl0 6 -1.0xl0 5 )Pa lm 3 



RT 8.3145 J K ' mol" 1 x 368 K 

and p = p* ey*w*T = (2.0 kPa)e 0598 = 



10«cm 3 



= 0.598 



3.6 kPa 



Use the Clapeyron equation (eqn 4.6) 

dp_ = K*S_ 
dT A tts K 

Assume that A {lls S and A^rare independent of temperature: 



A^A^xf-^W^Fx^ 



dT 



AT 



AtJS = (152.6 cm 3 mol" 1 - 142.0 cm 3 mol" 1 ) x 

lm 3 "I 



(1.2 xlO 6 Pa-1.01xl0 5 Pa) 



= (10.6 cm 3 moI- l )x 



10 6 cm 3 
= 5.52 Pa m 3 K- l mol- , = 



429.26 K - 427.15 K 
x (5.21xl0 5 Pa K" 1 ) 



+5.5 J K 1 mol" 1 
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At the melting temperature 

A^H = r f A fus S = (427.15 K) x (5.52 J ft" 1 mol" 1 ) = 



+2.4 kJ mol" 



E4.9(b) Assume that the vapour is a perfect gas and A^ p H is independent of temperature 



p = p* e x, x = 



(a 


* 




"-I 


l * J 




J 


T* ) 



1 1 



R 



- = — + — m i- 
r T* A vap tf p 



1 



8.3145 J K- 1 mol" 1 , ( 58.0 
xln 



Hence, T = 



293.2 K 32.7xl0 3 J mol" 1 
1 



66.0 



= 3.378 xl0- 3 K-' 



3.378 x lO" 3 K" 1 



= 296 K = 



23°C 



E4.10(b) Integrating the Clausius-Clapeyron eqation (4. 1 1) yields an expression for In p: 
Id In /j- |^^d7 



Jdlnp=|- 



RT 2 



so In p = constant - ^ vap ^ 
RT 



Therefore, A vaT> H = 3036.8 K x R = 8.3145 J K _1 mol" 1 x (3036.8 K) = 



+25.25 kJ mol" 1 



E4.1 1 (b) (a) The indefinitely integrated form of eqn 4. 1 1 is used as in Exercise 4. 1 0(a). 

lnp = constant - ^gr- or log/? = constant " ^off? 
Thus, A H = 1625 Kx Rx 2.303 = 1625 K x 8.3145 J K ^mol -1 x 2.303 



31.11kJmol- 



(b) The normal boiling point corresponds to p = 1 .000 atm = 760 Torr, 
1625 K 

so log 760 = 8.750 — 



and T = 



1625 K 



8.750 -log 760 



276.9 K 



E4.12(b) AT ~ 



Afjs_ 
A^S 



x Ap [4.6 and Exercise 4.8(a)] 



z^ XA ^^ XA m [Km= M/ P ] 



A (VS H 



PHYSICAL TRANSFORMATIONS OF PURE SUBSTANCES 89 



Normal freezing point is 7} = (273.15 - 3.65) K = 269.50 K at a pressure of 1 atm, which is about 
0.1 MPa. Thus, to the nearest MPa, Ap = 100 MPa = 1.00 x 10 8 Pa 



A - 269.50 K x 46.1 g mol"' x (1.00 x 10 8 Pa) 
AT ~ - - x 

Therefore, at 100 MPa, T f = (269.50 + 2.7) K = 



1 



1 



27.2 K 



0.789 g cm" 3 0.801 g cnr 3 J 
or 



= 2.7K 



-1.0°C 



4.13(b) The rate of loss of mass of water may be expressed as 

% = i (nM) > where n =A~^F 

Thus, *L = = (0-87 x W W nr*) x (10* m') = ^ 

dt AH 44.0xl0 3 Jmol 1 wmui* 



dm 



and __ = (200 mol s" 1 ) x (18.02 g mol" 1 ) = 3.6 kg s" 1 
dt 1 



4.14(b) The equilibrium vapour pressure of ice at -5°C is 0.40 kPa. Therefore, the frost would sublime. 
A partial pressure of 0.40 kPa or more would ensure that the frost remains. 

4.1 5(b) (a) According to Trouton's rule (Section 3. 3(b)) 

A vap # = 85 J K" 1 mol" 1 x r b = 85 J K _1 mol" 1 x 342.2 K = 



29.1 kJ mol 1 1 



(b) Use the integrated form of the Clausius-Clapeyron equation (eqn 4. 1 2) rearranged to 













R \ 







At T x - 342.2 K,/?, = 1.000 atm [normal boiling point]; thus, at 25°C 



In 



Pi 



1 .000 atm 



( 2.91xl0 4 Jmol-' ^ 

x 



8.3145 J K 'mol 1 



1 



1 



342.2 K 298.2 K 



= -1.51 



and /? 2 = e _1 51 atm = 



0.22 atm 



At 60°C, In 



Pi 



2.91xl0 4 Jmol 



^1.000 atm ) ^ 8.3145 J K" 1 mol" 1 
and p 2 ~ e -0 276 atm = 



1 



1 



342.2 K 333.2 K 



= -0.276 



0.76 atm 



1.16(b) 



AT = 37(10 MPa) - 7} (0.1 MPa) = ^^-A\ - I [Exercise 4 1 2(h)] 



AT _( (273.15 K) x 9.9 x 10 6 Pa x 18.0 g mol 
6.01 xlO'Jmol- 1 



\ ( 
x 



1 



0.998 gem" 3 0.915 gem" 3 



= -0.74K 



r f (10MPa) = (273.15-0.74)K= 272.41 K 
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E4.17(b) A vzp H = A vap £/+ A vap (pV) = 43.5 kJ mol 1 

A vap (/> V) =pA^V=p{V m - V^-pV^ = RT [perfect gas] 
A^ipV) = (8.3145 J K" 1 mol 1 ) x (352 K) = 2.93 x 10 3 J mol" 1 
_ A vap (/>K) 2.93 kJ mol" 1 



Fraction = 



A vap tf 43.5 kJ mol" 1 



0.0673 



= 6.73% 



P4.2 



P4.4 



Solutions to problems 

Solutions to numerical problems 

Use the definite integral form of the Clausius-Clapeyron equation [Exercise 4.15(b)]. 
In 





= A -"x[ 




■i) 




R \ 







At T x = (273. 1 5 - 29.2) K = 244.0 K (normal boiling point), Pl = 1 .000 atm, thus, at 40°C 



In 



Pz 



1.000 atm 



20.25 x 10 3 J mol" 1 
8.3145 J K-' mol" 1 



1 



1 



244.0 K 313.2 K 



= 2.205 



and p 2 = 1 .000 atm x e 2 205 = 



9.07 atm 



COMMENT. Three significant figures are not really warranted in this answer because of the approximations 
employed. 

(a) (M>) - = -S m (l) + S m (s) = -A^S = [4.13] 



-6.01xl0 3 Jmol 1 
273.15 K 



-22.0 J K^ 1 mol" 1 



(b) 



M&^JM1\ = _ 5m(g) + 5m (l) = -A vap S = ^ 



dT 



-40.6xl0 3 Jmol" 1 



-108.8 J K" 1 moH 



373.15 K 

(c) Ml -5°Q - Ms -5°C) = Ml -5°Q - M10°C) - {Ms,-5°C) - Ms,0°C)} 

because u(l,0°C) = Ms,0°C) 

Thus, Ml -5°C) - Ms -5°C) = AMI) - AMs) 

where Ap is the difference in chemical potential of a given phase at -5°C compared to that at 
normal freezing temperature. 

A/i-f^l AT = -S m AT[4.2), 
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so W-5°C) - /x(l,0°C)} ~ (Ms -5°C) - u(s,0°C)} = -A fus SAT 
Ml -5°C) - Ms ,-5°C) = -(+22.0 J K- ! mol" 1 ) x (-5 K) = 



+110 Jmol" 1 



Since p(\-5°C) > /i(s,-5°C), there is a thermodynamic tendency to freeze. 

dT Af^V TA^V 1 ■ i 

Thus, dT = ^^-dp 
Integrate both sides: 

AT = I d r = m r ^ d/> = m fus A/? [assuming the integrand is constant] 
Jr fMp ) Pxop A f^ H A (** H 

Now, Ap=p hol -p lop = pgh 



so 



= (234.3 K) x (13.6 g cm 3 ) x (9.81 m s' 2 ) x (10.0 m) x (0.517 cm 3 moH) 1kg 

2.292 xlO 3 J mol ! * 10 3 g 

= 0.07 IK 



Therefore, the freezing point changes to 234.4 K . 



Integrating the Clausius-Clapeyron eqation (4.1 1) yields an expression for In p: 

In p = constant - A ™ pH 
RT 

Therefore, plot In p against l/rand identify -A^H/R as the slope of the plot. Construct the follow- 
ing table: 



e/°c 


0 


20 


40 


50 


70 


80 


90 


100 


77K 


273 


293 


313 


323 


343 


353 


363 


373 


1000 K/T 


3.66 


3.41 


3.19 


3.10 


2.92 


2.83 


2.75 


2.68 


ln(/7/kPa) 


0.652 


1.85 


2.87 


3.32 


4.13 


4.49 


4.83 


5.14 



The points are plotted in Figure 4.2. The slope is -^569 K t so 
= -4569 K or A van # = 



-A vap // _ 



R 



+38.0 kJ mol" 1 



The normal boiling point occurs at/? = 1 atm =101.3 kPa, or at ln(/>/kPa) = 4.618, which from 



the figure corresponds to 1000 K/r= 2.80. Therefore, T b = |357 K (84°C).j The accepted value is 
83°C. 
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=5 3.0 




2.6 2.8 



3.0 3.2 3.4 
(10 3 /T) K 



Figure 4.2 

P4.10 The equations describing the coexistence curves for the three states are 
(a) Solid-liquid boundary 



P = P + 



A f ,M 



A te F T* 



In— - [4.8] 



(b) Liquid-vapour boundary 



A,,M ( 1 1 



R 



(c) Solid-vapour boundary 



p = p*e-x, x = 



l l 



R X \t' T* 



[analogous to 4.12] 



We need \ nh H = A fxis H + A vap H = 4 1 .4 kJ mol" 1 



AJ = Ix 



I 1 V_f 78.11 gmol- 



1 



1 



+1.20 cm 3 mol -1 



[pid P(s) ) V g cm_i J I 0 - 879 °- 891 . 
After insertion of these numerical values into the above equations, we obtain 

. ( lO .exlQSJmol- 1 )i„ T 
^ P = P Hl^OxlO-m^moHj 111 ^ 

= p* + 8.86 x 10 9 Pa x ln^ = p* + (6.64 x 10 7 Torr) In— [1 Torr = 133.3 Pa] 
This line is plotted as a in Figure 4.3, starting at the triple point (p*,T*) = (36 Torr, 5.50°C (278.65 K)). 



= f 30.8xl0 3 Jmol-' "I f J_ _ J_ 
{ ) X [8.3145 J K" 1 mol" 1 J [t T* 

p- p* e -3704Kx(l/r-l/7-*) 



= (3704K)x|--~ 



1 1 
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Figure 4.3 

This equation is plotted as curve b in Figure 4.3, starting from the triple point {p*,T*). 

P = P* e -4979Kx(l/7--I/r*) 

These points are plotted as curve c in Figure 4.3, starting from the triple point (p*, T*). The lighter 
lines in Figure 4. 3 represent extensions of lines b and c into regions where the liquid and solid states, 
respectively, are not stable. 

.12 The slope of the solid-vapour coexistence curve is given by 
oT = ^7 [analogous to 4.10] so A sab H = TA suh vj^ 




10 JL : 1 : JL. 

144 146 148 150 152 154 156 

T/K 

Figure 4.4 

The slope can be obtained by differentiating an equation fit to the coexistence curve (Figure 4.4). 
Fit the data to an exponential function or take natural logarithms of the pressures and make a 
linear fit to the transformed data. The fit equation is 



pfPa = 2.659 xlO- 10 e 0 1687:r/K 
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so j£_ = (2.659 x 10- 10 Pa) x (0.1687 K -1 ) x e 01687r/K = 4.41 Pa K" 1 at 150 K 
dT 

The change in volume is essentially the volume of the vapour 

w , RT (8 .3 1 45 J K _1 mol -1 ) x (1 50 K) .__ , 

v = = — ~ = 47.7 m 3 

m p (2.659 x 10~ 10 Pa) x e a1687 * 150 

So, A suh H*= (150 K) x (47.7 m 3 ) x 4.41 Pa K" l = 3.16 x 10 4 J mol" 1 



31.6 kJmol- 



Solutions to theoretical problems 

P4.14 dH=C p dT+ Vdp implies dAH = AC p dT + AV dp 

where A signifies a difference between phases. Along a phase boundary dp and dT'are related by 

dp AH rA _ . ,„ 

- JL = 4.7 or 4.10 

dT TAV L 

Therefore, 



dAH = 



AH 

AC B + AVx — - 

v " TAV j 



^ dAH AH 

+ \dT and = AC n + 



dT=\ AC, 



T ) 



dT 



Then, since 



d (AH} 1 dAH AH _ 1 ( dAH AH 
~dT{~T~ j ~ T dT ~ T 2 ~ T { dT T 

substituting the first result gives 



dT 



AH) AC n 



T j T 

Therefore, 

AH)_ AC p dT _ 
T 



AC^dlnT 



P4.16 Eqn 4.4 gives the vapour pressure of a liquid under an additional applied pressure AP: 
p-p* 

The applied pressure is the hydrostatic pressure of the liquid overlying the depth d\ 

AP = pgd 
The molar volume of the liquid is 

VJ\) = Mlp 
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Substituting into eqn 4.4 yields 



For a 10-m column of water at 25° C, 

Mgd (18.02 x 10" 3 kg mol" 1 ) x (9.81 m s" 2 ) x (10 m) 



RT 



(8.3145 J K-' mol" 1 ) x (298 K) 



= 7.1xl0" 4 



so JL = e 7,xlo ^=l + 7.1xlO- 4 



That is, the fractional increase in vapour pressure is 



7.1x10" 



or 



0.071% 



In each phase the slopes of curves of chemical potential plotted against temperature are 

V 

dT 



'£|—* B [4.2] 

p 



The curvatures of the graphs are given by 



To evaluate this derivative, consider dS at constant p: 



d5 = ^^- 
T T 



dH _ C p dT 



so 



I ar J 



ST 



c 



Since C p m is necessarily positive, the curvatures in all states of matter are necessarily negative. C p m is 
often largest for the liquid state, although not always. In any event, it is the ratio C pm /Tthai determines 
the magnitude of the curvature, so no general answer can be given for the state with the greatest 
curvature. It depends on the substance. 



S=S(T,p) 



dS = 



d r + |^| dp 



— =-f [Problem 4.18]; 



dT 



[Table 3.5] = -aV w 



dq lsv =TdS = C p dT-T\%\dp 



dT 



=C~TVa{^- 



[4.7] 



96 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



Solutions to applications 

P4.22 (a) The Dieterici equation of state is purported to have good accuracy near the critical point. 

It does fail badly at high densities where V m begins to approach the value of the Dieterici coefficient b. 
We will use it to derive a practical equation for the computations. 

A=^^ [Table 1.7] 

Fr 2V T -\ 

Substitution of the derivative 

'dpA _ (2 + T t V t )p t 



into the reduced form of eqn 3.5 1 gives 



u T = 



u 



Integration along the isotherm T r from an infinite volume to V r yields the practical computational 
equation. 



AUJT„V t ) = - 



T r constant 



2 Pt (T„V t ) 
T T V r 



dK r 



The integration is performed with mathematical software, 
(b) See Figure 4.5(a). 




(c) 8(T„ V r ) = (- Pc A UJ V r ) m , where p e = 72.9 atm 

Carbon dioxide should have solvent properties similar to liquid carbon tetrachloride (8 < S < 9) 



when the reduced pressure is in the approximate range 0.85 to 0.90 when T r = 1 . See Figure 4.5(b) 
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atm 



1/2 



20 



15 



10 



Solubility parameter of carbon dioxide 



- 


1 i 


1 




7>1.5 
1 1 


\ 



0.75 



0.8 



0.85 0.9 



0.95 



Figure 4.5(b) 

.24 C(graphite) ^ C(diamond) A r G = 2.8678 kJ mol" 1 at T = 25°C 

We want the pressure at which A r G = 0; above that pressure the reaction will be spontaneous. 
Eqn 3.53 determines the rate of change of A T G with p at constant T. 

(1) (*±°)=*,V^V D -V 0 )M 



Sp 

where Mis the molar mass of carbon; V D and V G are the specific volumes of diamond and graphite, 
respectively. \G{p) may be expanded in a Taylor series around the pressure p 0 = 100 kPa. 



a 2 A r G(p 0 ) 

dp 2 



We will neglect the third and higher-order terms in (p -p Q ); the derivative of the first-order term can 
be calculated from eqn (1). An expression for the derivative of the second-order term can be derived 
from eqn (1). 



(3) 



d 2 A r G 
dp 2 



dp 



Bp 



>M = (V c k tg — V d k t d )M [2.43] 



'T (,\ " JT n ~ /T) 

Calculating the derivatives of eqns (1) and (2) at p 0 , 
3A 



(4) 



=(0.284- 0.444) x 



S ) 



x| i^oig 92cTn , mo| ; 

mol 



(5) | B2A f^ ] = {0.444(3.04 x 10" 8 ) - 0.284(0.187 x 10" 8 )} 



^ 2 h 



x,cm^p±,x 



( 1 2.01 g 
mol 



= 1.56xl0" 7 cm^a-'mol-' 
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It is convenient to convert the value of A T G(p 0 ) to the units cm 3 kPa moH 



(6) A T G(p 0 ) = 2.8678 x 10 3 J mol" 1 x 



10* cm 3 



m J 



lkPa 
10 3 Pa 



= 2.8678 xlO 6 cm 3 kPa mol" 1 
Setting x=p-Po> an d dividing through by cm 3 mol -1 , eqns (2) and (3)-(6) give 

2.8678x 10 6 kPa- 1.92^ + (7.80x 10- 8 kPa"V = 0 
when A T G(p) = 0. One real root of this equation is 

X= 1.60 xlO 6 kPa^/7-^o 
or p = 1 .60 x 10 6 kPa - 100 kPa = 1 .60 x 10 6 kPa = 



1.60 xlO 4 bar 



Above this pressure the reaction is spontaneous. The other real root is much higher, 2.3 x 10 7 kPa. 
Question. What interpretation might you give to the other real root? 




Simple mixtures 



Answers to discussion questions 

>5.2 For a component in an ideal solution, Raoult's law is p = xp*. For real solutions, the activity, a, 
replaces the mole fraction, x, and Raoult's law changes top = ap*. 

>5.4 A regular solution has an excess entropy of zero, but an excess enthalpy that is non-zero and depen- 
dent on composition, perhaps in the manner of eqn 5.28. We can think of a regular solution as one 
in which the different molecules of the solution are distributed randomly, as in an ideal solution, 
but have different energies of interaction with each other. 

)5.6 A theoretical plate in fractional distillation is one evaporation and condensation 'step'. Imagine 
collecting the first material to vaporize from a mixture and condensing it separate from the original 
mixture. On a standard temperature-composition phase diagram, such as those shown in Figure 5.37 
of the main text, one fractional plate changes the liquid composition from one point to another on 
the curve that represents the boiling temperature of the liquid by moving horizontally (constant 
temperature) to the vapour-composition curve and then vertically (constant composition) back to 
the boiling temperature curve. (In the diagrams of Figure 5.37, the boiling temperature of the liquid 
is on the left, the vapour composition is on the right; the two curves bound the liquid-vapour 
coexistence region.) The number of theoretical plates required to achieve a given composition 
depends on that desired composition, the initial composition of the mixture, and the shape of the 
liquid-vapour coexistence region. 

Solutions to exercises 

■5.1 (b) Total volume V=n A V A + n B V< B = n(x A V A + x B F B ), where n - n A + n B 
Total mass m = n A M A + « B M B = n{x A M A + (1 - x^M^} 



x A M A + (l-x A )M B 

1.000 xl0 3 g 

" (0.3713) x (241.1 g mol- 1 ) + (1 - 0.3713) x (198.2 g moH) 
= 4.670 mol 
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V = n(x A V A +x B V B ) 
= (4.670 mol) x {(0.3713) x (188.2) + (1 -0.3713) x (176.14)} cn^mol-' 



843.5 cm 3 



E5.2(b) Let W denote water and E ethanol. The total volume of the solution is 
F-n w K w + « E F E 

We are given K E , we need to determine « w and n E in order to solve for V w , for 
V-n E V E 



«w 



Take 100 cm 3 of solution as a convenient sample. The mass of this sample is 

m = pV= (0.9687 g cm 3 ) x (100 cm 3 ) = 96.87 g 

80% of this mass is water and 20% is ethanol, so the moles of each component are 

(0.80) x (96.87 g) An , , (0.20) x (96.87 g) n „ , 

n = ± K - fL = 4.3 mol and n E = — - — = 0.42 mol. 

w 18.02 g mol" 1 E 46.07 g mol" 1 

V - n £ V E 1 00 cm 3 - (0.42 mol) x (52.2 cm 3 mol-' ) 



n w 4.3 mol 

E5.3(b) Check whether pJx B is equal to a constant (JST B ). 

x 0.010 0.015 0.020 

(>/kPa)/x 8.2 xlO 3 8.1 xlO 3 8.3 xlO 3 



1 8 cm 3 mol" 1 



Hence, K B = plx = 8.2 x 10 3 kPa (average value) 



E5.4(b) In Exercise 5.3(a), the Henry's law constant was determined for concentrations expressed in mole 
fractions; K B = 8.2 x 10 3 kPa. Thus, the concentration must be converted from molality to mole 
fraction 

J . 1000 g „ cn , 
m A = 1000 g, corresponding to « A = =13.50 mol 



Therefore, x B = 



0.25 mol 



(0.25 mol) + (13.50 mol) 
The pressure is 

Pb = *b*b = (0-018) x (8.2 x 10 3 kPa) = 



74.1 g mol 1 
= 0.018 



1.5xl0 2 kPa 



E5.5(b) We assume that the solvent, 2-propanol, is ideal and obeys Raoult's law. 

n 49 62 
x A (solvent) = ^- = —— = 0.9924 
AV } p% 50.00 
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Since Af A (C 3 H 8 0) = 60.096 g mol" 1 , 
250 g 



"a = 



= 4.16 mol 



x A = 



60.096 g mol- 

— SO « A +«B=— • 
«A + "B *A 



Hence n u = n A \ — - 1 | = 4. 1 6 mol x 



1 



0.9924 



-1 =3.12 xlO" 2 mol 



and M B = — = 



8.69 g 



« R 3.12 xlO" 2 mol 



273 g mol" 



5.6(b) Let B denote the compound and A the solvent, naphthalene. K { - 6.94 K kg mol -1 [Table 5.2] 



"b = % K, where b n = ^- [5.35] 



Thus, M B = 



m B K { (5.00 g) x (6.94 K kg mol-') 
m A AT ~ (0.250 kg) x (0.780 K) 



178gmol- 



5.7(b) From the osmotic pressure compute the concentration, and from the concentration the freezing 
point. According to the van't HofF equation [5.38], the osmotic pressure is 

n=[B]RT so [B] = -^: = 



The expression for freezing point depression [eqn 5.35] includes the molality 6 B rather than the 
molarity [B]. In dilute solutions, the two concentration measures are readily related: 



b B =— 5- 



[B] 



n 



m A ^solnPsoln Aoln ^^Aoln 

The freezing point depression is 



AT = A'A = 



, where K { = 1.86 Kmol" 1 kg [Table 5.2] 



The density of a dilute aqueous solution is approximately that of water: 
p= 1.0gcm" 3 = 1.0 x 10 3 kgnr 3 

(1.86 K kg mol" 1 ) x (99 x 10 3 Pa) 



So AT « - 

(8.3145 J K 1 mol" 1 ) x (288 K) x (10 3 kg nr 3 ) 

Therefore, the solution will freeze at about -0.077°C 



= 0.077 K 



102 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



E5.8(b) The Gibbs energy of mixing perfect gases is 

A mix G = nRT(x A In x A + x B In x B ) [5.16] =pV(x A In x A + x B In x B ) [ideal gas] 



A^G = {pV) x (lJnl + ±JnI) = -/>Kln2 



= -(100xl0 3 Pa) x (250 cm 3 ) 



lm 3 



xln2 = -17.3Pa m 3 = 



A^S = -nR(x A \nx A + x B lnx B )[5.17] - 



10 6 cm 3 

~A^C 17.3 J 



-17.3 J 



273 K 



-0.635 J K 



E5.9(b) 



-A^G 



A^G^/i^rXjfjln^j [5.16] A mix 5 = -«/?X^ In ^[ 517 ] = 

j j * 

« = 2.00 mol and x hexane = jc heptane = 0.500 
Therefore, 

A^G = (2.00 mol) x (8.3145 J K 1 mol" 1 ) x (298 K) x 2 x (0.500 ln0.500) 



= -3.43xl0 3 J = 



-3.43 kJ 



and A^S = 



-A mix G ^ +3.43xl0 3 
T ~ 298 K 



+11.5JK" 1 



For an ideal solution, A Taix H= 0, just as it is for a mixture of perfect gases [Section 5.4(a)]. It can be 
demonstrated from 



A^tf = A^G + TA^S = A^G + T 



"AmixG 



= 0 



E5.10(b) (a) Benzene and ethylbenzene form nearly ideal solutions, so eqn 5.17 applies. 

Amix-S = -nR(x A In x A + x B In x B ) [5. 17] 

We need to differentiate eqn 5.17 with respect to x A and look for the value of x A at which the deriva- 
tive is zero. Since x B = 1 - x A , we need to differentiate 

Amix^ = -nR{x A In x A + (1 - x^ ln(l - x A )} 

, . . ( . dlnx 1 
This gives using—- — = — 

V. ax x 



dA^S 
dx. 



= -nR{\nx A + 1 - ln(l - x A ) - 1} = -nR ln-^A_ 

1 — Xa 



which is zero when x A = PH. Hence, the maximum entropy of mixing occurs for the preparation of 
a mixture that contains equal mole fractions of the two components. 

(b) Because entropy of mixing is maximized when n E = n B (changing to notation specific to ben- 
zene (B) and ethylbenzene (E), 

m E _ m B 
Mr M u 
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This makes the mass ratio 



■12{b) 



0.7357 



w B _ M h _ 78.11 gmoH 
~Ml~ 106.17 g mol" 1 



.1 1 (b) With concentrations expressed in molalities, Henry's law [5.23] becomes p B = b h K z . 
Solving for b, the molality, we have ^ = = ^£^L, 

J^B ^B 

where p tota \ = 1 atm= 101.3 kPa 
For N 2 , K B = 1 .56 x 10 5 kPa kg mol" 1 [Table 5.1] 
0.78 x 101.3 kPa 



S.lxlO^molkg" 1 



l^xlO^akgmoH 
For 0 2 , K B = 7.92 x 10 4 kPa kg mol" 1 [Table 5.1] 
0.21 x 101.3 kPa 



7.92xl0 4 kPa kg mol- 1 



2.7x10^ mol kg" 1 



a • r: • cii/M u u P* 2.0 x 101.3 kPa 

As m Exercise 5. 1 1(b), we have = — = — — — , M ,„ . — 

' a b 3.01xl0 3 kPakgmoH 



= 0.067 mol kg- 1 . 



Hence, the molality of the solution is about 0.067 mol kg -1 . Since molalities and molar concentra- 
tions (molarities) for dilute aqueous solutions are numerically approximately equal, the molar 

concentration is about 



0.067 mol dm- 



.13(b) The ideal solubility in terms of mole fraction is given by eqn 5.37: 

i n 



R I 7} T) 



S^xlOUmoH ^ ( 
x 



8.3145 J K" 1 mol" 1 ) 
Therefore, x Pb = e^° 089 = 0.92. 



1 



1 



600 K 553 K 



= -0.089 



*Pb - 



£ Pb 



-, implying that ~ 



W Bi v ^Pb 



«Bi + «Pb ' " " " 1 - *Pb M Bi 1 - *Pb 

Hence, the amount of lead that dissolves in 1 kg of bismuth is 



1000 g 0.92 
Mpb ~ 209 gmoH X 1-0.92 



52 mol 



or, in mass units, = n Pb x M Pb = 52 mol x 207 g mol -1 = 1 . 1 x 10 4 g = 1 1 kg 



COMMENT. A mixture of 1 1 kg of lead and 1 kg of bismuth would normally be regarded as a solution of 
bismuth in lead, not the other way around. It is unlikely that such a mixture could be regarded as an ideal dilute 
solution of lead in bismuth. Under such circumstances eqn 5.37 ought to be considered suggestive at best, 
rather than quantitative. 
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E5.1 4(b) The best value of the molar mass is obtained from values of the data extrapolated to zero concen- 
tration, since it is under this condition that the van't Hoff equation [5.38] applies. 

nV=n^RT[53B], so n = ^- = ^-, where c = ~ 

MV M V 

But the osmotic pressure is also equal to the hydrostatic pressure 



TI=pgh[l.3], so h = 



RT \ 



12 ; : : ; 




Figure 5.1 



c/(mgcm ) 



RT 



Hence, plot h against c and identify the slope as — — . Figure 5.1 shows the plot of the data. The 



slope of the line is 1.78 cm/(g dm -3 ), so 



pgM 



RT_ _ 1.78 cm = 1 ?8cm dm 3 g -i = i 78 x 10 - 2 m 4 kg -i 



pgM g dm -3 
Therefore, 

M = 



RT 



(pg)x(1.78xl0- 2 m 4 kg-') 

(8.3145 J K-'mol-Qx (293 K) 

(1.000 x 10 3 kg m" 3 ) x (9.81 m s" 2 ) x (1.78 x 10" 2 m 4 kg" 1 ) 



14.0 kg mol" 1 



E5.15(b) Let A = water and B = solute. 

P\ ,™ 0.02239 atm 



Pa 

Ya= — and x A = 



0.9701 



*A «A + «B 

920 g 



122 g 



«a = ~ . , - 51.1 mol %= ~ 

A 18.02 g mol" 1 241 g mol- 1 



= 0.506 mol 



So, x A = 



ii^ = 0 .99O and 

0.990 



51.1 + 0.506 



0.980 
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5.16(b) In an ideal solution, the chemical potential of benzene would be 
H=H* + RT]nx[522] 

RT In x = (8.3145 J K _1 mol" 1 ) x 353.3 K x In 0.30 = 
Thus, its chemical potential is lowered by this amount 



-3.5xl0 3 JmoI-' 



p = ap* [5.49] = yxp* = (0.93) x (0.30) x (760 Torr) = 



212 Torr 



Question. What is the lowering of the chemical potential in the non-ideal solution with y = 0.93? 
5.1 7(b) From Dalton's law of partial pressures and y A we can compute the partial pressures: 



yA = 



Pa 



Pa 



= 0.314 



Pa+Pb 101.3 kPa 
So, p A = 101.3 kPax 0.314 = 31.8 kPa 
and /7 B =101.3kPa-31.8kPa = 69.5kPa 



a A = — = 



p A 31.8 kPa 



p% 73.0 kPa 



0.436 



. pn 69.5 kPa 

and a B = — = 

pt 92.1 kPa 



0.755 



r— ~] a B 0.755 

1.98 and y B = — = = 

1 ' B x B 0.780 



0.967 



a A r^, n 0.436 



5.18(b) The definition of ionic strength is 

and if b is the molal concentration of an M^X^ salt, the molal concentrations of the ions are 
b u =pxb and b x ~qxb 

Hence, / ~ \( pz + + ? z -) 



For K 3 [Fe(CN) 6 ] / = 1(3 x F- + 1 x 3 2 )l ~ | = 6 



For KC1 and NaBr (and any other compound of monovalent ions) 



1 ( b\ 

/ = ^-(lxl + lxl) 4 
2 V 



b* 



Thus, for this mixture 

/ = 7(K 3 [Fe(CN) 6 ]) + 7(KC1) + /(NaBr) 
_ f 6(K 3 [Fe(CN) 6 j) '] b(KC\) 6(NaBr) 

1 b* b« b« 



= (6) x (0.040) + (0.030) + (0.050) = 0.320 
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COMMENT. Note that the strength of a solution of more than one electrolyte may be calculated by summing 
the ionic strengths of each electrolyte considered as a separate solution, as in the solution to this exercise, by 

summing the product ^j^- jz? for each individual ion as in the definition of / [5.76]. 

Question. Can you establish that the comment holds for this exercise? Note that the term for K + in 
a sum over ions includes ions from two different salts. 



E5.19(b) The original KN0 3 solution has an ionic strength of 0. 1 10. (For compounds of monovalent ions, 
the ionic strength is numerically equal to the molal concentration, as shown in Exercise 5.18(b).) 
Therefore, the ionic strengths of the added salts must be 0.890. 

(a) The salt to be added is monovalent, so an additional 0.890 mol kg" 1 must be dissolved. The 
mass that must be added is therefore 



(0.500 kg) x (0.890 mol kg" 1 ) x (101.1 1 g mol" 1 ) = |45.0g 



(b) ForBa(NO,) 2 / = -(1 x 2 2 +2 x l 2 ) 



(b_) 



I-" "H 3| y } 



Therefore, the solution should be made 0.890 mol kg"73 = 0.297 mol kg~' in Ba(N0 3 ) 2 . The mass 
that should be added to 500 g of the solution is therefore 



(0.500 kg) x (0.297 mol kg" 1 ) x (261 .32 g mol" 1 ) = 38.8 g 



E5.20(b) The solution is dilute, so use the Debye-Huckel limiting law: 
log y ± = -\z + z JAP' 2 [5.75] 



1 



/ = -£ \z)= -{(0.020 x l 2 ) + (0.020 x l 2 ) + (0.035 x 2 2 ) + (2 x 0.035 x l 2 )} 



= 0.125 
ForNaCl: 

logy ± = -lxlx0.509x(0.125) l/2 = -0.180, so y± = 
The activities of the ions are 

flfNa*) = a(Cl-) = yj)/b 0 = 0.66 x 0.020 = 



0.66 



0.013 



Question. What are the activity coefficients and activities of Ca(N0 3 ) 2 in the same solution? 

E5.21 (b) The extended Debye-Huckel law [eqn 5.78], with the parameter C set equal to zero, is 
A\z+z_\I l!2 



iog r± =- 



l + BI 



in 



Solving for B: 
B = - 



( l + A\z + z_\ 



(I m logy ± 



0.509 



(b/b*) 1/2 logy ± 
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Draw up the following table: 



b/(mo\ kg" 1 ) 

7± 
B 



5.0 xlO- 3 

0.927 

1.32 



10.0 xlO" 3 

0.902 

1.36 



50.0X10 3 

0.816 

1.29 



The values of B are reasonably constant, illustrating that the extended law fits these activity 
coefficients with B = 



1.3 



.22(b) Let subscript 2 denote the 1,2 isomer and 3 the 1,3 isomer. The partial pressures of the two liquids 
sum to 19 kPa: 

A + Pi = P - X 3P* + x 2 p* [Raoult's law] = x 3 /j*+ (1 - X))p* 

Solve for x 3 : 

p-p* (19 - 20) kPa 



p\-p\ (18-20)kPa 



0.5 



and x 2 = 1 - 0.5 = [05j 

The vapour-phase mole fractions are given by Dalton's law: 

_ p 3 _ x } p% _ (0.5)xl8kPa 
y *~ p ~ p ~ 19kPa 



0.47 



and y 2 = 



x 2 pf _ (0.5) x 20.0 kPa 
p ~ 519 kPa 



0.53 



5.23(b) The partial vapour pressures are given by Raoult's law: 
Pa = *aPa and p h = x B p% ~ (1 - x B )/>* 

Dalton's law relates these vapour pressures to the vapour-phase mole fractions: 

Pa = *aP* 
Pvm XaP*+Q-x a )p$ 

Solve for jc a : 

^A+(1-^B= — 

Ja 



p* 

P*-Pt- — 



x A = 



Pt 



82.1 kPa 



pt + ~-pl 



82.1 + 



V 



68.8 
0.621 



- 68.8 kPa 



0.662 



and x B =l-x A =l- 0.662 = 



0.338 
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The total vapour pressure is 

Aotai = x A pt + xzp$ = 0.662 x 68.8 kPa + 0.338 x 82.1 kPa = 



73.3 kPa 



E5.24(b) (a) If the solution is ideal, then the partial vapour pressures are given by Raoult's law: 
Pa = *aP* = 0.4217 x 1 10.1 kPa = 46.4 kPa 

and p% = x B p$ = (1 - x B )pt = (1 - 0.4217) x 76.5 kPa = 44.2 kPa 

(Note the use of the symbol 0 to emphasize that these are idealized quantities; we do not yet know 
if they are the actual partial vapour pressures.) At the normal boiling temperature, the partial 
vapour pressures must add up to 1 atm (101.3 kPa). These ideal partial vapour pressures add up to 

only 90.7 kPa, so the 



solution is not ideal 



(b) We actually do not have enough information to compute the initial composition of the vapour 
above the solution. The activities and activity coefficients are defined by the actual partial vapour 
pressures. We know only that the actual vapour pressures must sum to 101.3 kPa. We can make 
a further assumption that the proportions of the vapours are the same as given by Raoult's law. 
That is, we assume that 

46.4 kPa 



Pa = 

pi + pi (46.4 + 44.2) kPa 



0.512 



and y B = yl = 



Pi 



44.2 kPa 



P°A+Pl (46.4 + 44.2) kPa 



0.488 



By Dalton's law, the actual partial vapour pressures would then be 



Pa =^ A A ot ai = 0-512 x 101.3 kPa= 51.9 kPa 



and p B = y B p^ = 0.488 x 101.3 kPa= 49.4 kPa 



To find the activity coefficients, note that 
Pa Pa 51.9 kPa 



x aPa 



P°a 



46.4 kPa 



= 1.117 and 49 - 4kPa =L117 
1 8 44.2 kPa 



COMMENT. Assuming that the actual proportions of the vapours are the same as the ideal proportions arrives 
at the answer by conjecture rather than calculation. The assumption is not unreasonable, however. It is 
equivalent to assuming that the activity coefficients of the two components are equal (when in principle they 
could be different). Several facts combine to suggest that the error we make in making this assumption is fairly 
small: the difference between ideal and actual total pressure is relatively small {in the order of 10%), non-ideal 
behaviour is due to the interaction of the two components, and the two components are present in com- 
parable quantities. 

E5.25(b) (a) If the solution is ideal, then the partial vapour pressures are given by Raoult's law: 
Pk = XbPb = 0.50 x 9.9 kPa = 4.95 kPa 
p T = Xj p% = 0.50 x 2.9 kPa = 1 .45 kPa 

The total pressure is 



Aotai =Pb +Pt = (4-95 + 1 .45) kPa = 6.4 kPa 
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(b) The composition of the vapour is given by 
p B _4.95kPa 



y* = 



and y T = 



6.4 kPa 
pr 1 .45 kPa 



0.77 



p^ 6.4 kPa 



= |0.23| 



(c) When only a few drops of liquid remain, the equimolar mixture is almost entirely vapour. 
Thus, y B = y T = 0.50, which implies that 

Pb = *bPb = Pt= *tP* = 0 " *b)/>t 



Solving for x B yields 

p% 2.9 kPa 



= 023 



pt + /4 (9.9 + 2.9) kPa 

The partial vapour pressures are 

Pb = x B p% = 0.23 x 9.9 kPa = 2.24 kPa = pj [vapour mixture is equimolar] = p io J2 
The total pressure is 

Ptotal = 2/?b = 



4.5 kPa 



COMMENT. Notice that an equimolar liquid mixture yields a vapour composition directly proportional to the 
vapour pressures of the pure liquids. Conversely, an equimolar vapour mixture implies a liquid composition 
inversely proportional to those vapour pressures. 

Add the boiling point of A to the table at x A =y A = 1 and the boiling point of B at x B = y B = 0. Plot 
the boiling temperatures against liquid mole fractions and the same boiling temperatures against 
vapour mole fractions on the same plot. 

The phase diagram is shown in Figure 5.2. The phase boundary curves are polynomial fits to the 
data points. 




0.6 

Mole fraction A 



Figure 5.2 
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(a) Find * A = 0.50 on the lower curve and draw a horizontal tie line to the upper curve. The mole 



fraction at that point is y A = 0.82 



(b) Find x A = 0.67 (i.e. x B = 0.33) on the lower curve and draw a horizontal tie line to the upper 



curve. The mole fraction at that point is y A = 0.91 (i.e. }> B = 0.09) 



E5.27(b) The phase diagram is shown in Figure 5.3. 
+10 




E5.28(b) See Figure 5.4 for labels. 

(a) Solid Ag with dissolved Sn begins to precipitate at a h and the sample solidifies completely at a 2 . 

(b) Solid Ag with dissolved Sn begins to precipitate at b u and the liquid becomes richer in Sn as 
the temperature drops further. At b 2 solid Ag 3 Sn begins to precipitate, and as cooling continues the 
liquid becomes richer in Sn. At 6 3 the system has its eutectic composition (a solid solution of Sn and 
Ag 3 Sn) and it freezes without further change in composition. 




Time 
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.29(b) See Figure 5.5. The feature denoting incongruent melting is circled. There are two eutectics: one at 

,T = 



.30(b) 



*B = 



0.59 



,T = T 2 and another at x B = 



0.85 




Figure 5.5 

The cooling curves corresponding to the phase diagram in Figure 5.6(a) are shown in Figure 5.6(b). 
Note the breaks (abrupt change in slope) at temperatures corresponding to points a u b x , and b 2 . 
Also, note the eutectic halts at a 2 and b y 




Figure 5.6(a) & (b) 
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Ql 1 J l_lJ LJ 1 

0 0.2 0.4 0.6 0.8 1 

Mole fraction of B, x B 

Figure 5.7 

(a) At 390°C, solid B exists in equilibrium with a liquid whose composition is circled and labelled 
x y on Figure 5.7. That composition is x B = Xj = 0.63. 

(b) At point x 2 , two phases coexist: solid AB 2 and a liquid mixture of A and B with mole fraction 
x B = x 2 = 0.41 . Although the liquid does not contain any AB 2 units, we can think of the liquid as a 
mixture of dissociated AB 2 in A. Call the amount (moles) of the compound n c and that of free A « a . 
Thus, the amount of A (regardless of whether free or in the compound) is 

and the amount of B is 

« B = 2« c 

The mole fraction of B is 

x - x _ w b _ 2» c _ 2n c 
X& Xl "a + »b (« a +« c ) + 2« c n^ + Sn, 

Rearrange this relationship, collecting terms in n c on one side and « a on the other: 

« a *2 = n e (2 - 3x 2 ) 

The mole ratio of compound to free A is given by 

n c = x 2 = 0.41 = 

n a 2-3x 2 2-3x0.41 L — 1 
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.32(b) 



.33(b) 



The phase diagram is shown in Figure 5.8. Point symbols are plotted at the given data points. The 
lines are schematic at best. 
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Figure 5.8 



At 860°C, a solid solution with x(ZrF 4 ) = 0.27 appears. The solid solution continues to form, and 
its ZrF 4 content increases until it reaches x(ZrF 4 ) = 0.40 at 830°C. At that temperature and below, 
the entire sample is solid. 

The phase diagram for this system (Figure 5.9) is very similar to that for the system methyl ethyl 
ether and diborane of Exercise 5.27(a). The regions of the diagram contain analogous substances. 
The mixture in this exercise has a diborane mole fraction of 0.80. Follow this isopleth down to see 
that crystallization begins at about 123 K. The liquid in equilibrium with the solid becomes progres- 
sively richer in diborane until the liquid composition reaches 0.90 at 104 K. Below that temperature 
the system is a mixture of solid compound and solid diborane. 



140 
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120- 



110- 



100- 



90 



Figure 5.9 
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E5.34(b) The cooling curves are sketched in Figure 5.10. Note the breaks and halts. The breaks correspond 
to changes in the rate of cooling due to the freezing out of a solid that releases its heat of fusion and 
thus slows down the cooling process. The halts correspond to the existence of three phases and 
hence no variance until one of the phases disappears. 



140 
130 



100 




90-I i i i i 1 i — 

Figure 5.10 

E5.35(b) The phase diagram is sketched in Figure 5.11. 




0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Figure 5.11 



(a) When x A falls to 0.47, a second liquid phase appears. The amount of new phase increases as 
x A falls and the amount of original phase decreases until, at x A = 0.3 14, only one liquid remains. 

(b) The mixture has a single liquid phase at all compositions. 
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Solutions to problems 

Solutions to numerical problems 

Let A stand for water and B for NaCl(aq) 



[5.1]= — mol" 1 [x = 6/6*] 
dn B i V. ox 



= (16.62 + { x 1.77 x jc ,/2 + 2 x 0.12*) cm 3 mol"' 



1 7.5 cm 3 mol" 1 when x = 0. 100 



For a solution consisting of 0.100 mol NaCl and 1.000 kg water, corresponding to 55.49 mol H 2 0, 
the total volume is given both by 

V = {1003 + 16.62 x 0.100 + 1.77 x (0.100) 3/2 + 0.12 x (0.100) 2 } cm 3 = 1004.7 cm 3 
and by 



f t" V-Vrfi* 1 004.7 cm 3 -(17.5 cm 3 ) x (0.100 mol) : — 

Therefore, K A = — = - — - = 18.07 cm 3 mol" 1 

n A 55.49 mol 1 



COMMENT. To four figures, this result is the same as the molar volume of pure water at 25°C. {This agreement 
may be fortuitous, however, because the calculation does not give four significant figures.) 

Question. How does the partial molar volume of NaCl(aq) in this solution compare to molar vol- 
ume of pure solid NaCl? 

Letting B stand for CuS0 4 (aq), the partial molar volume of the dissolved salt is 



We will determine K B by plotting V against k b while holding n A constant. We can find the volume 
from the density: 

m A +m B m A + m B 

p , so V = 

V p 

The data include the composition of the solution expressed as mass per cent (that is, m(CuS0 4 )/g, 
the mass in grams of B dissolved in 100 g solution, is numerically equal to w, defined as mass of B 
over total solution mass expressed as a percentage). For our plot, we need « B per fixed amount of A. 
Let us choose that fixed quantity to be m A = 1 kg exactly, so n B is numerically equal to the molal 
concentration. So, 

m B 

« R = 

M B 

such that — — — x 100 = w 
m A + m B 
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Solve for m r 



100- vv 



Draw up the following table of values of m B , n B , and Vat each data point, using m A = 1000 g: 



w 


5 


10 


15 


20 


p/(gcnr 3 ) 


1.051 


1.107 


1.167 


1.23 


m B /g 


52.6 


111.1 


176.5 


250.0 


n B /mo\ 


0.330 


0.696 


1.106 


1.566 


K/cm 3 


1001.6 


1003.7 


1008.1 


1016.3 


K B /(cm 3 mol"') 


2.91 


8.21 


14.13 


20.78 



A plot V against « B is shown in Figure 5.12. 
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Figure 5.12 



1.2 1.4 1.6 1.8 



To find the partial molar volume, draw tangent lines to the curve at each of the data points and 
measure the slope of each tangent. Alternatively, fit the curve to a polynomial and differentiate the 
fit equation. A quadratic equation fits the data quite well 

V/cm 3 = 7.226(« B /mo0 2 - 1.851(n B /mol) + 1001.4 
f dK/cm 3 ^ 



so VJcm 3 = 



/mol 



= 2x 7.226 x(« B /mol) -1.851 



COMMENT. Selecting m A = 1 000 g is arbitrary. If you chose a different value for m A , your table will have differ- 
ent values for m B , n B , and V, but you should arrive at the same values for V B . 
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A {ns H » A 1000 g 

n^M A RTf 2 bM A RT* 2 ... 

Hence, A!T = — 2—^ [ — = * — [b is molality of solution] 

A te J/xl000g A^tf 



(0.06005 kg mol-') x (8.3145 J K^mol" 1 ) x (290 K) 2 ^ 



H^xlOUmol- 1 J 

= 3.68Kxfc/(molkg- 1 ) 

Thus, the apparent molality (based on measured freezing point depression) is 

AT 
3.68 K 



where 6 is the actual molality and v may be interpreted as the number of ions in solution per one 
formula unit of KF. The apparent molar mass of KF can be determined from the apparent molality 
by the relationship 

b 11 
M Bapp = - — xM B = -xAf B = -x (58.1 g mol -1 ) 

^pp V V 

where M R is the actual molar mass of KF. We can draw up the following table from the data: 



^/(molkg- 1 ) 


0.015 


0.037 


0.077 


0.295 


0.602 


A77K 


0.115 


0.295 


0.470 


1.381 


2.67 


6 app /(mol kg" 1 ) 


0.0312 


0.0801 


0.128 


0.375 


0.725 


v = b app /b 


2.08 


2.16 


1.66 


1.27 


1.20 


^B.a PP /(g mol" 1 ) 


27.9 


26.8 


35.1 


45.7 


48.3 



A possible explanation is that the dissociation of KF into ions is complete at the lower concentra- 
tions but incomplete at the higher concentrations. Values of v greater than 2 are hard to explain, 
but they could be a result of the approximations involved in obtaining eqn 5.34. See the original 
reference for further information about the interpretation of the data. 

.8 (a) On a Raoult's law basis, a = [5.49] and a = yx [5.51], so y = On a Henry's law basis, 

p* xp* 

a = ^7 [5.57], so 7 = The vapour pressures of the pure components are given in the table of 
A xK 

data and are pf = 47.12 kPa and p% = 37.38 kPa. 

(b) The Henry's law constant for iodoethane is determined by plotting the data and extrapolating 
the low concentration data to x y = 1 . (The Henry's law constant for ethyl acetate can also be deter- 
mined by extrapolating the 1ow-.t a data to x A = 1, i.e. x l = 0.) The data are plotted in Figure 5.13, 
and both Henry's law extrapolations are shown as dotted lines. The values obtained are K x = 64.4 kPa 
and K A = 56.1 kPa. (Note that the figure displays dashed lines, corresponding to Raoult's law in 
addition to the dotted Henry's law lines and the solid experimental curves.) 
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Figure 5.13 

Then, draw up the following table based on the partial pressures given in the data: 





0 


0.0579 


0,1095 


0.1918 


0.2353 


0.3718 


A/kPa 


0 


3.73 


7.03 


11.7 


14.05 


20.72 


/> A /kPa 


37.38' 


35.48 


33.64 


30.85 


29.44 


25.05 


n(R) 




1.367 


1.362 


1.295 


1.267 


1.183 [ Pl /xiPf\ 


r A (R) 


1.000 


1.008 


1.011 


1.021 


1.030 


1.067 [p A / XA p*] 


n(H) 


1.000 


1.000 


0.997 


0.947 


0.927 


0.865 [pi/XiKJ 






0.5478 




0.6349 


0.8253 


0.9093 


1 




28.44 




31.88 


39.58 


43 


47.12* 


/> A /kPa 


19.23 




16.39 


8.88 


5.09 


0 


n(R) 


1.102 




1.066 


1.018 


1.004 


1 


y A (R) 


1.138 




1.201 


1.360 


1.501 




7i(H) 


0.806 




0.779 


0.744 


0.734 


0.731 



'The value of/?*; hhe value of />f . 

Question. In this problem both I and A were treated as solvents, but only I as a solute. Extend the 
table by including a row for / A (H). 

P5.10 The partial molar volume of cyclohexane is 



V = 



A similar expression holds for V p . V c can be evaluated graphically by plotting V against « c (holding 
n p constant) and finding the slope at the desired point. In a similar manner, V v can be evaluated by 
plotting V against n p . To find V c , V is needed at a variety of n c while holding n p constant, say at 
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exactly 1 mol; conversely, to find V p , Vis needed at a variety of n p while holding « c constant. The 
mole fraction in this system is 



so « c = — and n = 

1 - x c x c 



From n c and « p , the mass of the sample can be calculated, and the volume can be calculated from 

^_m_nX+npMp 
P P 

Draw up the following table, using Af c = 84. 1 6 g moH and M p = 2 1 2.41 g mol" 1 . Note that the central 
columns are the given data. The columns on either side hold one component constant at 1 mol and 
compute the amount of the other component and the volume. 



H c /mol(« p = 1) 


F/cm 3 


x c 


p/g cm -3 


n p /mol(n c = 1) 


P7cm 3 


2.295 


529.4 


0.6965 


0.7661 


0.4358 


230.7 


3.970 


712.2 


0.7988 


0.7674 


0.2519 


179.4 


9.040 


1264 


0.9004 


0.7697 


0.1106 


139.9 



These values are plotted in Figures 5. 14(a) and (b). 
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Figure 5.14(a) &(b) 
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These plots show no curvature, so in this case, perhaps due to the limited number of data points, the 
partial molar volumes are constant over the range of concentrations. 



V = 



109.0 cm 3 mol- 1 



and K p = 



279.3 cm 3 mol" 1 



The activity of a solvent is 

«a = ^ [5-49] = x A y A [5.51] 
Pa 

so the activity coefficient is 
Pa VaP 



7a = 



x aPX x aP* 
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where the last equality applies Dalton's law of partial pressures to the vapour phase. Since the data 
are given in terms of trichloromethane mole fractions, the last equation applies directly, changing 
subscript A to T. For the other component: 



y*p _ (}-yr)p 

E x E p% (l-x T )p£ 
Substituting the data yields the following table of results. 



75/kpa 


Xy 


yr 


7t 


Ye 


23.40 


0.000 


0.000 




1.000 


21.75 


0.129 


0.065 


0.418 


0.998 


20.25 


0.228 


0.145 


0.490 


1.031 


18.75 


0.353 


0.285 


0.576 


1.023 


18.15 


0.511 


0.535 


0.723 


0.920 


20.25 


0.700 


0.805 


0.885 


0.725 


22.50 


0.810 


0.915 


0.966 


0.497 


26.30 


1.000 


1.000 


1.00 





S= S^^may be written in the form In 5 = ln,S 0 + — , which indicates that a plot of In S against l/T 
should be linear with slope z and intercept In S 0 . Linear regression analysis gives 

(standard deviation = 2 K) 



T - 



165 K 



ln(5 0 /mol dm" 3 ) = 2.990, standard deviation 0.007; R = [0.99978 
so the linear regression explains 99.98% of the variation. 
S 0 = e 2 - 990 moldm- 3 = 



19.89 mol dm 3 



Eqn 5.37 gives the ideal solubility in mole fraction units: 



x B = exp 



A ta ff( 1 



= exp 



exp 



A fus tf 
RT 



Comparing the ideal expression to the empirical S = <S 0 e r/r is not straightforward because of the 
different units. For dilute solutions, mole fraction and molarity are directly proportional: 



"A +»B 



and [B] = 



Vk. 



"bPa 
n A M A 



Clearly, however, the approximations involved here are not permissible for 20-molar solutions. At such 
high concentrations, k b is not negligible compared to n A ; the amounts are comparable. Furthermore, 
the solution is surely much denser than the solvent. If the approximations were justified, however, 
we would identify S 0 with the temperature-independent part of eqn 5.37 and constants: 



S n = 



-^exp - J} ^- 
M A *{ RT f ) 
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Comparing the temperature-dependent portion, we would identify r = -A^H/R . This identifica- 
tion is problematic. The empirical r is positive, but so is A^tf. The empirical solubility decreases 
with increasing temperature, but the ideal solubility increases. That the ideal expression fails to 
capture the solubility behaviour of a highly concentrated ionic solution should not be surprising in 
light of Section 5.13. 



1 6 According to the Debye-Hiickel limiting law 



logy ± = -0.509 |z + z_ | / l/2 [5.75] = -0.509| — ] [5.76] 



We draw up the following table: 



£>/(mmol kg -1 ) 


1.0 


2.0 


5.0 


10.0 


20.0 


jm 


0.032 


0.045 


0.071 


0.100 


0.141 


7±(calc) 


0.964 


0.949 


0.920 


0.889 


0.847 


7±(exp) 


0.9649 


0.9519 


0.9275 


0.9024 


0.8712 


log r ± (calc) 


-0.0161 


-0.0228 


-0.0360 


-0.0509 


-0.0720 


log/ ± (exp) 


-0.0155 


-0.0214 


-0.0327 


-0.0446 


-0.0599 



^0.02 



to 
o 



-0.04 



-0.06 




0.16 



Figure 5.15 



The points are plotted against I m in Figure 5.15. Note that the limiting slopes of the calculated and 
experimental curves coincide. A sufficiently good value of B in the extended Debye-Huckel law 
may be obtained by assuming that the constant A in the extended law is the same as A in the limiting 
law and taking C=0. 

logy ± = - A ! Z+Z : l S 2 [5.78 with C = 0] = - Al "~ 



l + BP' 2 1 " J \ + BI m 
Using the data at 20.0 mmol kg -1 , we may solve for B. 
A 1 0.509 1 



B = — 



logO.8712 (20xl0" 3 ) 1/2 



= 1.43 
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P5.18 



P5.20 



Thus, logy ± = — 



0.509/" 2 



1 + 1.43/" 2 

In order to determine whether or not the fit is improved, we use the data at 10.0 mmol kg~ ! 

, -(0.509) x (0.100) nnAAe 

log/ + = — — — = -0.0445 

(1) + (1 .43) x (0.100) 

which fits the data almost exactly. The fits to the other data points are also almost exact. 

(a) The phase diagram is shown in Figure 5.16. 
310 




Figure 5.16 

(b) We need not interpolate data, for 296.0 K is a temperature for which we have experimental 
data. The mole fraction of N, TV-dimethylacetamide in the heptane-rich phase (call the point a, at 
the left of the tie line) is 0.1 68 and in the acetamide-rich phase (p, at right) 0.804. The proportions 
of the two phases are in an inverse ratio of the distance their mole fractions are from the composi- 
tion point in question, according to the lever rule. That is 



njn* = Ul a = (0.804 - 0.750)7(0.750 - 0.168) = 



0.093 



The smooth curve through the data crosses x = 0.750 at 
heptane-rich phase will vanish. 



302.5 K 



, the temperature at which the 



The phase diagram is shown in Figure 5.17(a). The values of x s corresponding to the three com- 
pounds are: (1) P 4 S 3 , 0.43; (2) P 4 S 7 , 0.64; (3) P 4 S 10 , 0.71. 

The diagram has four eutectics labelled e l9 e 2 , e 3 , and e 4 ; eight two-phase liquid-solid regions, t x 
through f 8 ; and four two-phase solid regions, S I? S 2 , S 33 and S 4 . The composition and physical state 
of the regions are as follows: 

/: liquid S and P 



S,: solid P and solid P 4 S 3 
S 3 : solid P 4 S 7 and solid P 4 S 10 



S 2 : solid P 4 S 3 and solid P 4 S 7 ; 
S 4 : solid P 4 S t0 and solid S 
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t } : liquid P and S and solid P 
r 3 : liquid P and S and solid P 4 S 3 
t 5 : liquid P and S and solid P 4 S 7 
t 7 : liquid P and S and solid P 4 S 10 



t 2 : liquid P and S and solid P 4 S 3 
r 4 : liquid P and S and solid P 4 S 7 
t 6 : liquid P and S and solid P 4 S i0 
/ g : liquid P and S and solid S 




0 0.2 0.4 0.6 0.8 1.0 

Figure 5.17(a) 



A break in the cooling curve (Figure 5.17(b)) occurs at point b { ~ 125°C as a result of solid P 4 S 3 
forming; a eutectic halt occurs at point e^ = 20°C. 




Figure 5.17(b) 
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P5.22 



See Figure 5. 1 8(a). The number of distinct chemical species (as opposed to components) and phases 
present at the indicated points are, respectively 



Liquid A & B 

Liquid A & B 
Solid B 



Liquid A & B 
Solid A 



• d 



ft 



16% 23% 
Figure 5.18(a) 



Liquid A & B 
Solid AB 2 



Solid A 
and 

Solid AB 2 



T 



57% 67% 



• k 

Solid AB 2 
and 

Solid B 



T 



84% 









0.16 


0.23 


0.57 








0.67 


0.84 





P5.24 



Figure 5.18(b) 

b(X2), d(2,2), *(4,3),y(4,3), g(4,3), £(2,2) 
[Liquid A and solid A are here considered distinct species.] 
The cooling curves are shown in Figure 5. 1 8(b). 

(a) The A mix G(x Pb ) curves show that at 1500 K lead and copper are totally miscible. They mix to 
form a homogeneous solution no matter what the relative amounts may be. However, the curve at 
1 100 K displays two distinct minima, and we expect two partially miscible phases. 
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(i) F=C-P+2=2-\ +2 = [3]at 1500K 

(ii) F=C~P + 2 = 2-2 + 2 = ^at HOOK 



(b)(i) When a homogeneous, equilibrium mixture with x B = x Pb = 0.1 is cooled from 1500 K to 
1 100 K, no phase separation occurs. The solution composition does not change. 

(ii) When a homogeneous, equilibrium mixture with x^ = 0.7 is cooled slowly, two partially mis- 
cible phases appear somewhere between 1 300 and 1 100 K. The separation occurs because the com- 
position lies between two minima on the A^G curve at 1100 K and phase separation lowers the 
total Gibbs energy. The composition of the two phases is determined by the equilibrium criterion 
/x,(a) = between the a and /J phases. Since the chemical potential is the tangent of the A mix G 
curve, we conclude that the straight line that is tangent to A^Gfx) at two values of x (a double 
tangent) determines the composition of the two partially miscible phases. The two rninima at 1 100 K 
appear to have the same value of A^G, namely -1 kJ mol _i , so a horizontal line is tangent to both 

at the compositions x ?b (a) = 0.19 and x Pb (j3) = 



0.82 



(Note that the tangent points and the minima 

coincide in this case, but they need not. If the mmima fall at different values of A^G, then the line 
tangent to both of them is not horizontal and the points of tangency need not be the minima.) 
The relative amounts of the two phases are determined by the lever rule [eqn 5.46]. 



0.82 - 0.70 
0.70-0.19 



0.24 



(c) Solubility at 1100 K is determined by the positions of the two minima in the A^G curve. 
The maximum amount of lead that can be dissolved in copper yields a mixture that has x Pb = 0.19; 
any more lead produces a second phase. So, the solubility of lead in copper at this temperature is 



x Pb = 0.19 . The other minimum in the curve occurs at x^ = 0.82; any less lead produces a second 



phase. This lead-rich composition corresponds to the maximum solubility of copper in lead, 



namely x Ca = 0.18 



Question. Express these solubilities in g solute per 100 g solvent. 



.26 The data are plotted in Figure 5.19. Compounds specified on the phase diagram are solids. Note 
that a few of the lines are slightly displaced so as to allow the smaller regions of the phase diagram 
to be visible. In particular, the intersection of the KC1 and K^FeCL, solubility curves is at a slightly 
greater x(FeCi 2 ) than given in the problem in order to emphasize that it is not continuous with the 
vertical solid-solid phase boundary at x = 0.33. Likewise, the eutectic at 393°C and x = 0.54 is 
shown at a slightly lower temperature so as to distinguish it from the KFeCl 3 melting temperature. 
K 2 FeCl 4 melts incongruently at 380°C and KFeCl 3 melts congruently at 399°C. 

At x = 0.36, solid K 2 FeCl 4 appears out of the single liquid phase at around 370°C. The solution 
becomes richer in FeCl 2 as more K 2 FeCl 4 freezes out until the melt reaches the eutectic composition 
of 0.38 at 351°C, at which point KFeCl 3 (s) also appears. Below 351°C the system is a mixture of 
K 2 FeCl 4 (s) and KFeCl 3 (s). 



126 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



800 



700 



400 - 



300 



































Liq( 


nd 


















Liquid + Fe 


Cl 2 


T iauid + KVl 
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Figure 5.19 



Solutions to theoretical problems 

P5.28 Begin with the Gibbs-Duhem equation [5. 12a] and divide through by total moles: 
x A dft A + x B dfi B = 0. 
Dividing through by dx A : 

d/^ *Mb_ = 0 
dx A dx A 

The mole fractions add up to a constant (namely 1), so dx B ~ -dx A , and we can write 

d^_ d^B 
dx A dx B 



(*) 



d// A dfi B 



dlnx A d\nx B 



dlnx = 



dx 



Substitute the chemical potential of a real gas, namely 
f 

pi = p? + RT\n^— [5.14a with fugacity in place of pressure], 
P 

into the starred equation, bearing in mind that the derivatives in it are really partial derivatives at 
constant p and T: 

dlnA^ J din A ) 
d]nx A ^dlnx B J 
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Now, go back to the starred equation and substitute into it the expression for chemical potential of 
a solvent in a solution, namely 

fi A = Ml + RT\aa A [5.48] = p% + RT\n^ [5.49], 

P* 



yielding 



{d\nx K ) pT {d\nx B ) pT 



If A satisfies Raoult's law, we can write p A = x A p%, which implies that 
r dkip A 



P.T 



dkix A [ d\np% =1 | Q=1 
dkix A dlnx A 



which requires 



31nx B J p/ 



= 1 as well. Both Raoult's law (p B = x B p%) and Henry's law (p B = x B K B ) 



satisfy this requirement, as can be determined by differentiation. Indeed, Henry's law can be con- 
sidered the more general of the two; Raoult's law can be considered a special case of Henry's law in 
which K H = p%. 

Start with eqn 5.33: 

riE(s) = /i«i) + *rhix A 

Rearrange, analogous to Justification 5.1, to 



RT 7 



lnx A = 

A RT RT 

dT R dT{ T ) 
Integration yields 

J, ) T , RT* R )r,T* 



[Gibbs-Helmholtz equation, 3.55] 



or 



lnx A = ~ A ^ H 








X 






A R 









The approximations Inx A = ln(l - x B ) ~ -x B and T ~ T* then lead to eqns 5.34 here, just as (in 
Justification 5.1) they lead to eqn 5.31. 

Retrace the argument in Justification 5.3, leading to eqn 5.38 of the text. Exactly the same process 
applies with a A in place of x A . At equilibrium 



V*(P) = p A {a A ,p + n) = fil(p + n) + RT\na A =Li%(p) + 



(p+n 



dp + RT\na A 



which implies that 



V m dp = -RT\na A . 
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For an incompressible solution, the integral evaluates to IJV m> so IIV m = -RT\n a A . 
In terms of the osmotic coefficient <p (Problem 5.31) 

TlV m = r<pRT, where r = — = — $ = ln« A = --ln« A 

For a dilute solution, V=n V m ~ n A V m 
Hence, FLV=n^RT 



and therefore, with [B] = y , |J7 = <t>[B]RT 



Solutions to applications 

The 97% saturated haemoglobin in the lungs releases oxygen in the capillary until the haemoglobin 
is 75% saturated. 

100 cm 3 of blood in the lung containing 15.0 g of Hb at 97% saturated with 0 2 binds 

1 .34 cm 3 g" 1 x 1 5.0 g = 20. 1 cm 3 0 2 
The same 100 cm 3 of blood in capillaries would contain 

20. 1 cm 3 0 2 x — = 1 5.5 cm 3 
97% 



Therefore, about (20. 1-15.5) cm 3 or 4.6 cm 3 of 0 2 is given up in the capillaries to body tissue. 



(a) Implicit in the model we are exploring is that at most one small molecule A can bind to each 
macromolecule, so the species are limited to free A, free M, and MA (no MA 2 , etc.). In that case, 
the average number bound is also equal to the fraction of macromolecules that are bound to small 
molecules. Therefore, [MA] = v[M], where [M] is the total concentration of M, bound and unbound. 
Similarly, [M] free = (1 - v)[M\. Therefore, 

„ [MA] v[M[ v 

A — 



[MkJAke (1-tOMAke (1-UXAU 

where we use [A] free = [A] out in the last step. 

(b) At the risk of introducing more notation, let us rewrite the binding equilibrium in terms of 
individual binding sites, S: 

S + A^SA, 

for which the equilibrium constant is 

K _ [SAj 
[SkJAL* 

The concentration of bound sites is the average number per site times the number of sites per macro- 
molecule times the total concentration of macromolecules: 



[SA] = (y/A0AT[M] = y[M] 
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Similarly, the concentration of free sites is 
[S] free - (1 - v/N)N[M] = (N-v)\M\. 

rpv V[M] 

ThUS ' X= (iV-,)[M][A] 0Ut ' 

which rearranges to the Scatchard equation 

KN-vK = 



[■A- ] 0 ut 

(c) The requisite plot is of zV[EB] 0Ut vs. v. If the Scatchard equation applies, the points should fall 
on a straight line with slope -K and ^-intercept KN. Use 

v= [B ^ ound and [EB] bound = [EB] in -[EB] out 
[Mj 

to draw up the following table: 



[EB] out /(umoldm- 3 ) 


0.042 


0.092 


0.204 


0.526 


1.150 


[EBU nd /(umoldm- 3 ) 


0.250 


0.498 


1.000 


2.005 


3.000 


V 


0.250 


0.498 


1.000 


2.005 


3.000 


(^/[EB] 0 J/(dm 3 umoH) 


5.95 


5.41 


4.90 


3.81 


2.61 



7 




A plot of iV[EB] out against v is shown in Figure 5.20. 

The slope is -1.168 dm 3 umoH = -1.168 x 10 6 dm 3 mol- 1 , hence K = 



1.168 xlO 6 



(Note that K is 



conventionally denned as a dimensionless quantity when concentrations are given in mol dm 3 , but 
one can specify units and say K= 1 . 167 dm 3 umoK The intercept at v = 0 is 



^V = 6.12dm 3 ^mol-', so N = 



5.23 
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and this is the average number of binding sites per oligonucleotide. The close fit of the data to a 



straight line indicates that the identical and independent sites is applicable 



PX,(s)^P-(aq) + t>X-(aq) 
This process is a solubility equilibrium described by a solubility constant K s : 
K s =a P x a* 

Introducing activity coefficients and concentrations, b, we obtain 

At low to moderate ionic strengths we can use the Debye-Huckel limiting law [eqn 5.75) as a good 
approximation for y ± : 

log y ± = -\z_z + \AI m 

Addition of a salt, such as (NH 4 ) 2 S0 4 , causes / to increase, log y+ to become more negative, and y ± 
to decrease. However, K s is a true equilibrium constant and remains unchanged. Therefore, the 
concentration of increases and the protein solubility increases proportionately. 

We may also explain this effect in terms of Le Chatelier's principle. As the ionic strength increases 
by the addition of an inert electrolyte such as (NH 4 ) 2 S0 4 , the ions of the protein that are in solution 
attract one another less strongly, so that the equilibrium is shifted in the direction of increased 
solubility. 

The explanation of the salting out effect is somewhat more complicated and can be related to the 
failure the Debye-Hiickel limiting law at higher ionic strengths. At high ionic strengths we may 
write the extended Debye-Hiickel law [eqn 5.78] 

log/ + = — ± — - + CI 

l + BP' 2 

At low concentrations of inert salt, I m > I, the first term dominates, y ± decreases with increasing I, 
and salting in occurs, but at high concentrations, / > I 1 ' 2 , the second term dominates, y ± increases 
with increasing /, and salting out occurs. The Le Chatelier's principle explanation is that the water 
molecules are tied up by ion-dipole interactions and become unavailable for solvating the protein, 
thereby leading to decreased solubility. 

We use eqn 5.40 in the form given in Example 5.4 with i7= pgh, then 

n RT(\ B ) RT RTB 
1 + — c | = — + — —c 



c M { M ) M M 2 

where c is the mass concentration of the polymer. Therefore, plot Wc against c. The intercept is 
RTIM and the slope is RTB/M 2 . 

The transformed data to plot are given in the table: 



c/(mgcm" 3 ) 1.33 2.10 4.52 7.18 9.87 

(I7/c)/(Nm- 2 mg l cm 3 ) 22.6 24.3 29.2 34.3 39.5 
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Figure 5.21 



The plot is shown in Figure 5.21. The intercept is 20.1 N nr 2 /(mg cm" 3 ). The slope is 1.975 N nr 2 / 
(mg cm -3 ) 2 . Therefore, 



M ~ 



RT 



20.1Nnr 2 mg- , cm 3 

8.3145 JK" 1 mol" 1 x 303.15 K { in " 3 ^ 



20.1 Jm -3 rag -1 cm 3 



1 cm 



10- 3 g 
lmg ) " [10- Z m 



1.25xl0 5 gmol- 



M 2 

B = — x 1.975 N m- 2 /(mg cm- 3 ) 2 
RT 



M 



RT 
M 



x 1.975 Nm" 2 /(mg cm" 3 ) 2 



1.25 x 10 5 g mol-' x 1.975 N m" 2 /(mg cm" 3 ) 2 lmg 
20.1 N nr 2 /(mg cm" 3 ) 10" 3 g 



= 1 .23 x 1 0 7 cm 3 mol" 1 = 1 .23 x 1 0 4 dm 3 mol 



Kevlar is a polyaromatic amide. Phenyl groups provide aromaticity and a planar, rigid structure. 
The amide group is expected to be like the peptide bond that connects amino acid residues within 
protein molecules. This group is also planar because resonance produces partial double-bond char- 
acter between the carbon and nitrogen atoms. There is a substantial energy barrier preventing free 
rotation about the CN bond. The two bulky phenyl groups on the ends of an amide group are trans 
because steric hinderance makes the cis conformation unfavourable. See Figure 5.22(a). 
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Figure 5.22(a) 



The flatness of the Kevlar polymeric molecule makes it possible to process the material so that 
many molecules with parallel alignment form highly ordered, untangled crystal bundles. The align- 
ment makes possible both considerable van der Waals attractions between adjacent molecules 
and for strong hydrogen bonding between the polar amide groups on adjacent molecules. These 
bonding forces create the high thermal stability and mechanical strength observed in Kevlar. See 
Figure 5.22(b). 




Figure 5.22(b) 



Kevlar is able to absorb great quantities of energy, such as the kinetic energy of a speeding bullet, 
through hydrogen-bond breakage and the transition to the cis conformation. 





6 



Chemical equilibrium 



Answers to discussion questions 



3.4 



Eqn 5.56, in the form of the following expression, provides the general definition of the activity for 

species J, a 3 : 

fi } = Ml + RT\na } [5.56] 

where ^? is the value of the chemical potential of J in the standard state, i.e. the state for which 
a j = 1 . In fact, the standard state of a substance at a specified temperature is its pure form at 1 bar. 
This means that the activity of a substance that is a either a pure solid (e.g. copper, sodium chloride, 
naphthalene) or a pure liquid (e.g. bromine, water, methanol) equals 1 at, say, 25°C. Since the activity 
of a pure solid or liquid is equal to 1 , it can be conveniently ignored when presenting an equilibrium 
constant expression. 

Activities and activity coefficients are generally used to address questions that concern real, non- 
ideal mixtures. It is well worth remembering several useful activity forms. Of course, both activities, 
a } , and activity coefficients, y } , of non-ideal mixtures are dimensionless and related by equations 
that have the general form a } = y } x (concentration of J). 



Perfect gas: 
Real gas: 



«j - pJp* (J* j depends on T alone; p* = 1 bar) 
a j = YjPj/p* (M * depends on T alone) 



Ideal solutions: a } = x } 

Ideal-dilute solutions: a B = [B]/c*, where = 1 mol dm -3 

Solvent A of a non-ideal solution: a A = y A x A 
Solute B of a non-ideal solution: a B = y B [B]/c* 

(I) Response to change in pressure. The equilibrium constant is independent of pressure, but the 
individual partial pressures of a gas-phase reaction can change as the total pressure changes. This 
will happen when there is a difference, Av, between the sums of the number of moles of gases on the 
product and reactant sides of the balanced chemical reaction equation. 



J J=product gases 



I |V,| 

J=reactaat gases 



The requirement of an unchanged equilibrium constant implies that the side with the smaller num- 
ber of moles of gas be favoured as pressure increases. To see this, we examine the general reaction 
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equation 0 = v, J [6.9] in the special case for which all reactants and products are perfect gases. 
j 

In this case, the activities equal the partial pressure of the gaseous species and, therefore, 

where x, is the mole fraction of gaseous species J. Substitution into eqn 6.13 and simplification 
yields a useful equation: 

equilibrium 



*=IIK Hn*r j (^) vj 

' equilibrium 



-' / eauilibrium V ^ /equilibrium v J /equilibrium 



'equilibrium V * /equilibrium V J /equilibrium 

= K x (plp*Y\ where K x = 



equilibrium 



K x is not an equilibrium constant. It is a ratio of product and reactant concentration factors that 
has a form analogous to the equilibrium constant K. However, whereas K depends on temperature 
alone, the concentration ratio K x depends on both temperature and pressure. Solving for K x provides 
an equation that directly indicates its pressure dependence: 

K x =K(p/ P y^ 

This equation indicates that, if Av = 0 (an equal number of gas moles on both sides of the balanced 
reaction equation), K X = K and the concentration ratio has no pressure dependence. An increase in 
pressure causes no change in K x and no shift in the concentration equilibrium is observed on a 
change in pressure. 

However, this equation indicates that, if Av < 0 (fewer moles of gas on the product side of the 
balanced reaction equation), K x = K{p/p*) w . Because p is raised to a positive power in this case, an 
increase in pressure causes K x to increase. This means that the numerator concentrations (products) 
must increase while the denominator concentrations (reactants) decrease. The concentrations shift 
to the product side to re-establish equilibrium when an increase in pressure has stressed the reaction 
equilibrium. Similarly, if Av > 0 (fewer moles of gas on the reactant side of the balanced reaction 
equation), K x = K(p/p°)~ ]&v] . Because p is raised to a negative power in this case, the concentrations 
now shift to the reactant side to re-establish equilibrium when an increase in pressure has stressed 
the reaction equilibrium. 

d In $C A 

(2) Response to change in temperature. The van 't Hoff equation, = — [6.21(a)], shows 

dT RT 2 

that K decreases with increasing temperature when the reaction is exothermic (i.e. A r i/* < 0); 
thus the reaction shifts to the left. The opposite occurs in endothermic reactions (i.e. A ( H* > 0). See 
Section 6.4 for a more detailed discussion. 

On a very basic level we observe that a concentration gradient establishes a chemical-potential 
gradient and it is the potential gradient that can generate an electric current. The extreme example is 
provided by the electrolyte concentration cell, which is by definition a galvanic cell consisting of two 
electrodes of the same metal in different concentration of the same salt of that metal. The concen- 
tration cell having two M + (aq)/M electrodes is M(s) | M + (aq,L) || M + (aq,R) | M(s) and the net reaction 
is M + (aq,R) -> M>q,L). For such a cell E* n = 0 and the Nernst equation gives the cell potential: 
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Ea* = EL - Infi [6-27] = In^u 



With [M + (R)] = 10 x [M + (L)] and an assumption that 7 M+(L) = Y M+(R) : 



= -(25.693 mV) x 



ln~ =59.16 mV 
10 



The cell potential is half as large for the M(s) | M 2+ (aq,L) ]| M 2+ (aq,R) I M(s) cell. 

The pH of an aqueous solution can in principle be measured with any electrode having an emf that 
is sensitive to H + (aq) concentration (activity). In principle, the hydrogen gas electrode is the 
simplest and most fundamental. A cell is constructed with the hydrogen electrode being the right- 
hand electrode and any reference electrode with known potential as the left-hand electrode. A 
common choice is the saturated calomel electrode. The pH can then be obtained by measuring the 
emf (zero-current potential difference), E cdl , of the cell. The hydrogen gas electrode is not convenient 
to use, so in practice glass electrodes are used because of ease of handling (see Impact 6.3). 



Solutions to exercises 

2A->B 

«j = «j(0) + VjA<^, where § is the extent of reaction; Vj is negative for reactants and positive for 
products. 



n A = 1 .75 mol - 2 x (0.30 mol) = 
h b = 0. 1 2 mol + 1 x (0.30 mol) = 

2A-»B A^-Z^kJmol- 1 



1.15 mol 



0.42 mol 



[3G ^ AG 
— — , which is valid when A£ is very small, we find that 



AG = A r G x A4 - (-2.41 kJ mol- 1 ) x (+0.051 mol) = 



-0.12 kJ 



.3(b) 2 N0 2 (g) -> N 2 0 4 (g) A r G* = -4.73 kJ mol" 1 

A/T + RTlnQ [6.10] = (-4.73 kJ mol- 1 ) + (2.4790 kJ mol" 1 ) x \nQ at 298.15 K 



Part 


Q 


A.G/kJ mol" 1 


(a) 


0.10 


-10.44 


(b) 


1.0 


-4.73 


(c) 


10 


+0.98 


(d) 


100 


+6.69 
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Figure 6.1 shows a plot of A r G against Q. K = Q^m*^ when A r G = 0 so we find the equilibrium 
constant by interpolating the plot to the point at which A r G= 0 and read the value of Q at that point 

to find that K ~ [7]. Although the plot is very interesting and indicates a more exacting curvature, 

the estimate for the equilibrium constant can also be made with a linear interpolation between the 
points of parts (b) and (c). The graphical interpolation approximation agrees with the value calculated 
witheqn 6.14: 

_ e -(-4.73kJmoH)/(2.4790kJmoH)_ ^74 




Figure 6.1 



E6.4(b) N 2 0 4 (g) ^ 2 N0 2 (g) T= 298. 1 5 K, p = 1 bar = a = 0.201 at equilibrium. 
We draw up the following equilibrium table (Example 6.2): 





N 2 0 4 (g) 


N0 2 (g) 


Amount at equilibrium 


(l-a)n 


Jan 


Mole fraction 


\-a 
\ + a 


2a 
1 + a 


Partial pressure 


(l~oc)p 
\ + a 


lap 
1 + a 



V J 



[6. 1 3] = J| (/7j lp*) v i [perfect gas assumption] 



equilibrium 







( 2ap\ 


2 






[\ + a) 




Ph 2 oJp* 


Pk 2 o a P* 




V 









4p 



= 4 



p* l(l-a)x(l + a)J {(1 - 0.201) X (I + 0.201) 



(0.201) 2 



0.168 
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E6.5(b) (a) Br 2 (g) =± 2 Br(g) T= 1600 K,/>= 1 bar =p*, a = 0.24 at equilibrium. 
We draw up the following equilibrium table (Example 6.2): 



S.6(b) 





Br 2 (g) 


Br(g) 


Amount at equilibrium 


(l-a)tt 


2an 


Mole fraction 


1-a 
1 + a 


2a 
1 + a 


Partial pressure 


(l-a)p 
1 + a 


2a p 
1 + a 



K = I n a ? ] [6 - 1 3] = I] (Pj f P* y> ) [perfect gas assumption] 

'equilibrium V J /equilibrium 



(pJp*Y pi 



lap Y 

T+~o"J 



P**Jp* PtoiP* ((\-a)p 



1 + a 
= 4< 



(0.24) 2 



;>* [(1 - a) x (1 + a) J [(1 - 0.24) x (1 + 0.24) 
at 1600 K 



0.244 



(b) ln^=ln^-^^-lj[6.23] 



, , . , +112xl0 3 Jmol-' 
= ln(0.244) - | ^— — — - — | y 



8.3145JK-'mol-' 



1 



1 > 



2000 K 1600 K 



= 0273 



1.3 



As expected, the temperature increase causes a shift to the right when the reaction is endothermic. 

CH 4 (g) + 3 Cl 2 (g) ==- CHC1 3 (1) + 3 HCl(g) 

(a) Using data tables at 25°C, we find 

A r G* = A f G*(CHCl 3 ,l) + 3 A f G*(HCl,g) - A f G*(CH 4 ,g) 

= (-73.66 KJ mol 1 ) + (3) x (-95.30 KJ mol" 1 ) - (-50.72 KJ moH) 



-308.84 kJmol" 



A r /T = A f //*(CHC1 3 ,1) + 3 AfiT(HCl,g) - AfH*(CH 4 ,g) 

= (-134.47 kJ mol' 1 ) + (3) x (-92.31 kJ mol" 1 ) - (-74.81 kJ mol- 1 ) 
= -336.59 kJ mol" 1 
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E6.7(b) 



[nK = Z^l [6 . 14] = -(-308.84 x 1Q 3 J mol 1 ) = 
1 J (8.3145 J Kr 1 mol" 1 ) x (298.15 K) 



K = e 1246 = 



1.30 xlO 54 



r y t 2 r, 

A r #* I 1 



(b) \nK 2 =\nK i -^-\~-^\[6.23] 



m ^50°c — I 11 -^>vr — 



25°C 



1 



R 323.15 K 298.15 K 



, -336.59 x 10 3 J mol -1 
= ln(1.30xl0»)-l 8J145JK ., mol „ '< 



1 



1 



323.15 K 298.15 K 



= 114.1 



K^ c =e U4l = 3.57 xlO 49 



As expected, the temperature increase causes a shift to the left when the reaction is exothermic. 
^=-RT\nK[6.l4] 



A r G 5 V= -(8.3145 J K-' mol-') x (323.15 K)ln(3.75 x 10 49 ) = -307 kJ mol 



3 N 2 (g) + H 2 (g) -» 2 HN 3 (g) For this gas phase reaction A v = ]T Vj = -2 

j 

V 1 /equilibrium V J 

= [llfA {uwp^ 



equilibrium 



equilibrium 



equilibrium 



= K Y K p , where ^-(11^) and K=\J[(p s lp°) v > 

V J /equilibrium ^ ' /equilibrium 

Let us assume that the gases are perfect gases. Then, the activity coefficients equal 1 and K 7 ~\. 
Additionally,^ = n } RT/V=[J]RT. Substitution gives 

* = K P = [ \[WTlp*y ) = fll([J]/^) Vj 1 [Y[{c«RTIp»y 

V -f /equilibrium V J /equilibrium V * /equilibrium 



= K c {c*RTIp«Y\ where K c =\HQ_J]/c*y> 



J /equilibrium 

K = K c x (c*RT/p*)~ 2 because Av = -2 for this reaction 
Since c*Rlp* = 0.0831451 K" 1 , this expression may be written in the form 



K = (144.653 K 2 )xKJT 2 



Anhydrous hydrogen azide, HN 3 , boils at 36°C and decomposes explosively. A dilute solution can 
be handled safely. 
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E6.8(b) Draw up the following table for the reaction equation A + B^=±C + 2D: 





A 


B 


c 




Total 


Initial amounts/mol 


2.00 


1.00 


0 


3.00 


6.00 


Stated change/mol 






+0.79 






Implied change/mol 


-0.79 


-0.79 


+0.79 


+1.58 




Equilibrium amounts/mol 


1.21 


0.21 


0.79 


4.58 


6.79 


Mole fractions 


0.1782 


0.0309 


0.1163 


0.6745 


0.9999 



(a) Mole fractions are given in the table. 

(b) *>n*? 

j 

(0.1163) x(0.6745) 2 



K = 



(0.1782) x (0.0309) 



9.61 



(c) pi = x 3 p. Assuming the gases are perfect, a s = p } /p*, so 



K _ {pjp*)x{p»ipy ^ K 



| = K x , when p = 1 .00 bar 

vP 



K = K = 9.61 



(d) A r G" = -7?rin^=-(8.3145JK i mol^ 1 )x(298K)xln(9.61)= -5.61 kJ mol 1 



At 1 120 K, \G* = +22 x 10 3 J mol" 1 



lntf,(1120 K) = - 



A r G* 



RT 

K = e -2.m =9.4TxlO- 2 



taJtl . bJtl _MlLL_l 
2 1 r [t 2 r, 

Solve for T 2 at In K 2 = 0 (K 2 = 1 ) 



(22xl0 3 Jmol-') 



(8.3145 J K" 1 mol~ l ) x (1120 K) 



= -2.363 



1 _ R\nK t | 1 (8.3145 J K-' mol- 1 ) x (-2.363) | 1 = 73 g xl0 _ 4 
T 2 A r /T 7^ (HSxlOUmol- 1 ) 1120K 



1.4xl0 3 K 



-10(b) Intf = A + — + where A = -2.04, 5 = -1176 K, and 0 2.1 x 10 7 K 3 
T 7" 



At 450 K: 



A r (T = -RT InK [6.14] = RT x 



A + — + — 

t r 3 J 



= -(8.3145 J K" 1 mol" 1 ) x (450 K) x 



1176K 2.1xl0 7 K 3 A 

-2.04 + — = +16.6 kJ mol 1 

450 K (450 K) 3 J 
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VT=-tf^4 [621(b)] 
d(l/r) 1 

d ( B C) ( n 3C 

= -/? ,4 + — + — \ = -Rx \ B + — - 

2 i v ] ft 7 K 3 

= -{.8.3 14^ .1 K" 1 mol ' ) , ■ j (-11 76 K) + 3 x (4gQ R)2 



{,-, 



+7.19 kJ mol- 



* A r /f* - A r G* 7.19 kJ moH - 16.6 kJ mol" 
A r 5 = = 



450 K 



^O^JK-'mol" 



3 N 2 (g) + H 2 (g) -> 2 HN 3 (g). For this gas-phase reaction A v = £ Vj = -2 



V J /equilibrium v J / equilibrium V J J equilibrium V J /equilibrium 



= K r K p , where K 7 =(Ur?) and K p =(ll(pj/p»y> 

V J /equilibrium ^ ' /equilibrium 



Let us assume that the gases are perfect gases. Then, the activity coefficients equal 1 and K y = 1 . 
Additionally, />, = n } RTIV= [J]RT. Substitution gives 

* = K=[x[{[i]RTip*r 1 = fnaJi/o"* ] [ n^wr 

V J /equilibrium \ /equilibrium V - 1 /equilibrium 



= K c (c*RTIp*y\ where K c = nWO" 

v •' /equilibrium 

K = K c x (c*RTip*y 2 because Av = -2 for this reaction. 
Since c*Rip* = 0.0831451 K 1 , this expression may be written in the form 



£ = (144.653 K 2 )xKJT 2 



Anhydrous hydrogen azide, HN 3 , boils at 36°C and decomposes explosively. A dilute solution can be 
handled safely. 

3 N 2(g) + H 2 (g) -> 2 HN 3 (g). For this gas-phase reaction A v = £ Vj = -2 
A r iT = A, ff*(HN 3 ,g) = +294. 1 kJ mol 1 
A r (T = A f G*(HN 3 ,g) = +328. 1 kJ mol" 1 
Also, from Exercise 6. 1 1 (b) we have the relationship 
^ = £xr 2 /(144.653 K 2 ) 
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(a) At25°C 

^c = e- 4 ^ T [6.14] 

_ g-(+328.1 kJ mop 1 )/(2.479D kJ mol" 1 ) — 



3.308 x 10" 58 



K C (25°C) = K 2yc x 7 2 /(144.653 K 2 )} 

= (3.308 x 10- 58 ) x (298.15 K) 2 /(144.653 K 2 ) = 

(b) AtlOO°C 



2.033 xlO" 55 



]nK 2 =\nK { - 



R 



l ^ -I r A 1 H 1( 1 
in a. i ray., — in A -> — <- 



R 1^373.15 K 298. 15 K 



= ln(3.308 xlO" 58 )- 
= -108.5 



+294.1xl0 3 Jmol- 
8.3145 J K" 1 mol"' 



1 



1 



373.15 K 298.15 K 



mocc ■ 



7.569 x 10- 48 



K C (100°C) = K^c x r 2 /(144.653 K 2 ) 

= (7.569 x \0^) x (373.15 K) 2 /(144.653 K 2 ) = 



7.286 x 10^ 45 



The extremely small equilibrium constants tell us that hydrogen azide is not to be prepared directly 
from the elements. It is interesting to contrast the calculations with those for the formation of 

ammonia. The balanced reaction equation, N 2 (g) + 3 H 2 (g) — > 2 NH 3 (g), also gives Av = £ Vj = -2 

j 

so the relationship of Exercise 6.11(b) is identically applicable: K c = K x 7 72 /(144.653 K 2 ). The 
calculations are identical to those above and we find the following results: 
\H* = Afff*(NH 3 ,g) = -46. 1 1 kJ mol" 1 
= A f G*(NH 3 ,g) = -16.45 kJ mol 1 

JC 2 y = e _ArC * /J?:r [6 14] = e~ (-i6 - 45 ^ mo|-1 >'( 2 - 4790 w moi -1 ) = 762 

K e (25°C) = K 25 , c x r/( 144.653 K 2 ) = (762) x (298.15 K) 2 /( 144.653 K 2 ) = 4.68 x 10 5 
f 1 i \ 



I 11 -^1 00°C — ^ n ^25°C — 



= ln(762) - 



■^"iocc — e 6632 — 7 59 



AM 



R 



1 



1 



373.15 K 298.15 K 



-46.11 xlO 3 J mol- 1 
8.3145 J K- 1 mol" 1 



1 



1 



373.15 K 298.15 K 



= 6.632 



£ C (100°C) = K m . c x r 2 /(144.653 K 2 ) = (759) x (373.15 K) 2 /( 144.653 K 2 ) = 7.31 x 10 5 
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The equilibrium constants for ammonia formation are large, which makes ammonia pro- 
duction from the elements feasible. There are, however, kinetic difficulties with the direct 
production that are resolved in the Haber process by using elevated temperature and pressure 
along with a catalyst. 

E6.13(b) The formation reaction is U(s) + j H 2 (g) == UH 3 (s). 



K = 



f \3/2 



[«u(sj = «uh 3 ( S )= 1 and > assuming perfect gas behaviour, a Hl(g) = p^Jp*.] 



10 5 Pa 
139 Pa 



= 1.93xl0 4 



A T G* = -RT\nK[6.\4] 

= -{8.3145 J K- ] mol"') x (500 K) x ln(1.93 x 10 4 ) 



-41.0 kJ mol 



E6. 14(b) CH 3 OH(g) + NOCl(g) -> HCl(g) + CH 3 N0 2 (g). For this gas-phase reaction A v = £ Vj = 0 

k = (tr I [6.i3] = [x[{y iPi ip*y> ) - [llrA (TKpiW 

V J /equilibrium V J /equilibrium V ' / equilibrium V -I /equilibrium 

= K y K p , where ^[ntf] and K p =\j[( Pl lp*y> 

V J /equilibrium V - 1 /equilibrium 

Let us assume that the gases are perfect gases. Then, the activity coefficients equal 1 and K r = 1 . 
Additionally, p } = x } p. Substitution gives 



V J /equilibrium V i /equilibrium V J /equilibrium 

= K x {plp*r, where K x =\Y[x^ 

V J / equilibrium 

For this reaction: K= K x x (plp*y = K x because Av = 0 

K is independent of pressure so we conclude by the above eqn that for this reaction K x is also 
independent of pressure. Thus, the percentage change in K x on changing the pressure equals 



for this reaction. 

E6.15(b) N 2 (g) + 0 2 (g)^=2NO(g) 1.69 x 10" 3 at 2300 K 



zero 



Initial modes: n N2 = 
Initial moles: = 



5.0 g 



28.013 g mol" 1 
2.0 g 



= 0.1785 mol 



32.00 g mol" 1 



= 6.250 xlO" 2 mol 
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N 2 


o 2 


NO 


Total 


Initial araount/mol 
Change/mol 

Equilibrium amount/mol 
Mole fractions 


n N2 = 0.1785 
-z 

n Nj - z 
(n N2 - z)ln 


n 02 = 0.0625 
-z 

n 0 ,-z 
(«o 2 - z)/n 


0 

+2z 

2z 

2z/n 


« = 0.2410 
0 

» = 0.2410 
1 



A: = K x | 1 = K x [because A v = £ Vj = 0 for this reaction] 



K = 



(2zy 



(« N2 -z)x(«o,-z) 
( 1_ y)^ 2 -^ + «n 2 «o, = 0 



z = 



_ «±^ 2 -4(l-|)w Ni ^ 
2(1-^) 



_ 0.2410 ± ^0.2410 2 - 4(l - jJ-rYo. 1785)(0.0625) 

2 ( 1- 1.69x10-3) 
= -2.223 xlO" 3 or 2.121 x 10" 3 

= 2. 1 2 1 x 1 0" 3 because the negative value is non-physical 



_ 2z _ 2(2.121 xl0~ 3 ) 
Xno ~T~ 024T 



1.8 xlO" 2 



r 1 1 v 

A r /r=/?x — - — 



= (8.3 145 J K" 1 mol" 1 ) x 



t) 








f 


1 


1^310K 











(a) at 2 /*,= 2.00 

A r /T = (55.85 kJ mol" 1 ) x ln(2.00) = 

(b) K 2 /K : = 0.500 



38.71 kJ mol" 1 



A r /T = (55.85 kJ mol" 1 ) x ln(0.500) = -38.71 kJ mol" 1 
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E6.17(b) NH 4 Cl(s) ==- NH 3 (g) + HCl(g) 

Vapour pressures: p 42 rc - 608 kP a Pwc =1115 kPa. 

The gases originate from the dissociation of the solid alone so p titt3 = p HCl ~\p. 

(a) Equilibrium constants 

K = (Pnh 3 tp*) x ( Ara I?* ) [perfect gas assumption] 
= (lPtP*)x(?PtP*) 

= \(pip*y 

Kuvc = 4 (608 kPa/100 kPa) 2 = 



9.24 



*45o°c = 7 (1 1 1 5 kPa/1 00 kPa) 2 =31.08 
(b) A t G* = -RT\nK[6.U] 

A T GTzrc= -(8.3145 J K- 1 moH) x (700.15 K) x ln(9.24) = 



-12.9 kJ mol- 



(c) In 



A r /T 



1 1 



V J 2 ^1 



[6-23] 



A r //" = K < I -- — : -la) ^- 



1 1 



= (8.3145 J K-'mol-^x 



1 



1 



700.15 K 732.15 K 



x In 



31.08 
9.24 



162 kJ mol" 1 



.,. _ A r /T-A r (T (162 kJ mol" 1 )- (-12.9 kJ mol" 1 ) _ 
(d) A r S = " = = 



+250 J K- 1 mol" 



E6.1 8(b) The reaction is CuS0 4 ■ 5 H 2 0(s) == CuS0 4 (s) + 5 H 2 0(g). 

For the purposes of this exercise we may assume that the required temperature is that temperature 
at which K= 1, which corresponds to a pressure of 1 bar for the gaseous products. For K= 1 , In K~ 0, 
and A r G* = 0. 

\G* = \H* - T^S* = 0 when A r /T - TA r S* 

Therefore, the decomposition temperature (when K= 1) is 

A r /T 



T = 



A r S* 



A r ff*= XvjAyjy* = {(-771.36) + (5) x (-241.82) - (-2279.7)} J mol" 1 = +299.2 kJmol- 1 



AX = X v jST - ((109) + (5) x (1 88.83) - (300.4)} J K~ l mol' 1 = 752.8 J K" 1 mol" 1 
j 
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Therefore, T = 



299.2 xlO 3 J mol' 1 
752.8 J K _I mol-' 



= 397 K 



Question. What would the decomposition temperature be for decomposition defined as the state at 
which K = \1 

E6.19(b) PbI 2 (s)==PbI 2 (aq) ^=1.4x10"* 



E6.20(b) The cell notation specifies the right and left electrodes. Note that for proper cancellation we must 



equalize the number of electrons in half-reactions being combined. For the calculation of the 
standard cell potentials we have used E% = E* - El, with standard electrode potentials from 
data tables. 



COMMENT. Those cells for which E^, > 0 may operate as spontaneous galvanic cells under standard condi- 
tions. Those for which E^, < 0 may operate as nonspontaneous electrolytic cells. Recall that £^ informs us 
of the spontaneity of a cell under standard conditions only. For other conditions we require E oeil . 



6.21(b) The conditions (concentrations, etc.) under which these reactions occur are not given. For the 
purposes of this exercise we assume standard conditions. The specification of the right and left 
electrodes is determined by the direction of the reaction as written. As always, in combining 
half-reactions to form an overall cell reaction we must write half-reactions with equal numbers of 
electrons to ensure proper cancellation. We first identify the half-reactions and then set up the 
corresponding cell. 



= -(8.3145 J K 1 mob 1 ) x (298.15 K) x ln(1.4 x 10" 8 ) = +44.8 kJmoH 
= A f G*(PbI 2 ,aq) - A f <T(PbI 2 ,s) 



A f G*(PbI 2 ,aq) = A r (T + Af<r(PbI 2 ,s) 



= (44.8 - 173.64) kJ mol" 1 = -128.8 kJmoH 




(a) R: 2 H 2 0(1) + 2 e" -> 2 OH"(aq) + H 2 (g) 
L: 2 Na + (aq) + 2 e" -> 2 Na(s) 



-0.83 V 
-2.71V 



and the cell is 

Na(s)|NaOH(aq)|H 2 (g)|Pt 



+1.88 V 
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(b) R:I 2 (s) + 2e-^2I"(aq) 
L:2H + (aq) + 2e--»H 2 (g) 
and the cell is 

Pt|H 2 (g)|H + (aq),r(aq)|I 2 (s)|R 

(c) R: 2 H + (aq) + 2 e" -> H 2 (g) 

L: 2 H z O(l) + 2 e- H 2 (g) + 2 OH>q) 
and the cell is 

Pt | H 2 (g) | OHlaq) || H + (aq) I H 2 (g) [ Pt 



+0.54 V 
0 



+0.54 V 



0 

-0.83 



+0.83 V 



COMMENT. All of these cells have E%n>0, corresponding to a spontaneous cell reaction under standard 
conditions. If f^,, had turned out to be negative, the spontaneous reaction would have been the reverse of 
the one given, with the right and left electrodes of the cell also reversed. 

E6.22(b) Pt | H 2 (g,/?*) [ HCl(aq,0.0 10 mol kg" 1 ) | AgCl(s) | Ag(s) 

(a) R: AgCl(s) + e-~>Ag(s) + Cr(aq) £* = +0.22V 

L: HCl(aq) + <r -> { H 2 (g) + Cf(aq) E« = +0.00 V 

2xR-2xL: 2 AgCl(s) + H 2 (g) -+ 2 Ag(s) + 2 HCl(aq) £* n = +0.22 V and v = 2 

The cell reaction is spontaneous toward the right under standard conditions because E^ > 0. The 
Nernst equation for the above cell reaction is: 

E<a=Ka -ln0[6.27] 

vF 

Q = Ow) 2 = (^i^a-^y = (rKWn 2 ) 2 = r ^ ojb -y (i. e . p = p +) 



Thus, 



RT 



Ec* = E ^-^J fo{Yl(b Ha /b»y} or 



1 DT 



(b) A t G*= -vFEZa = -2 x (9.6485 x 10 4 C mol" 1 ) x (0.22 V) = |-42 kJ mol- 

(c) The ionic strength and mean activity coefficient are: 

/ = ^z?{bjb») [5.76] = {{1(0.010) + 1(.010)} = 0.010 

log r ±=~\ z + z- 1 AV n [5.75] - -lx (0.509) x (0.010) 1/2 = -0.0509 
y ± = 0.889 

Therefore, 

7.RT 

= ^ - — ln{y ± (W**)} 

=«^V-ii^if^^^ to «0.8 8 9)x(0.0.0),=0.22V + O^V 



+0.46 V, 
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In each case the equilibrium constant is calculated by the expression IriK = — — — [6.28]. 

XV J 



(a) Sn(s) + CuS0 4 (aq) == Cu(s) + SnS0 4 (aq) 

R; Cu 2+ + 2 e- -> Cu(s) +0.34 V 

L: Sn 2+ (aq) + 2 e~ -> Sn(s) -0.14 V 



£; U =+0.48V 



\nK = 



(2)x(0.48V) =37? 
RT 1 J 25.693 mV 



# = e 37 - 5 = 1.7 xlO' 6 



(b) Cu(s) + Cu 2+ (aq)==2Cu + (aq) 



R: Cu 2+ +e-->Cu + (aq) 
L: Cu + (aq) + e" -> Cu(s) 



+0.16 V 
+0.52 V 



EZu= -0.36 V 



lnj , = ^k [6 . 28]= Wx(^V) = _ 14 ,Q 
i?! 1 25.693 mV 



Js: = e- I45 = 8.3 xHH 



P?24(b) R:2Bi (aq) + 6e--»2Bi(s) 

L: Bi 2 S 3 (s) + 6 e~ 2 Bi(s) + 3 S 2 "(aq) 

Overall (R - L): 2 Bi 3+ (aq) + 3 S 2 "(aq) -> Bi 2 S 3 (s) and v = 6, £*„ = +0.96 V 



(a) ln# = ^-^-[6.28] = 
>C = e 225 =1.9xl0 97 



6(0.96 V) 



(25.693 x 10 3 V) 



= 224 



The solubility equilibrium is written as the reverse of the cell reaction, therefore the solubility product 
of Bi 2 S 3 (s) is K- 1 = 1/1.9 x 10 97 = 



5.3 x lO" 9 



(b) The solubility product of Bi 2 S 3 (s) is very small. Consequently, the molar solubility, s, of 
Bi 2 S 3 (s) must also be very low and we can reasonably take the activity coefficients of the aqueous 
ions to equal 1 . 

tf sp = [Bi 2+ l 2 [S 2 -]V(0 5 =(2^) 2 (3j) 3 /(0 5 = 108CJ/O 5 



s = (KJlQ&y ,5 c+ = (53 x mol dnr 3 = 1.4 x lO" 20 mol dm~ 3 or 7.2 ag dm" 3 



Solutions to problems 

Solutions to numerical problems 

CH 4 (g)==C(s) + 2H 2 (g) 

This reaction is the reverse of the formation reaction. Consequently, 

A,*?* = -AfG* = -(A f /T - TApS*) 

= -{-74.85 kJ mol" 1 - (298 K) x (-80.67 J K _1 mol-')} 
= +50.81 kJmol- 1 
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P6.4 



(a) K = e- A < G * IRT [6A4] 

_ e -(5.0Slxl04JmoH)/(8.3]4SJK-lmol-lx298K) 

= |l.24xl(H 



(b) A t H* = -A f H* = 74.85 kj mol" 1 

A r /T 



lnA'(50 o C) = lnA r (298 K) - 



1 



1 



R 323 K 298 K 



[6.23] 



= -20.508 - 



7.4850 x 10 4 J mol-' 
8.3145 J K-' moH 



x (-2.597 x!0" 4 ) = -18.170 



K(50°C) = 



1.29X10" 8 



(c) Draw up the equilibrium table. 



CH 4 (g) 



H 2 (g) 



Amounts 
More fractions 

Partial pressures 



(1 - a)n 



2an 



l-a 




2a 


\ + a 




l + a 


(l-a) 




(.?.) 


[l + acj 


P 





2a 



(! + «)>* 



1 - a ) p 



^ 1 + a )p 



a = 



Aa l plp* 
l-a 2 

K 



= 4a 2 p/p* [since K «: 1, we expect a «: 1] 



1/2 







r- 


1.8 xlO" 4 



(d) Le Chatelier's principle provides the answers. As pressure increases, a decreases, since the 
more compact state (less moles of gas) is favoured at high pressures. As temperature increases the 
side of the reaction that can absorb heat is favoured. Since A r H* is positive, that is the right-hand 
side, hence a increases. This can also be seen from the results of parts (a) and (b), K increased from 
25 to 50 o C, implying that a increased. 

C0 2 (g)^CO(g) + {0 2 (g) 

Draw up the following equilibrium table and recognize that, since a «: 1, a may be neglected when 
compared to 1 within mole fraction factors. 
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co 2 


CO 


0 2 


Amounts 


(l-a)« 


an 


-an 


Mole fractions 


l-a 


a 


i- 




l + ±a 


l + J-a 


Approximate mole fractions 


1 


a 





a: = na? [6 . 13] . ow^^" [perfect gases] 



Hp/p*r 2 [p } =x,p] 



c co 2 



J/2 



A r G* = -/JrinX[6.14] 



(i) 
(ii) 



The calculated values of AT and A r G* are given in the table below. From any two pairs of AT and T, 
A r H* may be calculated. 



In AT, = In AT, - 



\H*( 1 
R 



1 



[6.23] 



Solving for A r /T: 



A r /T = 



J 1_ 



(8.3145 J K"' mol" l )xIn 



7.23 x 1Q- 6 
1.22x10-* 



1 



I 



300 kJ mol- 



1395 K 1498 K 
(iii) 

K, A r (?* and A r S* are calculated using equations (i), (ii), and (iii). 



r/K 


1395 


1443 


1498 


a/10- 4 


1.44 


2.50 


4.71 


AT/10- 6 


1.22 


2.80 


7.23 


A.G^/kJmol- 1 


158 


153 


147 


A^/J K~' mol- 1 


102 


102 


102 



COMMENT. A f S* is essentially constant over this temperature range but it is very different from its value at 
25°C. A r H* however, is only slightly different. 



Question. What are the values of A T H* and A r S* at 25°C for this reaction? 
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P6.6 



\G«(H 2 CO,g) = 4Cr(H 2 CO,l) + KpG»(U 2 CO,\) 

For H 2 CO(l) == H 2 CO(g), tf(vap) = where p = 1500 Torr = 2.000 bar and p* = 1 bar 

P 

A vap (?* = -RT In tf(vap) = RT\n-^ 

= -(8.3145 J K- 1 mol" 1 ) x (298 K) x Inf 2 - 000bar | = -1.72 kJ mol- 

I 1 bar 



Therefore, for the reaction CO(g) + H,(g) ^ H 2 CO(g), 
\G* = {(+28.95) + (-1 .72)} kJ mol" 1 = +27.23 kJ mol" 1 

Hence K = e( _27 - 23xl ° 3j moH)/(8.3145JK-ImoH)x(298K) _ e -10.99 _ 



1.69x10" 



P6.8 Draw up the following table for the reaction: H 2 (g) + 1 2 ^ 2 HI(g) K = 870. 





H 2 


I 2 


HI 


Total 


Initial amounts /mol 


% 2 = 0.300 


n h = 0.400 


n m = 0.200 


n = 0.900 


Change/mol 


-z 


-z 


+2z 




Equilibrium amount/mol 




n h -z 


« HI + 2z 


n = 0.900 


Mole fraction 


(n Ul -z)ln 


(n, 2 - z)ln 


("hi + 2z)/« 


1 



* = / ( f^v \ ^ EP erfect § ases ' Pi = x iPl 

(PhJp YJhJp ) 
(*hi) 2 (»hi+2z) 2 



(*h 2 X x i 3 ) ("h 2 " *)(«i 2 - 
(AT - 4)z 2 - {^(« H2 + n, 2 ) + 4n HI }z + £%,«i 2 - "hi = 0 
866z 2 -609.80z + 104.36 = 0 



_ 609.80 ± V(-609.80) 2 - 4 x (866) x (104.36) _ 
Z 2x(866) 
= 0.293 because z cannot exceed n H2 so we reject the 0.41 1 value. 



The final composition is therefore 0.007 mol H 2 , 0.107 mol I 2 ,and 0.786 mol HI 



P6.10 



If we knew A r H* for the reaction Cl 2 0(g) + H 2 0(g) -> 2 HOCl(g), we could calculate A f /T (HOC1) 
from 

A r tf * = 2A f /T(HOCl,g) - A f iT(Cl 2 0,g) - A f H"(H 2 0,g). 
We can find A r H* if we know A r G* and A T S*, since 

A r G* = A rJ H r -3 n A r 5 
And we can find A r G* from the equilibrium constant. 

K=exp(-A r GVRT) so \G*=-RTlnK 
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A/?* = -(8.3145 x 10- 3 kJ Kr l moh 1 ) x (298 K) ln(8.2 x 10" 2 ) 
= 6.2 kJ mol -1 

= 6.2 kJ mol-' + (298 K) x (16.38 x 10~ 3 kJ K -1 mol" 1 ) 
= 11.1 kJ mol" 1 

Finally, 

MT (HOCl,g) = i [A t H * + A f /f *(Cl 2 O s g) + A f ZT (H 2 0,g)] 
= j[l 1 . 1 + 77.2 + (-24 1 .82)] kJ mol- 1 = 



-76.8 kJ mol" 



The equilibrium to be considered is (A - gas) 

(c/c*) s 

A(g,lbar)==A(soln) K = f^- = ^ 

(pip ) s 

A r fT = -Rx [6.21(b)] 

4 



lntf = ln|^ =2.303 log 



A r /T(H 2 ) = -(2.303)xCR)x 



= 2.303* x 768 K = 



-5.39 - 



768 K 



+14.7 kJ mol" 1 



A f QQf) V \ 

A t H»(CO) = -(2.303) x (R) x — ^-1 -5.98 - — 

d' 1 '" 1 



= 2.303* x 980 K = +18.8 kJ mol" 1 



.14 (a) The cell reaction is 

H 2 (g) + {0 2 (g)-*H 2 0(l) 

A r G* = A f (T(H 2 0,l) =-237.13 kJ mol-' [data table] 
+237.13 kJ moH 



+1.23V 



^ vF L ' J (2) x (96.485 kC mol- 1 ) 
(b) C 4 H 10 (g) + f 0 2 (g) -> 4 C0 2 (g) + 5 H 2 0(1) 

A f G* = 4A f CT(C0 2 ,g) + 5A f <r(H 2 0,l) - A f (T(C 4 H 10 ,g) 

= [(4) x (-394.36) + (5) x (-237.13) - (-17.03)] kJ mol" 1 [data tables] 
= -2746.06 kJ mol" 1 
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In this reaction the number of electrons transferred, v , is not immediately apparent, as in part (a). 
To find v we break the cell reaction down into half-reactions as follows: 

R : f 0 2 (g) + 26 e " + 26 H+ < a( l) 1 3 H2 ° (1) 

L: 4 C0 2 (g) + 26 e-+ 26 H + (aq) -» C 4 H l0 (g) + 8 H 2 0(1) 

R - L: C 4 H 10 (g) + x i 0 2 (g) -* 4 C0 2 (g) + 5 H 2 0(1) 
Hence, v = 26. 

-AG* +2746.06 kJ mol" 1 



Therefore, E = 



vF (26) x (96.485 kC mol" 1 ) 



+1.09 V 



P6.16 Hg 2 Cl 2 (s) + Zn(s)->2Hg(l) + ZnCl 2 (aq) and v = 2 

25.693 mV 



(a) Eon -£"«]] - 



\nQ [6.27,25°C] 



2 = a(Zn 2+ )a 2 (Cl-) 

= {y + d(Zn 2+ )/^} x 7 l{b{C\-)ib*}\ where 6(Zn 2+ ) = b, b{C\-) = 2b, and y,yl = y\ 
Therefore, Q = yl x 46 3 [b = bib* here and below] 
25.693 mV 



and = £*„ - 



ln(46 3 / 3 ) = "fx (25.693 mV) x \n(4 m b Y± ) 



Et* - (38.54 mV) x ln(4" 3 6) - (38.54 mV) ln(y ± ) 



(b) £* u = £*(Hgl + /Hg) - JT (Zn 2+ /Zn) = +0.2676 V - (-0.7628 V) = 

(c) A T G = -vFE^ = -(2) x (9.6485 x 10 4 C mol-') x (1 .2272 V) = 

A T G* = -vFEl u = -(2) x (9.6485 x 10 4 C mol" 1 ) x (1 .0304 V) = 
A r G* 1 .9884 x 10 5 J mol-' 



1.0304 V 



-236.81 kJ mol- 



-198.84kJmol- 



lnK ' RT (8.3145 J Kr l mol"') x (298.15 K) 
(d) From part (a): 



= 80.211 so K = 



6.84 x 10 34 



1 .2272 V = 1 .0304 V - (38.54 mV) x ln(4 l/3 x 0.0050) - (38.54 mV) x lny ± 

Q.2272 V) - Q.0304 V) - (0.1864 V) = 
r± 0.03854 V 



0.763 



(e) logy ± =-|z_r + M/ 1/2 [5.75] 
/ = |Iz?(V^)[5.76] 

i 

where b{Zn = b = 0.0050 mol kg" 1 and b(C\~) = 2b = 0.010 mol kg" 1 
Thus, / = \[(4) x (0.0050) + (0.010)] = 0.015 



log y ± = -(2) x (0.509) x (0.015) 1/2 = -0.125 so y ± = 0.75 
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This compares remarkably well to the value obtained from experimental data in part (d). 
dA t G 



(f) A r S = - 



dT 
BE} 



= vF\ —J [6.36] = (2) x (9.6485 x 10 4 C moH) x (-4.52 x 10" 4 V K~') 



-87.2 J K- 1 mol" 



\H = A r G + TA r S = (-236.81 kJ mol" 1 ) + (298.15 K) x (-87.2 J K" 1 mol 1 ) 



-262.4 kJmol-' 



.18 Pt| H 2 (g,/0 |NaOH(aq,0.01000 mol kg-'XNaCKaqAOl 125 mol kg" 1 ) j AgCl(s) | Ag(s) 

H 2 (s) + 2AgCl(s)->2Ag(s) + 2Cr(aq) + 2H + (aq), where v = 2 

DT 

£«u = El a -— r ln{a(H + KCr)} 2 [6.27 and 6.12(b)] 
2F 

- bu - f maorxa-)} m^O mB .™ ln £^Q 

F F fl(OH ) F j ± b{OH ) 

= Et „ _ *L m^CCD = ^ _ RT _ RT KCl ) 



b(OH~) 



F b(OK-) 



= El, + (2.303)^ x V K W - *L ln-^D_ (pK„ = -logtf w = ^ 1 

cell V ) p H w p b{ Q W }\V * S w 23Q3 



Hence, pA. w = + 



In 



b(CV) 



E r .\\ ~ Et 



+ 0.05114 



2303RT/F 2.303 2303RT/F 
Using information from the data tables we find that: 

= Et - Et = £*(AgCLAg) - £*(H + /H 2 ) = +0.22 V - 0 = +0.22 V 

This value does not have the precision needed for computations with the high precision data of this 
problem. Consequently, we will use the more precise value found in the CRC Handbook of Chemistry 
and Physics (71st edn): = 0.22233 V. 

We then draw up the following table: 



ere 


20.0 




25.0 


30.0 




1.04774 


1.04864 


1.04942 


ln(\0)RTF^/V 


0.058168 


0.059160 


0.060152 


pit w 


14.24 




14.02 




13.80] 



d\nK w A r /T 



dT 



RT 2 



[6.21(a)] 
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Hence, \H* = ~(2303)RT 2 — 



then with 



dT AT 



\H*«-(2303) x (8.314 J K-'moH) x (298.15 K) 2 x 



13.80-14.24 
10K 



= +74.9 kJ mol 1 



A r G* = -RT ]nK w = 2.303*7/ x ptf w = |+80.0 kJ moH 



A r S* = 



A t H* - A T G* 
T 



= -n.UK^mol- 1 



P6.20 The method of the solution is first to determine A r G*, A r H*, and A r S* for the cell reaction 



\ H 2 (g) + AgCl(s) -+ Ag(s) + HCl(aq) 

and then, from the values of these quantities and the known values of A f G*, Afi/*, and S*, for all the 
species other than Cl"(aq), to calculate A f G*, A ( H*, and S* for Cl'(aq). 

A r G* = -vFE* 

At 298.15 K (25 .00°C) 

E*/V = (0.23659) - (4.8564 x 10' 4 ) x (25.00) - (3.4205 x 10" 6 ) x (25.00) 2 
+ (5.869 x 10- 9 ) x (25.00) 3 = +0.22240 V. 

Therefore, A,G* = -(96.485 kC mol" 1 ) x (0.22240 V) = -21 .46 kJ mol" 1 



(dEVdB) p /V - (-4.8564 x lO'VC) - (2) x (3.4205 x 1O^0/(°C) 2 ) + (3) x (5.869 x lO- 9 0 2 /(°C) 3 ) 
(dEVdd) p /(V°C- v ) = (-4.8564 x 10 4 ) - (6.8410 x lO- 6 (0/°C)) + (1.7607 x 10^(<9/ o C) 2 ) 
Therefore, at 25°C, 

(dEVdd) p = -6.4566 x 10" 4 V/°C 



(dEVd&) p = (-6.4566 x 10" 4 V/°C) x (°C/K) = -6.4566 x 10^ V K"' 

Hence, from equation (a) 

A r S* = (-96.485 kC mol" 1 ) x (6.4566 x 10~ 4 V K" 1 ) = -62.30 J K _1 mol" 1 

and A T H* = A r G* + TA T S* 

= -(21.46 kJ mol" 1 ) + (298.15 K) x (-62.30 J K" 1 mol" 1 ) = -40.03 kJ moH 

For the cell reaction |H 2 (g) + AgCl(s) -> Ag(s) + HCl(aq) 

A r G^ = A f G*(H + )+ A f G«(Cr) - A f G*(AgCl) 

= A f G*(Cl) - A f G*(AgCl) [A f G*(H + ) = 0 



A r S* = - 




— [def a C = dT/K] (a) 



and 
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Hence, A f G*(CT) = A T G* + A f G*(AgCl) - (-21.46 - 109.79) kJ mol" 



-131.25 kJmol-' 



Similarly, A f iT(Cr) = A r /T + A f ir(AgCl) = (-40.03 - 127.07) kJ mol" 1 

= [-167.10 kJmol-' 

For the entropy of Cf in solution we use 

AX = S^(Ag) + (H + ) + S*(CV) - {S*(H 2 ) - (AgCl) 
with S^tT) = 0. Then, 

(CI) = A^ - (Ag) + {5*(H 2 ) + ^(AgCl) 

= {(-62.30) - (42.55) + { x (1 30.68) + (96.2)} J K" 1 raol" 1 = 



+56.7 JK^mol" 



Solutions to theoretical problems 

.22 We draw up the following table using the stoichiometry A + 3 B -> 2 C and An } = v } £,. 





A 


B 




C 


Total 


Initial amount/mol 


1 


3 




0 


4 


Change, A«j/mol 


~5 


-35 




+25 




Equilibrium amount/mol 


1-5 


3(1- 


-5) 


25 


2(2-5) 


Mole fraction 


1-5 


3(1- 


-5) 


5 


1 




2(2-5) 


2(2- 


-5) 


2-5 



K = 



(pJp*Y 



ipJp*)(p*lp*Y 



* xK 



y 2(2 2^(2 -5) 3 x l P 



(2-5) 2 1-5 3H1-|)3 



16(2 -£)^ 



27(1 -5) 4 L P j 
Since AT is independent of the pressure 



(2-5) 2 5 : 
0-5) 4 



( n \ 



= a- 



27 



where a 1 = — K, a constant 
16 



Therefore, (2 - $)Z = a I ^ j x (1 - 1) 2 



which solves to 



5 = 1- 



1 



1 + apip* 
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We choose the root with the negative sign because £ lies between 0 and 1 . The variation of § with p 
is shown in Figure 6.2. 



K 0-5 i 



°0T i 10 100 1000 
aplp* 



Figure 6.2 

P6.24 For a gas-phase reaction the equilibrium constant is given by the expression 

* = (lKl [6.i3] = fri(r^^r] =[llr?) [uwp^ 

V J / equilibrium ^ ' /equilibrium V ' /equilibrium V J /equilibrium 



= K Y K P , where K r = II rP and K p =\Jl( Pj /p»y> 

V ^ /equilibrium >• * /equilibrium 

Let us assume that the gases are perfect gases. Then, the activity coefficients equal 1 and K y = 1 . 
Additionally, p s = n,RT(V= [J]RT. Substitution gives 

K = K p Jll(lWTip«yi) =(naJ]^) VJ l (yI(c»RT/ P «)A 

V J /equilibrium ^ ^ / equilibrium V J /eqi 

= K,(c*RT/p«) Av , where K= I nW^V 1 J and Av = Z v j 

V J /equilibrium ^ 



Thus, K c =Kx (c*RTtp*y 



The above relationship gives the temperature dependence of K c provided that the temperature 
dependence of K is known. In the case for which we know \H*, and it is a constant, and we know 
the value of the equilibrium constant at the temperature T Kf , we use eqn 6.23 to calculate the value 
of Kat temperature T: 



\nK = ]nK K( -^- 



ref 



I-J_l[6.23] or K K s « ; : 



\H~\ 1 1 



Alternatively, if we know (a) the coefficients a, b, and c for reactants and products in the expression 
for the molar heat capacity listed in Table 2.2, (b) A { G\T te( ), and (c) A { S°(T te{ \ we calculate A f G\T) 
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with the expression derived in Problem 6.23. This gives us K(T) through the expression K = e~ A ' G IRT 
[6.14] after which we calculate K£T) with the above relationship. Recognize, however, that this 
finely tuned effort may not be justified in face of the perfect gas assumption. 



Solutions to applications: biology, environmental science, 
and chemical engineering 

i \G = A t G* + RT]nQ[6.lO] 

In eqn 6.10 molar solution concentrations are used with 1 M standard states (c* = 1 mol dm 3 ). 
The standard state C) pH equals zero in contrast to the biological standard state (®) of pH 7. For 
the ATP hydrolysis 

ATP(aq) + H 2 0{1) -> ADP(aq) + P"(aq) + H 3 0 + (aq) 

we can calculate the standard state free energy given the biological standard free energy of about 
-3 1 kJ mol -1 (Impact 6. 1). 

\G© = A^* + RT\n Q® [6.10] 

A I G* = A I G®-RT\nQ® 

= -31 kJ moH - (8.3145 J K _1 mol 1 ) x (310 K) [ti(X0 l M/l M) 
= +11 kJ mol" 1 

This calculation shows that under standard conditions the hydrolysis of ATP is not spontaneous! 
It is endergonic. 

The calculation of the ATP hydrolysis free energy with the cell conditions pH = 7, [ATP] = 
[ADP] = [P-] = 1 .0 x 10^ M, is interesting. 

\G = A rC * + RTlnQ = A,G' + RtJ i^gL^ 
* ^ [ATP] x (1 M) 2 ; 

= +11 kJ mol" 1 + (8.3 145 J K-'moH) x (310 K)ln(10^x I0~ 7 ) 
= -66 kJ mol" 1 

The concentration conditions in biological cells make the hydrolysis of ATP spontaneous and very 
exergonic. A maximum of 66 kJ of work is available to drive coupled chemical reactions when a 
mole of ATP is hydrolysed. 

.28 Yes, a bacterium can evolve to utilize the ethanol/nitrate pair to exergonically release the free energy 
needed for ATP synthesis. The ethanol reductant may yield any of the following products: 

CH 3 CH 2 OH -> CH 3 CHO CH 3 COOH -> C0 2 + H 2 0 
ethanol ethanal ethanoic acid 

The nitrate oxidant may receive electrons to yield any of the following products: 



N0 3 -> N0 2 -> N 2 ^ NH 3 
nitrate nitrite dinitrogen ammonia 
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Oxidation of two ethanol molecules to carbon dioxide and water can transfer eight electrons to 
nitrate during the formation of ammonia. The half-reactions and net reaction are: 

2 [CH 3 CH 2 OH(l) -» 2 C0 2 (g) + H 2 0(1) + 4 H + (aq) + 4 e~] 

NO^(aq) + 9 H + (aq) + 8 e" -> NH 3 (aq) + 3 H 2 0(I) 

2 CH 3 CH 2 OH(l) + H + (aq) + NOJ(aq) -» 4 C0 2 (g) + 5 H 2 0(1) + NH 3 (aq) 

A r G® = -2331.29 kJ for the reaction as written (a data table calculation). Of course, enzymes must 
evolve that couple this exergonic redox reaction to the production of ATP, which would then be 
available for carbohydrate, protein, lipid, and nucleic acid synthesis. 



(a) The equilibrium constant is given by 
f-A^ f-A T H 



R 



RT 

A plot of In K against \IT should be a straight line with a slope of ~A T HVR and a 7-intercept of 
A r SVR (Figure 6.3). 




3.2 3.4 3.6 3.8 4.0 4.2 4.4 
I000/(r/K) 

Figure 6.3 



So, A r H*=~R x slope = -(8.3145 x 10 _3 kJ moI _! K -1 ) x(8.71 x 10 3 K) 



-72.4 kJ mol" 



-144 J K- 1 mof 



and AX = R * intercept = (8.3145 J K 1 mol" 1 ) x (-17.3) = 
(b) A r ^ = A f ^((C10) 2 )-2A f i/*(C10), so A f /T((C10) 2 ) = A r #* + 2 A f /T(C10) 
A f /T((C10) 2 ) = [-72.4 + 2(101 .8)] kJ mol' 1 = 



+131.2 kJ mol 



S*((C10) 2 ) = [-144 + 2(226.6)]J K _i mol" 1 = +309.2 J K"< mol" 
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{N 2 (g) + fH 2 (g)^NH 3 (g) Av = Xv; = -l 



This is the ammonia formation reaction for which we find the standard reaction thermodynamic 
functions in the text data tables: 

4^(298 K) = -46. 11 kJ and A r 5'*(298 K) = -99.38 J K _I 

Use text data tables to establish functions for the constant pressure heat capacity of reactants 
and products. Define a function A r Cj(r) that makes it possible to calculate A r C p at 1 bar and 
any temperature (eqns 2.36b and 2.25). Define functions that make it possible to calculate the 
reaction enthalpy and entropy at 1 bar and any temperature (eqns 2.36a and 3.22). 



A,H%T) = A r #*(298) + A r C;(7)dT 

298.15 K 



A r S*(7) = A r S*(298) + 



f * 

J 298.15 K 



CUT) 



dr 



(i) For a perfect gas reaction mixture A.H is independent of pressure at constant temperature. 
Consequently, A,H(T,p) = A T H*(T). The pressure dependence of the reaction entropy may be evaluated 
with the expression: 



A r S(T,p) = AX(T)+ I v ; 

Products-Reactants.i 



= A T S\T)~ X 

Products-Reactants.i J ] ^ 



I bar 
P f 



= AX(T)~ I 

Products-Reactants.i 



Jlbar P 



dp 



dp (Table 3.5) 



= A T S*(T) ~ 



Products-Reactants.i 



^llfc -<-«"- ifc 



= A I S*(T)+ R]n 



1 bar 



The above two equations make it possible to calculate A t G(T,p): 
\G(T,p) = ArHiTj,) - TA r S(T,p) 

Once the above functions have been defined on a scientific calculator or with mathematical software 
on a computer, the root function may be used to evaluate pressure, where A^GiT^) = -500 J at a 
given temperature. 

(a) and (b) perfect gas mixture: 

For T= (450 + 273. 1 5)K = 723.15 K, root(A r (?(723. 1 5 K,p) + 500 J) = 



156.5 bar 



For T= (400 + 273. 1 5)K = 673. 15 K, root(A r G(673. 1 5 K,p) + 500 J) = 81.8 bar 
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(ii) For a van der Waals gas mixture A T H does depend on pressure. The calculation equation is: 

Ibar I d P J 



A I H(T,p)=A r H»(T) + X 

Products- Reactants.i 



dp 



[the sum involves the i = 1, 2, 3 gases (NH 3 , N 2 , or H 2 )j 



= a t h«(T) + X v; 

Products-Reactants,i 



d/7 



[the equation of this substitution is proven below*] 
where QV^fdT), = R(V^ - by\RT{V^ - b-X 2 - 2ay$T x for each gas i (NH 3 , N 2 , or H 2 ) 

RT a 



and V^(T,p) = root 



p v -b V 2 ■ 



The functional equation for A r «S calculations is: 



CP 



A r S(T, P ) = AX(T)- X v; 

Products-Reactants.i 



Ibar 



dr 



d/> 



132.5 bar 



where (dV m JdT) p and K m>i (7» are calculated as described above. As usual, 

A r G(7» = & t H(T,p) - TA T S(T,p) 
(a) and (b) van der Waals gas mixture: 

For T = 723. 1 5 K, root(A r G(723.1 5 K,p) + 500 J) = 

For T= 673.15 K, root(A r G(673.1 5 K,p) + 500 J) = 

van der Waals gas approximation 



1000 



500 



73.7 bar 



-500 - 



-1000 



Figure 6.4 




(c) A,G(T,p) isotherms (see Figure 6.4) 



confirm 



Le Chatelier's principle. Along an isotherm, \G 



decreases as pressure increases. This corresponds to a shift to the right in the reaction equation and 
reduces the stress by shifting to the side that has fewer total moles of gas. Additionally, the reaction 
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is exothermic, so Chatelier's principle predicts a shift to the left with an increase in temperature. The 
isotherms confirm this as an increase in A t G as temperature is increased at constant pressure. 

Note: There are many thermodynamic equations that are very useful when deriving desired com- 



dH 



putation equations. One of them (used above) is: — — =-T\ — + V. To prove this relationship, 



dp 



dV 



dT 



first use an identity of partial derivatives that involves a change of variable 



dH 



dS 



(^s^ 



Jt 



dp 



We will be able to identify some of these terms if we examine an expression for dH analogous to the 
fundamental equation of thermodynamics [3.46]. From the definition of enthalpy, we have: 

dH=dU+pdV+ Vdp=TdS~pdV[3A6]+pdV+ Vdp^TdS- Vdp 

Compare this expression to the exact differential of H considered as a function of S and p: 



dir-fid*. 



dH 



dS 



dH) 
dH} 



dp 



Thus, -— = T, — = V [dH exact] 



, , , dH) J dS 

Substitution yields — — =T\ — 

dp ) T {dp 



+ V = 



-T 



dV_ 
dT 



+ V 



[Maxwell relation] 



part 2 Structure 



Quantum theory: 
introduction and principles 



Answers to discussion questions 

A successful theory of black-body radiation must be able to explain the energy density distribution 
of the radiation as a function of wavelength, in particular the observed drop to zero as A -» 0. 
Classical theory predicts the opposite. However, if we assume, as did Planck, that the energy of the 
oscillators that constitute electromagnetic radiation are quantized according to the relationship 
E = nhv = nhclX, where the quantum number n can equal zero or any positive integer, we see that at 
short wavelengths the energy of the oscillators is very large. This energy is too large for the walls to 
supply it, so the short-wavelength oscillators remain unexcited. The effect of quantization is to 
reduce the contribution to the total energy emitted by the black -body from the high-energy short- 
wavelength oscillators, for they cannot be sufficiently excited with the energy available. 

By wave-particle duality we mean that in some experiments an entity behaves as a wave, while in 
other experiments the same entity behaves as a particle. Electromagnetic radiation behaves as a 
wave in reflection and refraction experiments but it behaves as particulate photons in absorption 
and emission spectroscopy. Electrons behave as waves in diffraction experiments but as particles 
in the photoelectric effect. Consequences are especially important for small fundamental particles 
like electrons, atoms, and molecules. One consequence is the impossibility of precisely and simul- 
taneously specifying complementary observables like position and momentum for fundamental 
particles. It is also impossible to specify the simultaneous energy and timing of an event. Rather, 
the multiplied uncertainties of complementary observables, such as x and p x or E and /, must always 
be greater than, or equal to, fill (i.e. the Heisenberg uncertainty principle of eqn 7.39a). Quantum 
theory shows that, because of wave-particle duality, it is necessary to specify the wavefunction y/ of 
fundamental particles and to use the tenets, which we call postulates, of quantum mechanics to 
interpret their behavior and observable properties. The basic postulates are: 

Postulate I, Section 7.3. The state of the system is described as fully as possible by the wavefunction 
i^(r l5 r 2 ■ ■ .), where r,, r 2 , ... are the spatial coordinates of all particles (1,2, . . .) in the system. 

Postulate II. the Born interpretation Section 7.4. For a system described by the wavefunction y/(r), 
the probability of finding the particle in the volume dr is proportional to |y| 2 dr = ^*ydr. The 

constant of proportionality, the normalization constant, is chosen so that the integral \w \ 2 dr 

Jail space 

equals 1. 
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Postulate III, Section 7.5. For each observable property Q of a system there is a corresponding 
operator Q built from the following position and linear momentum operators. 

x = xx and p x = -— [7.29] 
i dx 

Postulate IV, eqns 7.27a and 7.28b. If the system is described by a wavefunction iff that is an 
eigenfunction of Q such that Qy = coy/, then the outcome of a measurement of C2 will be the eigen- 
value a>. 

Postulate V, Section 7.5e. When the value of an observable Q is measured for a system that is 
described by a linear combination of eigenfunctions of £2, with coefficients c k , each measurement 
gives one of the eigenvalues o> k of £2 with a probability proportional to \c k \ 2 . 

D7.6 If the wavefunction describing the linear momentum of a particle is precisely known, the particle 
has a definite state of linear momentum; but then according to the uncertainty principle (eqn 7.39a), 
the position of the particle is completely unknown. Conversely, if the position of a particle is pre- 
cisely known, its linear momentum cannot be described by a single wavefunction. Rather, the wave- 
function is a superposition of many wavefunction s, each corresponding to a different value for the 
linear momentum. All knowledge of the linear momentum of the particle is lost when its position 
is specified exactly. In the limit of an infinite number of superposed wavefunctions, the wavepacket 
turns into the sharply spiked packet shown in Figure 7.30. But the requirement of the superposition 
of an infinite number of momentum wavefunctions in order to locate the particle means a complete 
lack of knowledge of the momentum. 



Solutions to exercises 



h h 

E7.1 (b) The de Broglie relationship is X = — [7. 1 6] = . 

p mv 

h 6.626 x 10 -34 J s 

Hence, v = 



m p X (1.673 x lO" 27 kg) x (3.0 x 10" 2 m) 



1 .3 x 10 -5 m s _I , which is extremely slow! 



E7.2(b) The momentum of a photon is 
h 6.626 x 10" 34 J s 



The momentum of a particle is p = mv so the speed of a hydrogen molecule that has the above 
momentum is 

p p 1.89xlQ- 27 kgms-' 



V m H2 M„,/iV A (2.016 xlO- 3 kg mol^/6.022xl0 23 mol- 1 ) 

E7.3(b) The desired uncertainty in the electron momentum is 

Ap = 1.00 x lO" 5 p = 1.00 x 10" 5 m e y 

= (1.00 x 10" 5 ) x (9. 109 x 10" 31 kg) x (995 x 10 3 m s" 1 ) 
= 9.06xl0- 30 kgms- 1 



0.565 ms - 
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Thus, the minimum uncertainty in position must be 



n „„ . 1.055 x 10-* J s 
Ax = — — [7.39a] = 



2 Ap 



2x(9.06xl0- 30 kgms^) 



5.82 um 



_ , hc„ 1A J7 „ (6.626 x 10 -34 J s) x (2.998 x 10 8 m s~') 1.986 x 10 -25 J m 
.4(b) E = hv = — 7.14 and 7.1 ] = - - — - ~ = 

X A X 



E„=N,E = 



N A hc 0.1196Jm 



X A 
We can therefore draw up the following table: 



X 


m 


£ m /(kJmol- 1 ) 


(a) 200 xlO" 9 


9.93 x 10- 19 


598 


(b) 150X10- 12 


1.32 xlO" 15 


7.97 xlO 5 


(c) 1.00x104 


1.99x10° 


0.012 



.5(b) On absorption of a photon by a free helium-4 atom, the law of conservation of energy requires 
that the acquired kinetic energy, E k , of the atom equal the energy of the absorbed photon: 
£ k = -Ephoton = i w He y2 - The values of £ photon are calculated in Exercise 7.4b so the atom is accelerated 
to the speed 



_ z -^photon _ / ACl photon 
" V W He " \ 4 0026 X " 

" \ *M2^m**^ - (1 - 734? S "> X 



We can therefore draw up the following table: 



X 


^photon M 


v/(km s -1 ) 


(a) 200 x 10-* 


9.93 x 10-' 9 


17.3 


(b) 150 xlO" 12 


1.32x10-" 


630 


(c) 1.00 xlO- 2 


1.99 x 10" 23 


0.0774 



.6(b) The total energy emitted in time At is PAt, where P is the power of the emission. The energy of each 
emitted photon E = hciX [7.1]. The total number of photons emitted in an interval At is then the 
total energy divided by the energy per photon. 

_ PAt _ PAtX 
E ~ he 

Assuming that de Broglie's relationship applies to each photon, and recognizing that the law of 
conservation of linear momentum requires that the loss of a photon imparts an equivalent momen- 
tum (in the opposite direction) to the spacecraft, the total momentum imparted to the spacecraft in 
time At is 
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Nh 

P = Np pb0X0B = — [7.16] = 



PAtX h _ PAt 

he X c 



158 ms" 



Since p = (/Mf)^^, the final speed of the spacecraft is 

PAt _ (1.50xl0 3 W)x(10y)x(3.1557 xlQ 7 sy') _ 
cm spactcraft " (2.9979 x 10* m s"') x (10.0 kg) 

E7.7(b) The total energy emitted in time At is PAt where P is the power of the emission. The energy of each 
emitted photon is given by E= hclX [7.1]. The total number of photons emitted in an interval At is 
then the total energy divided by the energy per photon. 



PAt _ PAtX 
E ~ he 



(1.00 s)x(700xl0" 9 m) 



(6.626 x 10- 34 J s) x (2.998 x 10 8 m s" 1 ) 

(a) When/ 5 = 0.10 W, AT = 

(b) WhenP= LOW, A r = 



P = (3.52xl0 18 )xP/W 



3.52x10' 



3.52 x 10 18 



E7.8(b) E± = hv -<& = — -& [7.15] and, since E k = \m z v 2 , v = ^2E k /m e 

X 

0 = 2.09 eV = (2.09) x (1 .602 x 10" 19 J) = 3.35 x 10" 19 J 
(a) ForA = 650nm 

= (6.626xl0^ Js )x(2.998xl0«m S -) _ = x _ 3J5 x ^ , 

k 650 xl0" 9 m 

Inspection of the above equation reveals that the photon energy of the radiation is less than the 

occurs. 



E7.9(b) 



work function and we conclude that no electron ejection 
(b) ForA=195nm 



E v = 



(6.626 xlO *J s) x (2.998 xlOW) _ ^ x 1Q _ 19 J = imx ^ , _ ^ x {Q _ l9 , 



195xl0" 9 m 



6.84 x 10~ ,9 J 



v = ^2 x (6.84 x 10- 19 J)/(9.109 x 10" 31 kg) = 



1.23 Mm s" 1 



AE=hv=hlT [7/= period = 1/v] and AE m = N A AE 
(a) For T= 2.50 fs 

A£ = (6.626 x 10~ 34 J s)/(2.50 x 10~ 15 s) = 



2.65 x 10" 19 J 



AE m = (6.022 x 10 23 mol-') x (2.65 x 10 19 J) = 160 kJ mol"' 
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(b) For T= 2.21 fs 

AE = (6.626 x 10" 34 J s)/(2.21 x 10" 15 s) = 



3.00 x 10" 19 J 



AE m = (6.022 x 10 23 mol-') x (3.00 x 10' 19 J) = 
(c) For T= 1.0 ms 



181kJmol- 



AE = (6.626 x 10-* J s)/(l .0 x 10 3 s) = 6.6 x 10~ 3 ' J 



AE m = (6.022 x lO^mol 1 ) x (6.6 x 10" 31 J) = 4.0 x 10-'°kJ mol 1 



:7.10{b) 



The de Broglie wavelength is A = — [7.16]. The kinetic energy acquired by an electron on 

P 

P 2 

acceleration through a voltage of £ equals e%. Thus, since E k ~ - — , p = (2m z E k ) V2 = (2m t e r E) m 

2m e 

h 

and X = 



(Ime'EY 2 



(a) X = 

(b) X = 

(c) X = 



6.626 xlO" 34 J s 



{2 x (9.109 x 10" 31 kg) x (1.602 x 10" !9 C) x(100 V)} 1/2 

6.626 x 1 Q- 34 J s 

{2 x (9.109 x 10" 31 kg) x (1.602 x 10 19 C) x (1.0 x 10 3 V)}" 2 

6.626 xlO- 34 J s 

(2 x (9.109 x 10- 31 kg) x (1.602 xlO" I9 C)x (100 x 10 3 V)} !/2 



123 pm 



39 pm 



3.88 pm 



E7.1 1 (b) The normalized wavefunction is y(x) = N sin(2?ix/L), where N is the normalization constant. 



y/*\lfd(p = l[1.20a] 



N 2 | sm 2 (2nxlL) d* = N 2 \* - s £?k 
o 12 Sk/L J x=o 2 



(2" 


1/2 


N = \ — 









E7.12(b) The normalized wavefunction is yr(x) = (2/L) m sin(2icx/L) so \y/(x)\ 2 = (2IL)sm 2 (2%xlL). Thus, the 
probability of finding the electron in an infinitesimal volume element at x = L/2 is 

| y(L/2) \ 2 dx = (21 L) sm 2 (2%LI2L) dx = (21 L) sin 2 (jt) dx = (21 L) x 0 dx = 0 

The probability of finding the electron in an infinitesimal volume element at the centre of the carbon 



nanotube equals zero . 
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(2 

E7.13(b) The normalized wavefunction is ¥ = — 

\L 

rui 

Probability that LI A <x<L/2 = ¥ * ¥ 

J L/A 



in 



sm(2iix/L). 



dx 



(2 
L 



L sin(47t£/2£)] [l si n(4rcL/4L) ] 

Sn/L j 



Sk/L 



1 



8 



1 sin(27t) [ j 1 sin(7i) [ J 1 



4tc 



4 4tc 



= --0 - --0 



4 

E7. 14(b) The upper sign in the following equations represents the math using the A + \B operator. The lower 
sign is for the A-iB operator. 1 is a generalized coordinate. 

j ¥ f I A ± iB\ ¥j dr = j ¥ f\A\ ¥j dr ± i\ ¥ * \B\ ¥j dr 

= j \ ¥ J I A\ ¥i drj ± i| j ¥ * \B\ ¥i dr j A and B are hermitian [7.33] 

= {\ ¥ J\A\ ¥i dr + ij ¥ *\B\ ¥i dzj = {j ¥ *\A + iB\ ^,-drJ 

This shows that the A±iB operators are not hermitian. If they were hermitian, the result 
would be j j ¥ f \A±iB\ ¥i dt^ . 

E7.15(b) The minimum uncertainty in position is 100 pm. Therefore, since AxAp > \K 
ti 1.0546 xlO-^Js 



Ap> 



2Ax 2(100 xl0" 12 m) 



= 5.3xl0- 25 kgms-' 



_ Ap _ 5.3xlQ- 2S kgms-' = 
V ~ m ~ 9.11xl0- 31 kg 



5.8xl0 5 ms- ] 



E7.16(b) 



he , 



_hc ! 2 

^binding ~—-l m e V 



= (6.626 x 10- Js)x (2.998 x 10* ms ') _ 69 
121xl0~ 12 m 2 



= (1.67xlO~ 16 J)x 



leV 



1.602 xlO- ,9 J 



1.04 keV 



without a relativistic mass correction 
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Note: The photoelectron is moving at 19.0% of the speed of light. So, in order to calculate a more 
accurate value of the binding energy, it would be necessary to use the relativistic mass in place of 
the rest mass. 



m = 



9.109 xlO 31 kg 



(1 - ivicfY 2 (1 - (5.69 x 10 7 m s^/2.998 x 10 8 m s" 1 ) 2 ) 1 ' 2 
he 



= 9.28xl0 31 kg 



^binding - ~ _ J m V 2 



(6.626 x 10- 34 J s) x (2.998 x 10 8 m s" 1 ) 



121xl0- 12 m 

f 

= (1.39xl0 16 J)x 



- {(9.28 x 10" 31 kg) x (5.69 x 10 7 m S" 1 ) 2 



leV 



1.602 x 10" 19 J 



0.870 keV with the relativistic mass correction 



■7.1 7(b) The quantity [A> A] = A A - A A [7.41] is referred to as the commutator of the operators A and 
A- In obtaining the commutator it is necessary to realize that the operators operate on functions; 
thus, we find the expression for [AAdvt*) = AAvC*) ~~ AAvOO- 



[a, « f ]¥/•(*) = 



x + ip x - ip 
2i/2 * 2 1/2 



w(x) = j[x + ip,x - ip]y/(x), where p = —-7- and x - x x 

1 dx 



= \[x + ]p,x - ip]y(x) = \{(x + ipXx - ip) - (x - ip)(x + \p)}y(x) 
= {{(x 2 + ipx - tip - i 2 p 2 ) - (x 2 - ipx + xip - i 2 p 2 )}y(x) 



= (ipx - tip)y(x) = H 



{ d d 
— x-x— \y/(x) = h 
K dx dx 



— xv(x)-x— vK*) 
dx dx y 



Thus, [a,^] =[/[]. 

Solutions to problems 

Solutions to numerical problems 



he 

s 7.2 Since A^T = — by Wien's law, we find the mean of the T values and obtain h from the equation 

c 



We draw up the following table: 



ere 


1000 


1500 


2000 


2500 


3000 


3500 




1273 


1773 


2273 


2773 


3273 


3773 




2181 


1600 


1240 


1035 


878 


763 


^/(lO'nmK) 


2.776 


2.837 


2.819 


2.870 


2.874 


2.879 
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The mean is 2.84 x 10 6 nm K with a standard deviation of 0.04 x 10 6 nm K. Therefore, 



P7.4 



P7.6 



k (5) x (1.38066 x 10~ 23 J K~') x (2.84 x I0~ 3 m K) 
2.99792 xl0 8 ms ' 



6.54 x I0~ 34 Js 



COMMENT. Planck's estimate of the constant h in his first paper of 1900 on black-body radiation was 
6.55 x 10~ 27 erg s(1 erg = 10" 7 J) which is remarkably close to the current value of 6.626 x 10- 34 Js and is 
essentially the same as the value obtained above. Also from his analysis of the experimental data he obtained 
values of k (the Boltzmann constant), A/ A (the Avogadro constant), and e (the fundamental charge). His values 
of these constants remained the most accurate for almost 20 years. 



¥ = 



f 2 ^ 


in 


fnx] 




sin 











and the probability that the particle will be found between a and b is 



P(a.b)=\ yr 2 dx = — sin 2 ~djc 



2 f x L . 2kx | 

- — sin 

L{2 4k L ) 



x 1 . 2nx 

sin 

L 2k L 



[standard integral, see any mathematics handbook] 



b - a if. 2nb . 2%a ^ 

sin sin 

L 2ny L L ) 



L= 10.0 nm 



(a) P(4.95,5.05) = 



0.10 



10.0 2tx 



1 f . (2tc)x(5.05) . (2rc)x(4.95) 
1 sm : — —r 1 ! - sin 



10.0 



10.0 



0.020 



0.007 



(d) P(5.0,10.0) = 

(e) P 



0.5 



3^3 \ 3 2k 



[by symmetry] 

f 
V 



4rt . 2n 
sin — - sin — 
3 3 





0.61 


/ 





(a) | | y/(x) | dbc = 1 [normalization condition, 7.20a] 
N 2 I - dx i 



: e- T2fa3 djc = 

J -t*i 



N 2 = 


1 


1 




an' 1 - 




j e-^dx 


N = 


f 1 f 




[an 112 ) 
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(b) The probability P{-a,a) that the position is such that -a < x < a is 
P(-a,a) = j \y(x)\dx = N 2 j t~ x2 ' a2 dx 

Q-xWfa = er f(i) = 



1 



1/2 



¥ (<j>) = 



OR 



0.843 



e-^ where m = 0, ±1 , ±2, ±3, 



The average position (angle) is given by: 



' 1 



v 2n, 



Note: This result applies to all values of the quantum number m, for it drops out of the 
calculation. 

The normalized wavefunction is ^ = (la) m e^, where 0 < x < «>. 
The expectation value of the commutator of position and momentum is: 



y[x,p\ydx = 

Jo J 



n d 



([£ P]) = y[i,^VdJC = yQcp - ^x)v^dx, where x = x x and ^ = — — [7.29] 



0 

n 
U. 

n 

i 



i dx 



f d^ d(x^)V 

V x l j dx 

0 ^ dx ax J 



dy/ 



dx ^ X dx 



M 2 dx 



— [because y/- is normalized to 1] 



= ift [this is in agreement with eqn 7.42 and Justification 7.6] 
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Notice that this result only depends on the quantum-mechanical definitions of the position and 
momentum operators along with the normalization of the wavefunction to 1 . The details of how 
the wavefunction depends on position are irrelevant to this result. Because this commutator is non- 
zero, position and momentum are complementary observables and it is not possible to simultane- 
ously measure both of them with arbitrary precision. This is emphasized by the general form of the 
Heisenberg uncertainty principle (eqn 7.43), which stipulates that AxAp > \ \([x,p])\. 



Solutions to theoretical problems 

87iAc 

The Planck distribution is p(X,T) = -rm^ [7.8]. 

A 5 (e fc/MT - 1) 

We look for the value A - X^ at which p is a maximum. At this point dp/dA = 0 so we find the deriva- 
tive and evaluate it at A = A max . 

^ = ^-{SnhcX- 5 (e hcMT - I)- 1 } 
dA dA 



= Snhc I (Q bcakT - 1)-' — + A" 5 ~(e*^ r - l)" 1 1 
[ dA dA ] 



= ZrthcX- 1 ^ 7 - l)" 1 <!-5A + | _M e A ^ r (e™' - 1)" 1 



kTj 



Thus, at A = A n 



-5A max + j e hc,x ™* ^( e Ac/A maxA r _ i)-i = o or X max = j e Ac/ ^ T (e MX ^ kT - 1)-' 

This is a transcendental equation, which can be written in the form 

he 



x^e*™ (e*™ - I)" 1 = 5, where x max = 



Using the root function or the numeric solver of a scientific calculator to solve for x max , we find 
*max = 4.965 and 

he 



^"*"max 

(6.626 x 10- 34 J s- 1 ) x (2.998 x 10* m s" 1 ) 
4.965 x (1.381 x 10~ 23 J K -1 ) 



2.898 x 1 (T 3 m K Prediction of the Planck distribution 



This agrees with Wien's law in that it specifies that X max T- constant. 
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(a) With a little manipulation, a small-wavelength approximation of the Planck distribution can 
be derived that has the same form as Wien's formula. First, examine the Planck distribution, 

Snhc 



namely hdJJcT — -, gets small even faster. Focus on that factor, and try to express it in terms of a 



for small-wavelength behaviour. The factor X' 5 gets large as X itself gets small, but the other factor, 

Q hclXkT _ I '' 

single decaying exponential (as in Wien's formula), at least in the small-X limit. Multiplying it by 

one in the form of _ hdxkT , yields hMT , where e- hd>MT is small, so let us call it e. The factor, 

e i e 

£ 

then, becomes , which can be expressed as a power series in e as e(l + e . . .). For sufficiently small 

1 — e 

wavelengths, then, the Planck distribution may be approximated as: 

Ppianck ~ ^5 _ ^5 

This has the same form as Wien's formula: 

n. — a p-MMT 
PWien - ^ 5 e 



Comparing the two formulas gives the values of the Wien constants: a = 



8nhc 



and b - 



he 



(b) The wavelength at which the Planck distribution, p(X,T) = ■ — — [7.8], is a maximum 

A, \C — 1^ 

is found by setting the derivative of the distribution function with respect to wavelength equal to 
zero and solving the resulting transcendental equation with the numeric solver of a scientific calcu- 
lator (see Problem 7.12). This gives 

he 

= = 2.898 x 10" 3 m K Prediction of the Planck distribution 

4.965 k 

Following the same procedure with the Wien distribution gives a very similar result. 

he 



dp^ ^ 6_( 8*te ^ m ^ c \_^^r + \1_ 

dX dX{ X 5 ) 



X 2 kT 



he 
kT 

This derivative equals zero when the distribution is a maximum at X = A max and inspection of the 
factors reveals that this occurs when 

(he 1 he 
= 0 or X^T = — Prediction of the Wien distribution 
fcT 1 J Sic 

Thus, the maximum of the Wien distribution agrees well with that of the Planck distribution. The 
only difference being a factor of 1/4.965 in the expression for X^T 'm the Planck distribution and 
a factor of 1/5 for the Wien distribution. 



176 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



The Stefan-Boltzmann law gives the energy density £ as a function of temperature. According to 
the Planck distribution (see Problem 7. 13), the energy density of black-body radiation is 



E Planck - | Ppianck (A)dA - 

0 



- \oT* 

c 



where a - 



= 5.671 x 10 -8 kg s -3 K 4 is the Stefan-Boltzmann constant 



15/i 3 c 2 

The energy density of the Wien distribution is 

r h ^ T dX 
X 5 



£wien=| PwienW <*A = SrflC 

0 



he _ , he , . X 2 kT , 
Let x = — — . Then, cLx = - dA or dX = : — cbc 



XkT 



X 2 kT 



e~ x X 2 dx 



A 5 



= %nkT 



e~*dx 
A 3 



/tc 



4^- ! I x 2 Q~*dx 



= $KkT 



fkT} 
[he 



— \<y^T 4 



(6) [standard integral] 
12tt£ 4 



, where cr Wien = 



hh 1 



= 5.239 xl0~ 8 kg s" 3 K 4 



Comparing the energy densities of the Planck and Wien distributions, we see that both predict that 
the energy density is proportional to T 4 . However, the Wien distribution predicts a constant of 
proportionality that is low by about 8%. 

P7.16 In each case the normalization constant N~ 2 = j\yr\ 2 dr [7.19] must be evaluated by analytically 

determining the integral over the whole space of the wavefunction. The normalization integrals are 
best evaluated using the spherical coordinates (r,0,0) for which 0 < r < <*>, 0<6<n, and 0 < 0 < lit. 
It is helpful to recognize that, when a wavefunction has the separation of variables form \ir(r,Q,<p) = 
R(r) x 0(d) x 0((j>), the integral over the space of all variables is 



N~ 2 = f \yr\ 2 dr = 



|y | 2 r 2 sind dr d8 dp [note that dr = r 2 smO dr dB dtp] 



0=0 



| r 2 x (R(r) x 0(8) x <2>0)) 2 sin0 dr d9 d0 
= | r 2 x R(r) 2 dr x f 



sin(0) x 6>(0) 2 d0 x 



0(ij>) 2 d<p 



In the special case (i) for which 0(0) = 1 and <P(tf>) = 1: 



! sin(0) x 0(0) 2 d0 x &(<!>) 2 d<j> = sin(0)d0 x d<p = [-cosflL x = 4ji 
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and the normalization integral is 



N~ 2 = 4n | r 2 x R(r) 2 dr 

r=0 



In the special case (ii) for which 0(0) = sin $ and = cos <j>: 



pJT /** pit 

sin(0) x 0(0) 2 d0 x 0(0) 2 d^= sin 3 (0)d0x cos 2 (0)d0 

= [-cos© + >s> x [{ + 7^2*]^ = j ic 

and the normalization integral is 
W- 2 = fjc r 2 x£(r) 2 dr 

J r=0 

(a) (i) The unnormalized wavefunction is y = J 2 - — \e- rla ° and v' 2 = I 2 - — I e~ 2r/a ° 



jV-2 = 4ti r 2 x i?(r) 2 dr 

J r=0 

if * 2 x 

J r=0 



= 471 



= 47M! 3 , 



,, I x -{(2-^)e-n 2 d^, where * = /7a 0 

*=o 



= 47Mr 



' 3 + X*}e~ 2z dx 



use the standard integral 



| X"e-" z dx = n\ia n 



= 47i^{4x2!/2 2+1 -4x3!/2 w + 4!/2 4+1 } = tw 3 



Hence, A?" = (7a*o)~ 1/2 and the normalized wavefunction is yf = I — ^— I I 2 - — |e _, ' /fl °. 



?Wo 



(ii) The unnormalized wavefunction is if/ = rsin0cos<p e~ f/2fl ° and y/ 2 = r 2 sin 2 0cos 2 (pe~ r/a <> . 



N' 2 =±n 



r 2 x R(r) 2 dr 



r=0 



r 2 x {re" r/2fl o} 2 dr 



r=0 

r 



# 4 e^d;r, where # = r/a 0 



= (f^)x(4!) 



use the standard integral 



r 



z « e -^dx = «!/a n+1 
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P7.18 



P7.20 



Hence, N = (32nal)~ 112 and the normalized wavefunction is y = 



rsin0cosq>e~'' /2ao . 



(b) Since normalization constants do not affect orthogonality, we use the unnormalized wave- 
functions to examine the integral jyw 2 dT. The wavefunctions are orthogonal if the integral 
proves to equal zero. 



Y^ 2 dr = 



M 

2* f/ 



Q-rK i {/• sin 0 cos 0 t~ rl2a ° }dx 



r=0 J 0=0 J 0=0 [V 



^ r 4 

2r 3 le- 3 ^ J>dr x 



2 \e- rla <> \{rsmd cos0 e-^S^sinfl dr d0 dtf> 



sin 2 Odd x 

0=0 J 0=0 



f 2 " 

i cos0d0 

J 0=0 



The integral on the far right equals zero: 



cos0d0 = sine 



2k 



= sin(27t) - sin(0) = 0-0 = 0 



Hence, jV^dr = 0 and we conclude that the wavefunctions are orthogonal. 

Operate on each function/ with f (the inversion operator, which has the effect of making the replace- 
ment x -» -x). If the result of the operation is / multiplied by a constant, /is an eigenfunction of i 
and the constant is the eigenvalue [7.28a, 7.28b, and 7.28c]. 

(a) f=x i -kx 

i (x 3 - kx) - -x 3 + kx = -f 

, / is an eigenfunction with eigenvalue [-lj . 



Yes 



(b) /= cos kx 

t cos kx = cos(-kx) = cos kx-f 
, f is an eigenfunction with eigenvalue 



Yes 



+ 1 



(c) f=x 2 + 3x-l 

i(x 2 + 3x - 1) = x 2 - 3x - 1 * constant x / 
No , / is not an eigenfunction of i. 



The quantum-mechanical operators are constructed by first writing the classical expression for the 
observable and then making operator substitutions for position and momentum. The operators for 
the x components of position and momentum are 

x. = x x and p x = [7.29] 
i dx 
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The operator for pi is 

Pi = PxPx = 

/ a 2 





-1 






(be J 


v i dx y 



= -# 2 — - for one-dimensional systems 
dx 2 



= -tr -J for three-dimensional systems 

(a) Kinetic energy in one dimension: 
1 



ztn 



h 2 d 2 
2m dx 2 



Kinetic energy in three dimensions: 

£k = ~ + Py + Pz) = ~~Z 

2m 2m 



dx 2 



dy 2 



2m 



, where V 2 = 



dx~ 2 



(d 2 



dz 2 

d 2 



■J J 



& d 2 d 2 
+ —. r + - 



[dv 2 { dz 2 J dx 2 dy 2 dz 2 



(b) The inverse separation, 



1 

— x 

X 



The inverse separation in three dimensions is determined by the vector magnitude of the position 
vector r = xT+yf+ zlc: 



1 



{x 2 +y 2 + z 2 } U2 



(c) The electric dipole moment operator for J point charges Q s at the vector positions r } is 

£l x T + ji,} + fit = XGj*j? + X2j.KjT + X6j z j^ 
j j j 

The magnitude of the electric dipole moment, \i, is 



V J 



(d) The root mean square deviation of position in one dimension is 



a*= «* 2 >-<*> 2 } ,/2 [7.3%] 



The root mean square deviation of momentum in one dimension is 
4ft = 



1 1/2 



^ i d?c j ) ( i dx) [ ^ ^ 



n \ d 2 
i \dx 2 
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P7.22 The wavefunction y/ = (cos x)z +ikx + (sin #)e _i ** = cfi +ikx + c 2 e~ tkx is a superposition of the functions e +Ucx 
and Q' ikx . We first demonstrate that the functions e +ikx and e~ ikx are eigenfunctions of the linear 

momentum operator, p x = [7.29], that have the eigenvalues +kfi and -kh, respectively. 

i dx 



h d 



+ikx = _ 



i dx 



, e -* T - **** - 



x(ik)e +jkx =+ktie +lkx 



-\x(-ik)e-* x = -kHe- ikx 



Because these functions are eigenfunctions of the momentum operator and the system wavefunction 
is a superposition of them, by the principle of linear superposition of eigenfunctions (Section 7.5(e), 
Justification 7. 5) the probability of measuring a particular momentum eigenvalue in a series of observa- 
tions is proportional to the square modulus (\c k \ 2 ) of the corresponding coefficient in the superposition 
expression of y/. 

(a) The probability of observing the linear momentum +kh~ is | c, | 2 = 

(b) The probability of observing the linear momentum -kh is | c 2 \ 2 = 

(c) | Cy | 2 = 0.90 and, taking c, to be positive, c, = 0.95. 

Since the sum of the probabilities must equal 1, \c 2 \ 2 = 1 ~|c, | 2 = 0.10 and, therefore, c 3 = ±0.32. 



cos 2 * 



sm z x 



Hence, the wavefunction is y = 0.95 e** ± 0.32 e"** 



% d 

P7.24 (a) The function e* lkx is an eigenfunction of the linear momentum operator, 6 = [7.29]. It 

x i dx 



has the eigenvalues +kh: 



% d 

oe + ^= e +Ax = 

i dx 



x(ik)e +ikx =+kne +tkx 



+kft 



Consequently, the particle has the linear momentum 

(b) The wavefunction y/ = N cos kx is not an eigenfunction of the linear momentum operator so 
we find the expectation value for linear momentum with eqn 7.37. 



</>*>=[ v^dx[7.37]=iV 2 J 



cosfcc 



— — jcosfccdx 
i dx) 



= 2 ly 



cosftx] — cos/rxdx = -kN 2 
dx) 



cosA'xsinfcxdx 







(?) 


lim 










ffi 


lim 







sm 2 kx 



2k 



[standard integral] 



x=- X 

sm 2 (kx) sm 2 (-kx) 



2k 



2k 



= -kN 2 \ - lim 
1 z->~ 



sin 2 (A*) sin 2 (/#) 
2k 2k 



= 0 
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(c) y/ = Nq-™ 2 



— ^ = iV — e- flV " = -2aNxe~ ax2 = -laxyr 
ax ax 

The wavefunction is not an eigenfunction of the linear momentum operator, so we find the expecta- 
tion value for linear momentum with eqn 7.37. 



00= J 



y*p x yfdx [7.37]= TV 2 



le-^dx 

i ax 



= -2aN 2 \ - 



xe~ 2ax2 dx 



The integrand of the above integral is an odd function so, when it is integrated around its centre of 
symmetry at x = 0, the integral equals zero. Thus, (p x ) = [oj 

The normalized ground-state hydrogenic atom (a one-electron atom of atomic number Z) is a gen- 
eralization of the wavefunction of text Example 7.4: 

The expectation values are best evaluated using the spherical coordinates (r,B,<j>) for which 0 < r < «=, 
0 < 9 < n , and 0 < 0 < 2n. It is helpful to recognize that, when a wavefunction has the separation of 
variables form yirfirf) = R(r) x 0(B) x *(0), the expectation integral of the function fir) over the 
space of all variables is 



(f(r))= /(r)M 2 dr 



■r r r ■ 



/(r) | y I 2 r 2 sin 0 dr d9 dtp [note that dr = r 2 sin 0 dr d0 d0] 



r 2 f(r) x (^(r) x 0(0) x 4>(0)) 2 sin 6 dr d0 dtp 

r=0 J e=oJ 0=0 

r 2 f(r) x tf(r) 2 dr x sin(0) x 6>(0) 2 d0 x #(0) 2 d0 

r=0 J 0=0 J 0=0 

In the special case of the ground state of the hydrogenic atom for which 0(0) = 1, &(<p) = 1 and 
R(r) = ¥ (r): 



f2n 



sin(0) x 0(8) 2 dB x 



&(<py-d<t> = 



o=0 



sin(0)d0 x d^ 

=[-cose]; =o x[^ 

= 4tc 
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and the expectation integral of f(r) is 
</(/•)) = 4n r 2 f(r) x R(r) 2 dr = 4% 



r 2 f(r) x y/(r) 2 dr 



(a) The Coulomb potential energy of interaction between the hydrogenic electron and the nucleus 

Ze 2 

of charge +Ze is V(r) = . The mean potential energy of the interaction is given by the expec- 

4ne Q r 

tation value of V(r). 



(V) = 4% r 2 V(r) x w {rfdr 

J r=0 



Z V \ f 



^ 7ie 0 ao J} 



1 



f 1 ~\ 



X = r/a Q ; use the standard integral 



r 



X"e- ax dx = n\/a n+] 



4Z 2 



Z 2 e 2 



4Tte 0 a 0 



(b) The kinetic energy operator for the hydrogenic electron is the sum of the kinetic energy opera- 
tors (see eqn 7.3 1) in the x, y, and z directions. 



h 2 

£ k =£ M +£ k , y +£ k>s =-— V 2 , where V 2 = 



ax 2 



3y 2 



3r 2 



The operator V 2 is called the Laplacian and, when written in spherical polar coordinates, it has the 
form (see a mathematics textbook): 



V 2 = 



i a 



i a 



sin0- 



i a 2 



r 2 dr{ dr) r 2 sin0 30^ dd ) r 2 sin 2 0 30 2 
Luckily, when the Laplacian operates on a function of r alone, the last two terms vanish because 

<VW =0 and M.o 



de 

Consequently, 



30 



i a 



r 2 dry dr 

, \l/2 

z 3 ^ 



v>M - ~T"T~ r 2 — W(r) = —I 2r— + r 2 — U(r) = - 2 — + r— V (r) 



3r dr 2 



iL a 



™o J 



r Z 3 V' 2 1 ( 3e- Zr/a o a 2 e- ZWa <> ^ 



-2 



dr 



+ r- 



dr 2 



z 3 r 2 ir-2z 



nal) ry a Q 



-I -2e -ZWao + — re" 2r/a ° 
tf 0 
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The above relationship is useful when evaluating the expectation value of E k . 



r=0 



2%h 2 



ml) 



r=0 



Zrla o > X 



nag 



T\( Z S\ 

- \-2e- Zrla » + — re- ZWa ° >dr 
J r K *o )\ 



2h 2 Z A 



-2re- 2Zrla * + — r 2 t~ 1Zrlaa 



dr [substitute % = r/a Q ] 



2% 2 Z* 



(-2xe- 2Zx +Zx 2 e- 2Zx )dx 



use the standard integral %"e~ ax dx = nl/a n+] 



2h 2 Z 4 



2 1 



4Z 2 4Z 2 



h 2 z 7 



2m t al 



P7.28 For the hermitian operator Q: (£2 2 ) = \y*Q 2 ydx = jw*Q(£ty)d<u = { J(iV)**VdT}* [7.33] 

The integrand on the far right is a function times its complex conjugate, which must always be a 
real, positive number. When this type of integrand is integrated over real space, the result is always 
a real, positive number. Thus, the expectation value of the square of a hermitian operator is always 
positive. 



Solutions to applications: nanoscience, environmental science, and astrophysics 

The wavelength A max at which the spectral distribution of the sun is a maximum is nicely estimated 
with Wien's law (see Problem 7.14) 

he _.. , , , (6.626 xlO- 34 J s)x (2.998 xl0 8 ms-') 

Kax = —, — [Wien's law] = '— - — ■ - 

5^7" J 5 x (1.381 xlO- 23 JK-')x (5800 K) 

= 4.96xl0" 7 m = 



496 nm, blue-green 



We begin by reviewing the Stefan-Boltzmann law, derived in Problem 7.13, that relates the total 
energy density £of black-body radiation to the temperature Toi the body: 



p(X)dX = Snhc 



dl (4 



[7.8]= - \<jT a 



2n 5 k* 

where a = ——■ = 5.67 1 x 10" 8 W nr 2 is the Stefan-Boltzmann constant. 
15/i 3 c 2 

The power emitted by a region of surface divided by the area of the surface is called the exci- 
tance M and it can be shown (though it is difficult) that according to the Stefan-Boltzmann 
law: M = ±'L = oT 4 . 
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Let 7 solar (= 343 W nr 2 ) be the solar energy flux at the top of the Earth's atmosphere and let a 
(- 0.30) be the albedo, the fraction of the solar flux that is reflected back into space by the 
Earth or the atmosphere. The solar energy absorbed by the Earth is (1 - a)/ s0]ar . The radiation 
energy emitted by the Earth is the Earth's excitance. Since the average temperature of the 
Earth changes but little over tens of thousands of years or more, we surmise that there is 
a steady-state balance between the energy absorbed by the Earth and the radiation energy 
emitted (and lost into space) by the Earth. That is 



(i- fl )/ S0lar =(7r 



T = 



(1 - tfVsokr 



(l-0.30)(343Wm- 2 ) 
5.671 xlO" 8 Wm- 2 K^ 



255 Korl8°C 



Wien's law, which is derived in Problem 7.12, relates the temperature to the wavelength of the most 
intense radiation 



■^max 



he (6.626 x 10- 34 J s) x (2.998 xlQ 8 ms ') 



5kT 5x(1.381xl0- 23 JK-')x(255 K) 



11 |j.m 



P7.34 See Problem 7.27 for the free-particle superposition of cos(wx) functions where the quantum num- 
ber n can take on the values 1, 2, 3, ... , etc. The particle of the current problem, an electron, is not 
entirely free. It is trapped in a nanotube of length L. The diameter of the nanotube is about 1 nm 
and we will take the length to be about 1 um. Since the diameter is very much smaller than the 
length, the problem is conveniently approximated as involving motion in one dimension only. That 
is, there is a 100% probability that the electron is between x = 0 and x = L, where the coordinate x 
starts at one end of the nanotube. 

It is possible to construct a superposition of cosine functions but it is somewhat more convenient 
to choose the option of superpositioning sine functions. The two functions differ by a phase, 
sin 6 - cos(0 - Ji/2), and the choice of sine function allows us to satisfy the boundary conditions on 
the trapped electron without the necessity of incorporating a non-zero phase. The wavefunction of the 
trapped electron must equal zero at the two boundaries so we guess that acceptable wavefunctions 
have the form Nx sin(ax), where a is a constant that is determined by the boundary conditions and 
N is a constant determined by the normalization of the wavefunction to a probability of 1 within 
the nanotube. Since sin(0) = 0, the state N x sin(ax) satisfies the boundary condition at x = 0. 
The function will satisfy the boundary condition at the other end of the nanotube provided that 
sin(aL) = 0 and this equality is satisfied provided that a = rmIL, where n = 1, 2, 3, .. . The quantum 
number n appears, as always, because of the restrictions of boundary conditions! The normalization 
constant is 



" L 

S = I sin 2 

0 



dx = 



4nn 



-sin 



2rmx | 



N= 



UJ 



Thus, the normalized wavefunctions are y„(x) = 



- 



sm 



|, where n = 1, 2, 3, . . 
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(These wavefunction will be studied extensively in Section 8.1 : A particle in a box.) 

It is well worth the time to examine these wavefunctions so we have developed the following Mathcad 
worksheet to show that they are normalized and that wavefunctions of different quantum numbers 
are orthogonal. Useful expectation values are also reported. 



Normality check: j i|j(2,x,L) 2 dx = 1 
[ L 

Orthogonality check: ip(2,x,L) -i|K5 ) x ) L)dx = 0 



Expectationofx: j x^(n,x,L) 2 dx^ ^sirHn^n^^n^L-r^-n-L-n-s^-n-n) 
Expectation of x 2 : 

f' xMitfn.x^dx 3 ' L 2, sin(2 • n • n) + 4 • tt^L 2 - n 3 - 6 • n 2 -L 2 - n 2 sin(2 n n) - 6 • n -L 2 - n >cos(2 • n - n) 
Jo ' 12-rr 3 n 3 

Expectation of first derivative: j qi(n,x,L) • ^v(n J x,L)jdx ^£ 



n) 2 



Expectation of second derivative: J"" gj(n,x,L) • ^(n,x,L)dx -» "^^-2'"^ 



The above section of the worksheet reveals that, because sin(integer x n) = 0, expectation values of 
the «th state include 

(x) n =L/2, <x 2 >„ = {j-^(«7u)- 2 }L 2 , (d/dx)„=0, and <d W>„ = -{nnlLf 
and, since p x = (ft/i) x (d/dx) [7.29], 

Neither the mean position, nor the mean momentum, of the «th state depend on n. Before we exam- 
ine superpositions of these states, we need to check that the Heisenberg uncertainty principle, 

Aft, Ax = {(pi) - (p x ) 2 } V2 {(x 2 ) - (x) 2 } 1 ' 2 > yft P-39], 
is satisfied and we must also take a careful look at the dependency of y/„ on x. 

The product (Ap x Ax)JH equals 0.57, 1.67, 2.63, and 3.56, respectively, for the states n equals 1, 2, 3, 
and 4, which demonstrates that the Heisenberg uncertainty principle is satisfied. 
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Mathcad plots of the wavefunctions for n equals 1 , 2, and 3 are presented in Figure 7.1. They show 
a progressive increase in their curvature so we immediately conclude that the higher the value of n, 
the greater the energy of the state. Furthermore, they show a particular type of symmetry around 

the point x = L/2, the centre of symmetry in this exercise. If you compare the value of y/ n I y + 8 



with the value of yr„ \ — - 6 



, where 6 is any length, you will find that yr„ 



H=HH for 



odd values of n and y„ j y + s I = ~¥« 



S for even values of n. When the sign of the equality 

. ^ ) 

is positive under this so-called inversion operation through the centre of symmetry, the wavefunc- 
tion is said to have either even parity or gerade symmetry. When the sign of the equality is negative 
under the inversion operation, the wavefunction is said to have either odd parity or ungerade sym- 
metry. Odd-numbered eigenstates have gerade symmetry while even-numbered eigenstates have 
ungerade symmetry. 



y/(\,x,L)- l<r 3 -m 0 - 5 
y/(2,x,L)- 10 _3 m 0 - 5 o 
y(3, x, L) ■ 10 -3 ■ m 0 5 




-1 - 



2 I i i i 1 1 

0 0.2 0.4 0.6 0.8 

x 
L 

Figure 7.1 

This eigenstate property of gerade or ungerade symmetry has arisen because of the conditions 
imposed by the boundary conditions, conditions that must also be satisfied by a wavefunction *¥, 
that is a superposition of r eigenstates, each of which has the form y/„. However, to satisfy the parity 
requirement *F r must be a superposition of either gerade eigenstates alone (those with odd values of 
n) or ungerade eigenstates alone (those with even values of «). This will provide f r with a unique 
gerade or ungerade symmetry. The following is a section of the Mathcad worksheet for the study of 
gerade superpositions in which the electron has an equal probability of being found in any one of 
the eigenstates of the superposition because the coefficient of the eigenstates are equal. The factor 
(l/r) 1/2 is the normalization constant for the superposition of r eigenstates and the probability that 
the electron will be found in a particular eigenstate is Mr. 
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i4J(r,x,L):=^J • j><2-n-tx,L) Normality check: | U»(5 f x,L) 2 dx = 1 

Nanotube length: L:= 1 -lO^-m Axis range: x := 0,0.001 -L-L 

Mathcad plots of the probability density f 2 are shown in Figure 7.2 for the superposition of 2, 4, 
and 8 eigenstates. Examination of the probability density plots reveals that, when the superposition 
has few terms, the particle position is ill-defined. There is a great uncertainty in knowledge of posi- 
tion. When many terms are added to the superposition, the uncertainty narrows to a narrow space 
at each end of the nanotube (x = 0 and x = L). When the electron state is the superposition of a great 
many eigenstates, there is a probabilty of y that a measurement will find the electron at an end of 
the nanotube! 



10 



V(2,x,L) 2 - 10 _6 -m 6 
V(A,x,lf- 10r 6 -m 
4*(8, jc, L) 2 ■ 10~ 6 • m 4 




Figure 7.2 

The plot of probability density against position clearly indicates that the superposition is symmetrical 
around the centre of symmetry, i.e. at the point x = L/2. Consequently, the expectation position for 
all superpositions is x = JU2. The expectation value for position is independent of the number of 
terms in the superposition. 

The square root of the expectation value of x 2 is called the root-mean-square value of x, x rms . 
It depends on the number of terms in the superposition, r, so we write it as a function of r, x rms (r): 



xUr) = (x 2 )= [ x 2 \ ¥r \ 2 dx = -±± 

{ 



1 r r 

r p=\q=\ 



where I pq - | x 2 yf 2p ^ 2 ^i dx = —\ x 2 sin {(2p - l)izx/L} sin {(2q - \)%xlL}dx 
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The above double summation over p=\,2, ... ,r and q = 1 , 2, . . . , r can be placed into summations 
that reduce the possibility of term omission. This is accomplished by imagining the double sum 

r t 

XX^w to *> e arranged into rows such that the first row consists terms for which p = 1 and succes- 

sive terms in the row have q=\,2, ... ,r. The second row consists of terms for which p = 2 and suc- 
cessive terms in the row have q — 1,2, ... , r. The last row consists of terms for which p = r and 

successive terms in the row have q = 1 , 2 r. This 'matrix' of elements consists of a diagonal and 

two off-diagonal triangular areas ... an upper triangular area that is above the diagonal and a lower 
triangular area that lies below the diagonal. The above definition of l pq shows that there is no change 
when q is interchanged with p. Consequently, I pq = 1^ and the sum of terms in the lower triangle 
equals the sum of terms in the upper triangular. These observations prompt a rearrangement of the 
double sum into a sum of diagonal elements plus twice the sum of terms in the upper triangle. 

1 



*Ur) = - 1^ + 22 S^, 



p=\ q=p+l 



8(2/7-1X24-1) 



\ 2n\2p -\f~ 3 f 
rj£j 6K\2p-lf j %£ +] {KH(2p-iy--(2q-\TY 

The Figure 7.3 Mathcad plot of x m against r (where £ ms is denned to equal x^/L) indicates that 
this expectation value depends on the number of terms in the superposition. Moreover, as r 

approaches infinity, x ims approaches >/2L/2. 



0.75 



Xms (r) 0.65 - 




0.55 



Figure 7.3 

In the limit of an infinite number of superpositioned eigenfunctions the uncertainty in the electron 
position is 



Ajc={<jc 2 )-<x) 2 }" 2 H 







(L) 


{{>] 
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Quantum theory: 
techniques and 
applications 



Answers to discussion questions 

The correspondence principle (Section 8. 1) states that in the limit of very large quantum numbers 
quantum mechanics merges with classical mechanics. The harmonic oscillator provides an example. 
A classical harmonic oscillator's range of motion is restricted by classical turning points, which are 
determined by the oscillator's total energy; that energy can take on any real positive value. By con- 
trast, a quantum harmonic oscillator can tunnel past classical turning points into the classically 
forbidden region with a non-zero probability. The total energy of a quantum harmonic oscillator is 
quantized; not every real positive value is allowed. At high quantum numbers, the probability of 
tunnelling beyond the classical turning points falls (approaching the zero probability of classical 
harmonic oscillators). Furthermore, the most likely place to find the oscillator is near the classical 
turning points. (This is true of the classical oscillator as well: because the speed of the oscillator 
vanishes at the turning points, the oscillator spends more time near the turning points than else- 
where in its range.) See Figure 8.23, particularly for v = 20, to see the probability distribution for 
large v approach the classical picture. Finally, although the spacing between discrete allowed energy 
levels is the same size at large quantum numbers as at small ones, that spacing is a smaller fraction 
of total energy at large quantum numbers; in that sense, the allowed energy levels are more nearly 
continuous at large quantum numbers than small. 

The physical origin of tunnelling is related to the probability density of the particle, which accord- 
ing to the Born interpretation is the square of the wavefunction that represents the particle. This 
interpretation requires that the wavefunction of the system be everywhere continuous, even at bar- 
riers. Therefore, if the wavefunction is non-zero on one side of a barrier it must be non-zero on the 
other side of the barrier and this implies that the particle has tunnelled through the barrier. The 
transmission probability depends on the mass of the particle (specifically m m , through eqns 8.15 
and 8. 1 9): the greater the mass the smaller the probability of tunnelling. Electrons and protons have 
small masses, molecular groups large masses; therefore, tunnelling effects are more observable in 
process involving electrons and protons. 

Macroscopic synthesis and material development always contains elements of molecular random- 
ness. Crystal structures are never perfect. A product of organic synthesis is never absolutely free of 
impurities, although impurities may be at a level that is lower than measurement techniques make 
possible. Alloys are grainy and slightly non-homogeneous within any particular grain. Furthermore, 
the random distribution of atomic/molecular positions and orientations within, and between, 
macroscopic objects causes the conversion of energy to non-useful heat during manufacturing 
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processes. Production efficiencies are difficult to improve. Nanometre technology on the 1 nm to 
100 nm scale may resolve many of these problems. Self-organization and production processes by 
nanoparticles and nanomachines may be able to exclude impurities and greatly improve homo- 
geneity by effective examination and selection of each atom/molecule during nanosynthesis and 
nanoproduction processes. Higher efficiencies of energy usage may be achievable as nanomachines 
produce idealized materials at the smaller sizes and pass their products to larger nanomachines for 
production of larger-scale materials. 

The directed, non-random, use of atoms and molecules by nanotechniques holds the promise for 
the production of smaller transistors and wires for the electronics and computer industries. Unusual 
material strengths, optical properties, magnetic properties, and catalytic properties may be achiev- 
able. Higher efficiencies of photo-electronic conversion would be a boon to mankind. There is hope 
that science will devise nanoparticles that destroy pathogens and repair tissues. See Impact 8.1 for 
discussion of nano-quantum dots that have unusual optical and magnetic properties. See Impact 
8.2 for discussion of scanning probe microscopy, a technology for the examination of atom posi- 
tions on a macroscopic surface and for positioning atoms on a surface. 



E8.1(b) 



Solutions to exercises 

n 2 h 2 



E = 

h 1 



8m e L 2 



[8.4a] 



(6.626 xlO" 34 J s) 2 



= 2.68 x 10 20 J 



8m e L 2 8(9.109 x 10" 31 kg) x (1.50 x 10~ 9 m) 2 
The conversion factors required are 

1 eV = 1 .602 x 10' 9 J; 1 cm" 1 = 1 .986 x 10" 23 J; 1 eV = 96.485 kJ mol" ] 

(a) £ 3 -£, = (9-1)-^- = 8(2.68 xlO- 20 J) 
8m<X 2 



2.14 xlO 19 J 




1.34 eV 




1.08 xlO 4 cm" 1 




129 kJ mol" 1 


h 1 

(49 - 36 W> = 


= 13(2.68 xlO" 20 J) 






3.48xlO" 19 J 




2.17 eV 




1.75 xlO 4 cm" 1 




210kJmol- 1 



E8.2(b) The wavefunctions are 



The required probability is 



P = 



y/ *\j/dx = — 



sin- 



Y rmx\ , 2Ax . A nnx 

ax « sur 

[L ) L { L 
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where Ax = 0.02 L and the function is evaluated at x = 0.66 L. 
2(0.02L) 



(a) For « = 1 P = 

(b) Forn = 2 P = 



L 

2(0.02L) . , 



sin 2 (0.66*) = 0.031 



sin 2 [2(0.66*)] = 



0.029 



E8.3(b) The expectation value is 
ip) = JV*j?ydx 
but first we need py/ 



PV = -ti-r- 
dx 



f2f . (> 
— s 



sin 



nitx \ .J l\ nn ( mix 
__ js-lfl — | —cos | — 



# 2 « 2 

and (p 2 > - 2m{H) - 2mE„ = — — for all n. 

ALr 



So, for n - 2 
(P 2 ) = 



E8.4{b) The wavefunction is 





f ■ 


wrx^l 


a 













- [8.4b] 



Hence, (x) = i/^xydx = — 
J ^ j 

An integral table gives 



xsin 2 

o 



nnx 



dx 



I 



. , , x 2 xsin2ax cos2ax 

xsnr axdx = — — - — 

4 4<2 8a 2 



so <x> = — 



x 2 Lx . f 2nnx^\ L 2 ( 2nnx\ 

sin -cos 

4 Ann { L J %(nn) 2 { L J 



for all n. 



2 [ L , . (wrxV 
<x 2 > = — x-sin 2 dx 
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An integral table gives 



x 2 sin 2 axdx = — — 

6 { 4a %a } 



sin2ax- 



xcoslax 



so (x 2 ) = j 



Lx 2 D 
6 I Ann (Innf 



sin 



4a 2 



L 2 x 
(Inn) 2 



-cos 



2nnx\ 



2 V 



= D\\- 1 



L{ 6 (2nn) 2 J 13 2n 2 n 



For« = 2, {x 2 ) = 



3 8;r 2 



E8.5(b) The zero-point energy is the ground-state energy, that is, with n x = n y = n z = 1 : 

(« 2 + n 2 + n 2 )/i 2 r „ , , , . 3/i 2 

£ = 1-5 1 - 8.1 lb with equal lengths] = - — - 

8mZ? 8mL 2 

Set this equal to the rest energy mc 2 and solve for L: 



mc- 



3h 2 
%mL 2 



so L = 



8 mc 8 1 



where X c is the Compton wavelength of a particle of mass m. 



E8.6(b) 



W5=\j-\ sin 



/'i '. i ••• wi "•- sin 2 1 



Maxima and minima in correspond to ^ = 0 



d x dy/ 2 . f 5tex | [ 5?o: 1 

— P(x) oc— r — ocsin cos ~sin 

dx } dx { L ) { L 1 



f lOrcx 



[2sinacosa = sin 2a] 



Now, sin 8 = 0 when 0 = 0, %, 2%, etc. (i.e. when 9 = «'tc, where ri is an integer). 

_ 1 Ottx . _ , ^ . _ 

Thus, — — = hj forn'<10 so x = -j^- 

x = 0 and jc = L are minima. Maxima and minima alternate, so maxima correspond to 
ri=\, 3 S 5, 7, 9, so x = 



10' 10' 2' 10' 10 
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COMMENT. Maxima in if) 2 correspond to maxima and minima in tp itself, so one can also solve this exercise 
by finding ail points where = 0. 



In the original cubic box 



E x = (n\+n\+n\)x. 



( h 2 > K 



[ZmL 2 j L 2 



= ^r, K = (n 2 +n 2 +n 2 )x — 



h 1 \ 



8m 



In the smaller cubic box 
K 



(0.9Z,) 



2 ' 



Hence " = # ok" 11 - 



and the relative change is 

— = — !— - 1 = 0.235 = 
E (0.9) 2 



23.5% 



E - \kT is the average translational energy of a gaseous molecule (see Chapter 17). 



E = jkT = 



{n\+ n\+ n\)h 2 n 2 h 2 



so n = 



8mL 2 
(\2kTm) y2 L 



8mL 2 



Before we evaluate this expression, we need the mass of a nitrogen molecule: 
2 x 14.01 x 10" 3 kg mol 1 



m = 



Now, n = 



= 4.653 xlO" 26 kg 
6.022 xl0 23 moH & 

(12 x 1.381 x 10- 23 J K- 1 x 300 K x 4.653 x 10" 26 kg) 1/2 x 1.00 m 



6.626 x 10~ 34 J s 
The difference between neighbouring levels is 

{(n + \f-n 2 }h 2 (2« + l)/i 2 



7.26 x 10 10 



So here, 



8ml 2 



%mL 2 



AE = 



(2 x 7.26 x 10'° + 1) x (6.626 x 10 -34 J s) 2 



8 x 4.653 x 10- 26 kg x (1 .00 m) 2 
The de Broglie wavelength is obtained from 

p mv 



1.71xl0" 3! J 
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The velocity is obtained from 

£ It =}m I ; 2 =f^ = {(1.381xiO- 23 JK- 1 )x(300 K) = 6.21 x 10 -21 J 

,2£ K Y' 2 f2x6.21xlO- 21 jY' 2 
So, v = \ — -[ =|— ~ — I = 517 ms" 1 



and k = 



m j ^ 4.653 x 10" 26 kg 

6.626 x 10 34 J s 
(4.653 xl0" 26 kg)x (517 ms 1 ) 



= 2.76xl0- n m = 



27.6 pm 



COMMENT. The conclusion to be drawn from all of these calculations is that the translation^ motion of the 
nitrogen molecule can be described classically. The energy of the molecule is essentially continuous, 

AE . 
— «<1 



E8.9(b) 



Tuo. = | | [*--'*] 



The zero-point energy corresponds to v ~ 0, hence 

Eo = ^a> = U ^\ - {(1.0546 x 10~ 34 J s) x f 285 N m "' 



m 



5.16xl0" 26 kg 



3.92 xlO" 21 J 



E8.10(b) The difference in adjacent energy levels is 



AE = E^ -E v =ha) [8.25] = ft j \ [8.24] 



so k[= H<^L = gjiiij^ y™*}**" ^260kgs- 2 = 



h 2 



(1.0546xl0- 34 Js) 2 



260 N m" 



E8.1 1 (b) The requirement for a transition to occur is that AiT(system) = £(photon), 

he 

so A£(system) = hco [8.25] = ^(photon) = hv = — 



he ha ( h \ ( k ( , 
Therefore- = ^= ^ U -| [8 . 24 ] 



, „ (™T .onno ,a« „ Tl5.9949x 1.6605 xl0" 27 kg 
X = 2n \k;) = ilK) X (Z " 8 X 10 m 8 } X [ 544 Nm-' 



1/2 



= 1.32xl0- s m = 13.2 urn 



E8.12(b) The frequency of a harmonic oscillator is 



O) — 



m 
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'H (H) and 3 H (T) are isotopes, so we expect that the force constant is the same in H 2 and T 2 . They 
differ in mass, so the frequencies are inversely proportional to the square root of the mass: 



( _ \ 



But the mass is not the mass of the molecule. We need a result from Chapter 12 to incorporate the 
mass (eqn 12.32). The appropriate mass for the oscillation of a diatomic molecule is 

m efr = — ■ = — [m x =m 2 = m] 

m ] + ra 2 2 



_ „ m 1.0078 x (1.6605 xlO" 37 kg) 

For H 2 : m tST - — ~ 

_ _ m 3.0160 x (1.6605 x 10" 27 kg) 

ForT 2 : m cir = — = 



8.3673 xlO" 28 kg 



2.5040 xlO" 27 kg 



£%= 131.9 THzx 



8.3673 xlO- 28 kg 
2.5040 xlO" 27 kg 







r- 


76.2 THz 



E8. 13(b) AE = fio) = hv 

(a) AE = hv = (6.626 x 10~ 34 J Hz" ! ) x (33 x 10 3 Hz) = 



2.2 xlO" 29 J 



(b) For a two-particle oscillator m efr , replaces m in the expression for <o. (See Chapter 12 for a more 
complete discussion of the vibration of a diatomic molecule.) 

. 1/2 / ^ . N l/2 



AE = ho) = h\ — | [8.24] = n 



The last equality uses eqn 12.32 for two equal masses, as in Exercise 8.12(b). 

(2)x(1177Nm- 1 ) 



A£ = (1.055 xlO- 34 Js)x 



1^(16.00) x (1.6605 xlO" 27 kg) 







)"■ 


3.14xlO- 20 J 



E8.14(b) The first excited-state wavefunction has the form 
¥] = 2N ]ye xp(-±/-)[8.30] 



where iVj is a collection of constants and y = x i^jj- j • To see ^ il satisfies the Schrodinger equation, 
we apply the energy operator to this function 

* ft d> , , , 
^ = -2^d^ + ^ XV 

We need derivatives of y 

A\ff dy/ dy ( 



dx dy dx ^ ti 



— (2^)x(l-y 2 )xexp(-{v 2 ) 
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_ n 2 



So, /ty = -f- x — - x (y 2 - 3ty + ±ma> 2 x 2 y/ 
2m y Ti J 

= -\Tito x(y 2 -3)xy/ + \n(oy 2 y = \h<oy 
Thus, iff is a solution the Schrddinger equation with energy eigenvalue E = |S<u. 



E8.15(b) The harmonic oscillator wavefunctions have the form 

y/ v (x) = N v H v (y)exp(~±y 2 ) with y = - and a = 



a 



The exponential function approaches zero only as x approaches ±c°, so the nodes of the wavefunc- 
tion are the nodes of the Hermite polynomials. 

H 5 ( y) = 32y 5 - 160y 3 + 120y = 0 [Table 8.1] = 8y(4y 4 - 20y 2 + 1 5) 

So, one solution is y = 0, which leads to x = 0. The other factor can be made into a quadratic equa- 
tion by letting z-y 1 

4z 2 -20z+15 = 0 



-b ± Jb 2 -4ac 20 ± J20 2 -4x4xl5 5 ± VlO 

so z = 2 = 2 = 

2a 2x4 2 

Evaluating the result numerically yields z - 0.92 or 4.08, so y = ±0.96 or ±2.02. Therefore 



x = 



0, ±0.96a, or ±2.02a 



COMMENT. Numerical values could also be obtained graphically by plotting H s (y). 

E8. 16(b) The most probable displacements are the values of x that maximize y/ 1 . As noted in Exercise 8 .6(b), 
maxima in y/ 2 correspond to maxima and minima in y itself, so one can solve this exercise by finding 

all points where — - 0. From eqn 8.27 and Table 8.1, the wavefunction is 
dx 

X [ ti 2 



¥ i(x) = N,H 3 {y)exp(-±y 2 ) with j = - ? a = |^— J , and H 3 (y) = 8y 3 - I2y 

= TT^ = ~« 2 V- 12) ex P (-iy 2 ) - (8y 3 - Uy)y exp(-jy 2 )} = 0 
dx ax ay a 

Dividing through by constants and the exponential functions yields 

-8y 4 + 36y 2 -~12 = 0 
Letting z = y 2 (and dividing through by -4) yields the quadratic equation 

2z 2 -9z + 3 = 0 

~b±Jb 2 -4ac 9±J9 2 -2 x 3x4 9±v / 57 
S ° Z = Ya = 2x2 
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Evaluating the result numerically yields z = 4.14 or 0.363, so v = ±2.03 or ±0.602, therefore 

.x = 



0, ±2.03a, or ±0.602a 



8.1 7(b) The zero-point energy is 



£ 0 = 1^[8.26] = | — | [8.24] 
2 2 I m eff 



= 14.0031 x (1.6605 x 10 27 kg)/2 = 1. 1626 x 10 26 kg 



1.0546 xlO- 34 J s 



2293.8 N nr 1 
1.1626 xlO 26 kg 



2.3422 xlO- 20 J 



B.1 8(b) Orthogonality requires that 
J V r> n dr = 0[7.34] 
if m^n. 

Performing the integration 



C2k 



If m * n, then 



I 



N 2 



N 2 



i(n - m) 
Therefore, they are orthogonal 



i(n — m) 



(1-1) = 0 



8.19(b) The energy levels of a particle on a ring are given by eqn 8.38a: 

We set this quantity equal to the classical energy and solve for | m,\: 

„ mjfi 2 kT 

E = = so 

2mr 2 2 



\m,\ = 



r(kTm) m 



(100 x 10-' 2 m) x {(1.381 x 1 Q~ 2? J K~') x (298 K) x (1.6726 x 1Q- 27 kg)} 1 

1.0546 xlO 34 J s 



2.49 



Of course, m, must be an integer, so m, = ±2 is the closest energy level. 

COMMENT. The correspondence principle (Section 8.1) states that quantum systems behave classically in 
the limit of large quantum numbers. One manifestation of classical behaviour is the smallness of excitation 
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energies compared to typical system energies, which makes system energies appear to take on a continuum 
of values rather than a set of discrete values. The system in this exercise is not nearly as classical as the one 
described in Exercise 8.8(b), but it is much more classical than that of part (b) in Exercise 8.13(b). 

E8.20(b) In Chapter 12, we will see that the results on rotational motion developed in this chapter apply 
to rigid rotors of various shapes, not just to point masses. So, we can use the quantum expression 
for angular momentum, J z = m,%, and set it equal to the classical expression, J z = Im = mr 2 (ol2. 
Solving for m, yields 

_ mr 2 (o _ mr 2 nv _ (0.130 kg) x (15 x 1Q- 2 m) 2 x n x 33 min- 1 1 mm 
m '~ 2h ~ H 1.0546 x 1 0^ 34 J s X 60s 

= 4.8 x 10 31 



E8.21(b) In Chapter 12, we will see that the results on rotational motion developed in this chapter apply 
to rigid rotors of various shapes, not just to point masses. The rotor in this case is not a disk-like 
object (as in Exercise 8.20(b)), so we use results derived for rotation in three dimensions. The energy 
levels are 

*-*±JSl. 1.0. 1,2,. ..[8.53] 

The minimum energy to start it rotating is the minimum excitation energy, the energy to take it from 
the motionless / = 0 to the rotating / = 1 state: 



AE = E { = 



lx2 x(1.0546xlQ- 34 Js) 2 
2x(3.07xl0~ 45 kg m 2 ) 



3.62 x 10" 24 J 



E8.22(b) The energy levels are 



Em «L&L t /=0 , li2 ,... [8 . 53] 

So, the excitation energy is 

(3 x 4 - 2 x 3) x (1.0546 xlQ- 34 J s) 2 



AE = E 2 -E { = 



2x(3.07xl0" 45 kg m 2 ) 



1.09 xlO" 23 J 



E8.23(b) The energy levels are 
l(l + \)Jl 2 



E = 



21 



/ = 0, 1,2, ...[8.53] 



So, the minimum energy allowed for this system is zero — but that corresponds to rest, not rotation. 
So, the minimum energy of rotation occurs for the state that has / = 1 . The angular momentum in 
that state is 



J = {1(1 + \)} m h [8.54a] = 2 ll2 h = 2\ x (1.0546 x 10" 34 J s) = 1.49xlQ- 34 Js 



COMMENT. Note that the moment of inertia does not enter into the result. Thus, the minimum angular momentum 
is the same for a molecule of CH 4 as for a molecule of Cgo as for a football. 
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.24(b) The cones are constructed as described in Section 8.7(d) and Figure 8.37(b) of the text; their edges 
are of length {6(6 + 1)} 1/2 = 6.48 and their projections are m y = +6, +5, . . -6. See Figure 8. 1(a). 

The vectors follow, in units of %. From the highest-pointing to the lowest-pointing vectors (Figure 
8.1(b)), the values of m, are 6, 5, 4, 3, 2, 1, 0, -1, -2, -3, -4, -5, and -6. 




Figure 8.1(a) & (b) 



Solutions to problems 

Solutions to numerical problems 

[8.24] 



co = 



Also, (o = 2nv = = 2itcv 
X 

Therefore, k { = <y 2 m efT = 4n 2 c 2 v 2 m f . ff = — -. 

m, + m 1 

We draw up the following table using isotope masses from the data section: 





•H^Cl 


l H 81 fir 


1 H 127T 


12 C 16 0 


14 N 16 0 


v/irr 1 


299000 


265000 


231000 


217000 


190400 


10 27 m,/kg 


1.6735 


1.6735 


1.6735 


19.926 


23.253 


10 27 /M 2 /kg 


58.066 


134.36 


210.72 


26.560 


26.560 


it/(Nm-') 


516 


412 


314 


1902 


1595 



Therefore, the order of stiffness, is HI < HBr < HC1 < NO < CO 
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P8.4 



/(/ + l)x(1.055 x!0- 34 Js) 2 



1 1 

+ 



(2)x(1.6605 x 10- 27 kg) x (160x1 0- ,2 m) 2 J \ 1.008 126.90 
Therefore, 

£=/(/ + l)x (1.31 x 10" 22 J) 
The energies may be expressed in terms of equivalent frequencies with 

v -^ = (1.509xl0 33 J- 1 s 1 )£ 



Hence, the energies and equivalent frequencies are 



/ 



10 22 £7J 
v/GHz 



151 
o 



2.62 



396 



7.86 



15.72 



1188 



2376 



P8.6 Mathematical software can animate the real part or the imaginary part of f (x,t), or you may wish 
to have it display | W(x,t) | 2 . Try a 'pure' state, that is, let c = 1 for one value of m, and 0 for all others. 
This 'packet' does not spread; in fact, | Y(x,t) | 2 does not change, which is one reason why pure states 
are sometimes called stationary states. Also, try making all the coefficients in the sum equal (all 1 , 
for example). Whatever your choice of coefficients, the pattern will repeat with a period T that 
makes all the time-dependent factors equal to the exponential of (2;ri x an integer). Because the 
energy is 

E v =ti(o(v + j), 
then, the exponent is equal to 2^i x an integer when 



\E v t \hoi(v + \)t . . 
— — = — = 2mx integer, so T = 



2tc 



An 



(v + \) co(2v + 1) 

Thus, a component of the packet returns to its initial value when t = T and at intervals of T there- 

Ak 

after. For a harmonic oscillator, T = — is the period for the ground state and it is a period for any 

Ait ^ An 

other state (because — is an integral multiple of ^ for all positive integers v. 
0) &>(2v + 1) 

The following figures show the evolution of a wavepacket composed of the first eleven harmonic 
oscillator wavefunctions equally weighted. That is, we have set all coefficients equal to 1 : 

10 

«/=0 

Note: The resulting time-dependent wavefunction is not normalized; however, |f(x,0P is propor- 
tional to the time-dependent probability of finding the oscillator 'at' (x,t). 
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Figure 8.2(a) &(b) 



Figure 8.2(a) is a three-dimensional plot of the evolution of \*F(x,t) | 2 as a function of x and /, and 
Figure 8.2(b) is a contour plot of the same function. In both plots, x is graphed in units of a (i.e. x 
is really xla) and / in units of l/o (i.e. t is really eot). Notice that this wavepacket is fairly localized. 
At time 0 it is most likely found between x = 3 and 4. As the wavepacket moves, it hangs together 
more or less, that is, its height and breadth do not change by much. Notice that the track repeats 
itself after a period of t (or rather cot) = In. 




Figure 8.3(a) & (b) 
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Figure 8.3(c) & (d) 

Figures 8.3(a)-(d) show four snapshots of the wavepacket's spatial distribution, at t = 0, 1 , 4, and 6, 
during which time we can see that the peak moves across the graph and almost all the way back again. 



Solutions to theoretical problems 

P8.8 The text defines the transmission probability and expresses it as the ratio of \A'\ 2 /\A | 2 , where the 
coefficients A and A' are introduced in eqns 8.13 and 8.16. Eqns 8.17 and 8.18 list four equations 
for the six unknown coefficients of the full wavefunction. Once we realize that we can set B' to zero, 
these equations in five unknowns are: 

(a) A+B=C+D 

(b) Ct Kh + De KL = A'e* L 

(c) ikA-ikB = KC-KD 

(d) KCe KL - kDg-* l = ikA'e* 1 

We need A' in terms of A alone, which means we must eliminate B, C, and D. Notice that B appears only 
in eqns (a) and (c). Solving these equations for B and setting the results equal to each other yields: 

„ n . kC kD 

B = C + D-A==A-~— + — 
vc ik 



Solve this equation for C: 

— '1 

ik ) 2Aik + D(K-ik) 



2A + D\ ^--\ 



k k + ik 

iT 1 



Now, note that the desired A' appears only in (b) and (d). Solve these for A' and set them equal: 

A' = e ^(Ce KL + Dq~ kL ) = — — (Ce rL - De~ KL ) 

ik 
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Solve the resulting equation for C, and set it equal to the previously obtained expression for C: 



C = 



( K_ 



(k + ik)De~ 2 « L 2A\k + D(k - ik) 



K - ik 



K + ik 



Solve this resulting equation for D in terms of A: 
(k + \kft~ lKL - (k - ik) 2 _ 2A\k 



so D = 



(k - Uc)(k + ik) 

2Aik(K - ik) 



K + ik' 



(K + ik) 2 e- 2KL -(K-ik) 2 
Substituting this expression back into an expression for C yields: 
2Aik(K + ik)e~ 2KL 

~ (K + lk) 2 Q- 2xL -{K-ik) 2 

Substituting for C and D in the expression for A' yields: 

2Aikz-' dd - 



so 



e~ ikL (Ce KL + De KL ) = 



A' AHoct' 



(K + ik) 2 e- 2 * L -(K-ik) 2 
Aikxt^ 



[(k + ik)Q~ KL + (jc - ik)e~ KL ], 



A (k + ik) 2 e- 2KL -(k- ik) 2 (k + ik) 2 t~ KL -(k- ik) 2 e KL 
The transmission probability is: 



T = 



\A'\ 2 
\A\ 2 



4i£xe~ 



(K + ik) 2 e- KL - (fc - ik) 2 e KL jy(K - \kft~ KL -(k + ik) 2 e 



~4ikKe ikL 



The denominator is worth expanding separately in several steps. It is: 

(*■ + ik) 2 (K - ik) 2 t~ 2 * L -(k- ik) 4 ~(K + ik) 4 + (k - ik) 2 (K + ik) 2 z 2KL 
= (k 2 + k 2 ) 2 (e 2 * L + e~ lKL ) - (k 2 - 2vck - k 2 ) 2 - (k 2 + 2mk - k 2 ) 2 
= (K 4 +2K 2 k 2 + k*)(e 2KL +e- 2 « L ) - (2k 4 - \2x 2 k 2 +2k A ) 

If the \ 2K 2 k 2 term were -4xr 2 £ 2 instead, we could collect terms still further (completing the square), 
but of course we must also account for the difference between those quantities, making the 
denominator: 

(k 4 + 2k 2 k 2 + k 4 ){e 2 * L -2 + e~ 2Kl ) + 16k 2 k 2 = (k 2 + k 2 ) 2 (e* L - e" Ki ) 2 + l6K 2 k 2 

So the probability is: 

T _ l6k 2 K 2 

" (k 2 + k 2 ) 2 (e^ - e"* L f + 1 6k 2 k 2 

We are almost there. To get to eqn 8.19a, we invert the expression: 



T = 



( (K 2 +k 2 ) 2 (e KL - e-* L ) 2 +\6K 2 k 2 ) 



l6k 2 K 2 



(K 2 + k 2 ) 2 (e KL -e- KL ) 2 

\6k 2 K 2 



+ 1 
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(k 2 + k 2 V- 

Finally, we try to express - — in terms of a ratio of energies, e = EIV. Eqns 8.13 and 8.15 



k 2 K 2 



define k and k. The factors involving 2, ti, and the mass cancel, leaving k<* (V- E) m and x- « E 112 , so: 



(K 2 +k 2 ) 2 ^ [E + (V-E)f = V 2 1 
k 2 K 2 ~ E{V ~E) ~ E(V - E) e(l - e) ' 

which makes the transmission probability: 



T = 



r (c' L ~ q~ kL ) 2 
^ 16e(l-e) 



+ 1 



If kL » 1, then the negative exponential is negligible compared to the positive, and the 1 inside the 
parentheses is negligible compared to the exponential: 



16e(l-e) 



16e(l - e)e 



-2kL 



P8.10 We assume that the barrier begins at x - 0 and extends in the positive x direction. 



(a) P=\ v/- 2 dr = 



N 2 Q~ 2KX dx = 



N 2 



2 k 



(b) (x) = 



xy 2 dx = N 2 



xe~ 2KX dx 



N 1 



(2k) 2 



N 2 



4k 2 



Question. IsNa, normalization constant? 
P8.12 <£ K >=j y*E K y/dx 

h 2 d 2 



h 2 d 2 



%g> d 2 



2ma 2 dy 2 2 dy 2 ' 



x - ay, a 2 = 



moo 



which implies that 

We then use y/ = NHe~ y2l2 t and obtain 



= N ^L( Hq -^2 } = N{H » _ 2y H> -H + y 2 H}t-y 2 ' 2 
dy 2 dy 2 

From Table 8.1 

H' v '-2yH' v = -2vH v 

y 2 H= y(\H^ + uH^) = \(\H„ 2 + (v + l)H„) + v(\H v + (v- \)H v _ 2 ) 
= \H v+2 +v(v-\)H v ^{v + \)H v 
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d 2 w 

Hence, — ~ = N 

dy 2 



{ ^ 




\v + — 


I 2; 





-y2/2 



Therefore, 



v + ^ \W : | c ' <J [d.x = 



aiV 2 (-{&»){0 + 0 - (v + \)x m 2 v v\} [Hermite polynomials orthogonal] 
1 



1 

v+ 2, 



fico 



, Example 8.3 



C L 



(a) <*> = 



2^ . ( nnx} f 2 Y /2 . ( nnx} , 
— sin x — sin dx = 



x 2 xsin2ax cos2ax 



4a 



8a 2 



' 2 ir -2 j r «*' 

— 1 1 x%m 1 axax\a = — 



= — [by symmetry also] 



<x 2 > 



-I 



L ( 
x 1 sin 2 ax dx = 

o 



( x 2 



I . , xcos2ax 

— sin lax — — 

4a Sa } 4a 2 



2 \ J L 3 D 
" ' L }{ 6 4h 2 * 2 



= D -- 



1 



3 2« 2 7T 2 



Ax = 



L 2 



1 



_n_ 

3 2n V J ~ ~4 



1 



12 2*V 



</?> = 0 [by symmetry, also see Exercise 8.3] 

n 2 /? 2 r? 2 
(p 2 ) = — — [from E - , also Exercise 8.3(b)] 
4L 2 2m 



(n 2 h 2 ^ 


^1/2 


nh 


W\ 




2L 


nh 


xL 


r 1 






X = 2£ 


,12' 



= nh f J_ 



xl/2 
J 



n 

> — 

2 



(b) <x) = 0 [8.32, or by symmetry] 



and (x 2 ) = 



r n 



v + - 



2 j {mkf j 



v Y' 2 

— I [8.32] = 



— [8.24] 
com 
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so Ax = 



2 I com 



(p) = 0 [by symmetry, or by noting that the integrand is an odd function of x] 



and </7 2 > = 2m{E K ) = (2m) x 







f 0 




I- 








V 2j 



x/zra [Problem 8.12] 



so Ap = 



v + — \hoim 
2 



ApAx - 



v + — \ fi > — 
2 J 2 



COMMENT. Both results show a consistency with the uncertainty principle in the form ApAq > — as given in 
Section 7.6, eqn 7.39a. 



P8.16 The turning points in terms of the displacement x are 

2(v + 



= +| ( 2v + W ) [8 24] = ±(2v + l)V2(X [8 273 



(km)'" 2 ) 



In terms of the dimensionless variable y = x/a, y tp = ±{2v + l) m . 

The probability of extension beyond one classical turning point for a harmonic oscillator with 
quantum number v is 



P=\ yldx = aNl\ JHXy)?^dy = -^ 



{H^yc-y'dy 



This expression can be evaluated for an arbitrary integer v. Mathematical software packages such 
as Maple, Mathcad, and Mathematica have the Hermite polynomials built in, so the above expression 
can be entered in a relatively straightforward manner. Here is what it looks like in Mathcad: 



v :- 0^fQ 



N2(v).-=- 



n^v! 



P(Vl^N2(v) 



(Her^g|||p 2 )dy 



The table of results is 

v 0123456789 10 

P(v)% 7.90 5.61 4.79 4.31 3.98 3.73 3.54 3.38 3.25 3.14 3.04 

where P(v) is expressed as a percentage (i.e. as P(v)/100). 
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The points are plotted (as probabilities, not percentages) in Figure 8.4. 



0.08 j 
0.07 - 
0.06- 
0.05 - 
3 o 04 - 
0.03 - 
0.02- 
0.01 - 
0- 














• 








• 






T • < 


■ • i . , 
















i i 1 


i 



V 

Figure 8.4 

COMMENT. P(v) decreases with increasing v, albeit very slowly after the first few states. According to the 
correspondence principle, the quantum result reduces to the classical result in the limit of very high quantum 
numbers. So, the probability of finding a displacement beyond the classical turning point must vanish in the 
limit of very high v. 



As expressed in the problem, the potential energy function assumes that ^ is defined as we would 
expect; that is, 0 = 0 corresponds to an eclipsed conformation. Thus, ^ = 0 is not a stable equilibrium 
point, and small displacements from this point are not harmonic; in fact, 0 = 0 is a position of 
unstable equilibrium, and small displacements from it would grow larger. We must express the 
potential energy in terms of displacements from a stable equilibrium position. One such equilib- 
rium position is the staggered conformation directly opposite <p = 0, namely <p = n. So, let the dis- 
placement x = <f> - k. In terms of x, the potential energy function is V= - V 0 cos 3x. Conventionally, 
the potential energy in harmonic motion is measured with respect to that stable equilibrium posi- 
tion. Note that the potential energy at the stable equilibrium position is V= -V Q . We can redefine 
the potential energy function to measure energy relative to the stable equilibrium by letting 

V'= V 0 + V= V 0 - V 0 cos 3jc = K 0 ( 1 - cos 3x). 

Use the first two terms of the Taylor series expansion of cosine: 



K'=K 0 (1-cos3jc) = F 0 



The Schrodinger equation becomes 

_^ _ + — 2,jcV = Ey [8.40 with a non-zero potential energy] 

21 ax- 2 

This has the form of the Schrodinger equation for the harmonic oscillator wavefunction (eqn 8.23). 
The difference in adjacent energy levels is: 

(x 1/2 
-j-} [adapting 8.24] 
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If the displacements are sufficiently large, the potential energy does not rise as rapidly with the 
angle as would a harmonic potential (i.e. the cosine potential energy is not well approximated by the 
first few terms of its expansion). Each successive energy level would become lower than that of a 
harmonic oscillator, so the energy levels would become progressively closer together. 



Question. The next term in the Taylor series for the potential energy is 



27Vq 
8 



x 4 . Treat this as a 



perturbation to the harmonic oscillator wavefunction and compute the first-order correction to the 
energy. 



P8.20 



V = - 



e 1 1 



- [9.4 with Z = 1] = ax 1 ' with b = -l[x^r] 



4tu£ 0 r 

Since 2(E K ) = b( V) [virial theorem, 8.35] = -< V) [virial theorem, 8.35] 



Therefore, (E K ) = 



-\<r> 



P8.22 The elliptical ring to which the particle is confined is defined by the set of all points that obey a 
certain equation. In Cartesian coordinates, that equation is 

— + 2l = i 
a 2 b 2 

as you may remember from analytical geometry. An ellipse is similar to a circle, and an appropriate 
change of variable can transform the ellipse of this problem into a circle. That change of variable is 
most conveniently described in terms of new Cartesian coordinates (X,Y) where 

X= x and Y= aylb 

In this new coordinate system, the equation for the ellipse becomes: 

4 + 77 = 1 => ^- + — = 1 => X 2 +Y 2 ^a\ 
a 2 b 1 a 2 a 2 

which we recognize as the equation of a circle of radius a centered at the origin of our (X,Y) system. 
The text found the eigenfunctions and eigenvalues for a particle on a circular ring by transforming 
from Cartesian coordinates to plane polar coordinates. Consider plane polar coordinates (R,<&) 
related in the usual way to (X,Y): 

X=RcosO and y=i?sinO 

In this coordinate system, we can simply quote the results obtained in the text. The energy levels are 

E = ^~ [8.38a] 

where the moment of inertia is the mass of the particle times the radius of the circular ring 

I=ma 2 
The eigenfunctions are 

^W [838bI 
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It is customary to express results in terms of the original coordinate system, so express * in the 
wavefunction in terms first of X and Y, and then substitute the original coordinates: 

— = tan<£, so O - tan~' — - tan -1 -— 
X X bx 



Call the integral /: 

i= I r 3 *3r 3 ,3sin0d0d0 = 

J o J 0 





'35* 


r 









sin 6 0sin0d<9 d0 [Table 8.2] 
J o 



Integration over d0 yields a factor of In. Noting that sin 6 dd = d cos 0, and that sin 2 9=\- cos 2 0, 
the integral becomes 



r 35 \ 



x(2k)\ (l-cos 2 0) 3 dcos0 



Letting x = cos 0 and expanding the integrand, we have 



-if>- 



3x 2 + 3x 4 - x 6 )dx = —(x - x 3 + fx 5 - jx 7 ) 

32 5 7 



35 32 
— x 
32 35 



3-0 



dx 2 dy 2 dz 2 ^ ^ 

a 2 

/ = -a 2 cos ax cos 6y cos cz = -a 2 / 
Similarly, |r/ = -* 2 / |r/ = "< ! / 



so / is an eigenfunction with eigenvalue -(a 2 + b z +c 2 ) 



On making the operator substitutions 

n d , a a 

A = -^and/7 =-— ■ 
l dx l dy 

into £ we find 



2 i 1 ^ dx 



But — = — — + ^-— + —— [chain rule of partial differentiation] 
80 d0 dx 5^ d>> 90 dz 

^ = -^-(rsin0cos0) = -rsin0sin0 = -y 

O0 O0 
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dv d 

zf- = —(rsin#sin0) = rsin#cos0 = x 



d<!> 

Thus — = - — + 

d<t> dx dy 

On substitution, 



P8.30 (a) Suppose that a particle moves classically at the constant speed v. It starts at x = 0 at t = 0 and 

at t = t is at position x = L.v = — and x = vt. 

t 



/x if , if 4 
(*) = - I x df = - ttf dr = - 

(x 2 ) = -| x 2 dr = — I r 2 dr = ^ 



/dr = — t 1 
2t 



f-0 

(y-r) 2 Z 2 



vz* vt 
27 = T 



so <X 2 > 1/2 = 

(2 

(b) y„ = 



3 1/2 









nnx | 


sin 









V/*xy^dx = — 
J*=o i 



xsnv 



dx 



L 



a- sin 



f 2wr;t N | (inxx^ 



4 4(tot/L) 8(«w/L) 2 
This agrees with the classical result for all values of n 













,4; 




2 



<* 2 >„= I V**V„d* 

*=0 



sin 



1 



nnx \ , 
dx 

* J 
. f 2«7r.x; 



sm 



6 \MrmiL) tymcIL? ) \ L 
r D L \ L 2 1 



( 2ukx 
xcos 



%(nnlLf 



y 6 8<WL) 2 ) 3 4(/wr/L) 2 
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SO <x 2 >>' 2 = 



V- 1 
3 tynnlL? 



This agrees with the classical result in the limit of large quantum numbers: 
L 



lim<jc 2 >i /2 = 



31/2 



Solutions to applications 



P8.32 The rate of tunnelling is proportional to the transmission probability, so a ratio of tunnelling rates 
is equal to the corresponding ratio of transmission probabilities (given in eqn 8.19a). The desired 
factor is TJT 2i where the subscripts denote the tunnelling distances in nanometres: 

(e vL2 - zr KLl - y 



T x __ 16e(l-e) 
1 + 



T 2 , , (e 1 ^- e"*") 2 



1.2 xlO 6 



I6e(\-e) 

If <^- e ^> 2 »l, 
16e(l - e) 

then — ~ ~ e 2,f(i 2-il) = e 2(7tamX2.0-1.0)nm _ 

T 2 (e^-e-^') 2 
That is, the tunnelling rate increases about a million-fold. 

Note: If the first approximation does not hold, we need more information, namely e = EIV. If the 
first approximation is valid, then the second is also likely to be valid, namely that the negative expo- 
nential is negligible compared to the positive one. 



P8.34 Assuming that one can identify the CO peak in the infrared spectrum of the CO-myoglobin com- 
plex, taking infrared spectra of each of the isotopic variants of CO-myoglobin complexes can show 
which atom binds to the haem group and determine the OO force constant. Compare isotopic 
variants to ,2 C 16 0 as the standard; when an isotope changes but the vibrational frequency does not, 
then the atom whose isotope was varied is the atom that binds to the haem. See the table below, which 
includes predictions of the wavenumber of all isotopic variants compared to that of v ( ,2 C 16 0). 
(As usual, the better the experimental results agree with the whole set of predictions, the more con- 
fidence one would have with the conclusion.) 



Wavenumber for isotopic variant 


If O binds 


If C binds 


v( l2 C l8 0) = 


v( 12 C 16 0)t 


(16/18) 1/2 v( 12 C 16 0) 


v( 13 C ,6 0) = 


(12/13) 1/2 v( 12 C 16 0) 


v( 12 C 16 0)T 


v( l3 C ,8 0) = 


(12/13) 1/2 v( 12 C !6 0) 


(16/18) !/2 v( 12 C 16 0) 



f That is, no change compared to the standard. 
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The wavenumber is related to the force constant as follows: 



co = 2kcv = ( — I , so k ( = m(2ncv) 2 
(m) 

Hence, k r = (mJm u )(l.66 x 10' 27 kg)[(2;r)(2.998 x 10 10 cm s~ l )v( l2 O 6 0)] 2 , 
and Jk r /(kg s- 1 ) = (5.89 x l0- 5 )(m/mJ[vC 2 O 6 O)/cm- 1 ] 2 

Here, m is the mass of the atom that is not bound in atomic mass units, i.e. \2m u if O is bound and 
16m u if C is bound. (Of course, one can compute k { from any of the isotopic variants, and take fe r 
to be a mean derived from all the relevant data.) 



P8.36 First, let / = nIN, therefore /is the fraction of the totally stretched chain represented by the end-to- 
end distance. 



* r in 1 + / 



kT f N + n ] kT ( NjX + ff 
21 [N-nJ 21 {N(l'f)) 21 ~{l-f) 

kT 

= -— [ln(l + /)-ln(l-/)J 

When n <tc N, then /<*; 1, and the natural log can be expanded: ln(l +/) -/ and ln(l -/) = -/ 
Therefore, 

F~ kT \f ( fil fkT nkT kT 

In the last step, we note that the distance x between ends is equal to «/, so n = xil. This is a Hooke's 
law force with force constant kTINl 2 . 

The root mean square displacement is {x 2 ) m . For a harmonic oscillator 



[8.32] 



< mk t J 

Therefore, putting in the appropriate values for the ground state (v = 0) of this model 

, 2V 1 (h 2 APY* HI ( N f 

(x 2 ) = - x — X = — x — - — 

2 ym kT J 2 [mkT ) 



and (x 2 y ,2 = 



ni 



N 



mkT J 



P8.38 (a) In the sphere, the Schrodinger equation is 

-£(^ + 7l + ^ A2 )" =£ *' [8 - 49aDd8 - 5l! ' ] 



where A 2 is an operator that contains derivatives with respect to 8 and 0 only. 
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Let y,(r,e,<l>) = u(r)Y(e,<l>) 

Substituting into the Schrodinger equation gives 

fi 2 (d 2 u 2Y du u i5 J 
-— Y—— + — — + — A 2 Y \ = EuY 
2m ^ dr r dr r l J 

Divide both sides by u Y: 

ft 2 (ld 2 u 2 du 1 „ 

~TT + — T" + T7T A 7 = E 
2m ^ u dr z ur dr Yr l J 

The first two terms in parentheses depend only on r, but the last one depends on both r and angles; 
however, multiplying both sides of the equation by r 2 will effect the desired separation: 

h 2 ( r 2 d 2 u 2rdu 1 _ > „ , 

Put all of the terms involving angles on the right-hand side and the terms involving distance on the 
left: 



2m 



u dr 2 u dr } 2m Y 



Note that the right side depends only on 6 and <t>, while the left side depends only on r. The two sides 
can be equal to each other for all r,9, and 0 only if they are both equal to a constant. Call that 
% 2 l(l + 1) 

constant (with / as yet undefined) and we have, from the right side of the equation: 

2m 

h 2 A2y = _ n 2 i(i + i) ^ so A2y = _ /(/ + 1)r 



2mY 2m 
From the left side of the equation, we have 



_fi_ 

2m ^ u dr 2 u dr ) 2m 
After multiplying both sides by ulr 2 and rearranging, we get the desired radial equation 

n 2 (d 2 u 2du) n 2 !(i + \) 

—- + -— + — ' u= Eu 

2m y dr 2 r dr j 2mr~ 

Thus, the assumption that the wavefunction can be written as a product of functions is a valid one, 
for we can find separate differential equations for the assumed factors. That is what it means for a 
partial differential equation to be separable. 

(b) The radial equation with / = 0 can be rearranged to read: 

d 2 u 2du _ 2mEu 
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Form the following derivatives of the proposed solution: 

^ nn \ sin( nnrlR) 1 



^ = (2^)-- |COS(OTW) 
dr 



R 



d ^ W (2 R)~ [l2 \ s ^ wjrr ^)[ nn ^\ 2cos(nnr/R)f nn\ + 2$m(nnr/R) I 
an n \ r {RJ r 2 {r) + f 3 I 



Substituting into the left side of the rearranged radial equation yields 

,2 



sm(nnr/R) f nn} 2cos{nnrlR) r nn "\ 2sin(wrf7if) 



(2nR)- m 
+ (2kR)- 1 ' 2 



{R ) r 2 {RJ 

2co$(nnr/R)\ nn) 2sin(nnr/R) 



[R 

nn 
~R 



r ^ 2 
nn 



R 



Acting on the proposed solution by taking the prescribed derivatives yields the function back multi- 
plied by a constant, so the proposed solution is in fact a solution. 

(c) Comparing this result to the right side of the rearranged radial equation gives an equation for 
the energy 



nn 
~R 



2mE 



f nn 


f *L 


n 2 n- 


( *T 


n 2 h 2 




J 2m 


~ 2mR 2 


[2n) = 


SmR 2 




Atomic structure and 
atomic spectra 



Answers to discussion questions 

D9.2 The Schrodinger equation for the hydrogen atom is a six-dimensional partial differential equation, 
three dimensions for each particle in the atom. One cannot directly solve a multidimensional dif- 
ferential equation; it must be broken down into one-dimensional equations. This is the separation 
of variables procedure. The choice of coordinates is critical in this process. The separation of the 
Schrodinger equation can be accomplished in a set of coordinates that are natural to the system, 
but not in others. These natural coordinates are those directly related to the description of the 
motion of the atom. The atom as a whole (centre of mass) can move from point to point in three- 
dimensional space. The natural coordinates for this kind of motion are the Cartesian coordinates 
of a point in space. The internal motion of the electron with respect to the proton is most naturally 
described with spherical polar coordinates. So, the six-dimensional Schrodinger equation is first 
separated into two three-dimensional equations, one for the motion of the centre of mass, the other 
for the internal motion. The separation of the centre of mass equation and its solution is fully dis- 
cussed in Section 8.2. The equation for the internal motion is separable into three one-dimensional 
equations, one in the angle 0, another in the angle 6, and a third in the distance r. The solutions of 
these three one-dimensional equations can be obtained by standard techniques and were already 
well known long before the advent of quantum mechanics. Another choice of coordinates would 
not have resulted in the separation of the Schrodinger equation just described. For the details of the 
separation procedure, see Sections 9.1a and 8.7. 

D9.4 The selection rules are: 

An = ±\,+2, ••■ A/ = ±l Am, = 0+1 

In a spectroscopic transition the atom emits or absorbs a photon. Photons have a spin angular 
momentum of 1 , therefore as a result of the transition the angular momentum of the electromag- 
netic field has changed by ±\h. The principle of the conservation of angular momentum then 
requires that the angular momentum of the atom has undergone an equal and opposite change in 
angular momentum, hence the selection rule on Al = ±1. The principle quantum number n can 
change by any amount since n does not directly relate to angular momentum. The selection rule on 
Amj is harder to account for on the basis of these simple considerations alone. One has to evaluate 
the transition dipole moment between the wavefunctions representing the initial and final states 
involved in the transition. See Justification 9.4 for an example of this procedure. 

D9.6 See Section 9.4(d) of the text and any general chemistry book, for example Sections 1.10-1.13 of 
P. Atkins and L. Jones, Chemical Principles, 2nd edn, W. H. Freeman, and Co., New York (2002). 



216 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



D9.8 In the crudest form of the orbital approximation, the many-electron wavefunctions for atoms are 
represented as a simple product of one-electron wavefunctions. At a somewhat more sophisticated 
level, the many-electron wavefunctions are written as linear combinations of such simple product 
functions that explicitly satisfy the Pauli exclusion principle. Relatively good one-electron functions 
are generated by the Hartree-Fock self-consistent field method described in Section 9.5. If we place 
no restrictions on the form of the one-electron functions, we reach the Hartree-Fock limit, which 
gives us the best value of the calculated energy within the orbital approximation. The orbital 
approximation is based on the disregard of significant portions of the electron-electron interaction 
terms in the many-electron Hamiltonian, so we cannot expect that it will be quantitatively accurate. 
By abandoning the orbital approximation, we could in principle obtain essentially exact energies; 
however, there are significant conceptual advantages to retaining the orbital approximation. 
Increased accuracy can be obtained by reintroducing the neglected electron-electron interaction 
terms and including their effects on the energies of the atom. 

D9.10 (1) Doppler broadening. This contribution to the linewidth is due to the Doppler effect, which shifts 
the frequency of the radiation emitted or absorbed when the atoms or molecules involved are 
moving towards or away from the detecting device. Molecules have a wide range of speeds in all 
directions in a gas and the detected spectral line is the absorption or emission profile arising from 
all the resulting Doppler shifts. As shown in Justification 9.8, the profile reflects the distribution of 
molecular velocities parallel to the line of sight, which is a bell-shaped Gaussian curve. 

(2) Lifetime broadening. The Doppler broadening is significant in gas-phase samples, but lifetime 
broadening occurs in all states of matter. This kind of broadening is a quantum-mechanical effect 
related to the uncertainty principle in the form of eqn 9.39 and is due to the finite lifetimes of the 
states involved in the transition. When t is finite, the energy of the states is smeared out and hence 
the transition frequency is broadened, as shown in the Brief Illustration in Section 9.6(b). 

(3) Pressure broadening or collisional broadening. The actual mechanism affecting the lifetime of 
energy states depends on various processes, one of which is collisional deactivation and another is 
spontaneous emission. Lowering the pressure can reduce the first of these contributions; the second 
cannot be changed and results in a natural linewidth. 

Doppler broadening and pressure broadening are expected to be of significance only in the gas 
phase, but in condensed phases there are other kinds of interactions that exist because of the close- 
ness of the species to each other that can result in the broadening of spectral lines. 



Solutions to exercises 

E9.1 (b) Eqn 9. 1 implies that the shortest wavelength corresponds to n 2 = °° and the longest to n 2 = 6. Solve 

eqn 9. 1 for X: 

, _ {\ln]-\ln\y 

Q/5 2 - l/oo 2 )" 1 

Shortest: A - \ *~ ' \ = 2.279 x 10' 4 cm 
109 677 cm^' 

n/5 2 - i/6 2 y 

Longest: A = = 7.460 x 10- 4 cm 

* 109 677 cm- 1 
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.2(b) For atoms A, eqn 9.9 may be rewritten in terms of the Rydberg constant R A as 
_ Z 2 n A hcR A Z 2 hcR„ 

n i ~> 

m e n z n l 

where to within 0.01% the ratio /i A /w e is unity. Eqn 9. 1 can then be rewritten as 
n\ n\\ v X 



-9 < 1 09 737 cm -'l^--^- I- 



2.222 x 10 4 cnr 



X = 



4.500 xlO 5 cm 



v = 



2 .9978 xlO 10 cm s- 
4.500 xlO 5 cm 



6.662 xlO 1 ^" 1 



19.3(b) The energy of the photon that struck the Xe atom goes into liberating the bound electron and giv- 
ing it any kinetic energy it now possesses 

photon = / + ^kinetic I = ionization energy 
The energy of a photon is related to its frequency and wavelength 

£ photon - rlV— ^ 

and the kinetic energy of an electron is related to its mass and speed, s 

■^kinetic = \ m t sl 



he 



he 



So,y = J + \m,s 2 ^I = — ~\m e s 2 

_ (6.626 x 1 0 -34 J s) x (2.998 x 10 s m s _1 ) lmn , rt , M , n „ n 

/ = i 58 4 xl0-^m " l{ X g) X ( ' 19 X 10 m 8 ^ 



1.94xl0" 18 J 



= 12.1eV 

E9.4(b) The degeneracy g of a hydrogenic atom with principal quantum number n is g = n 2 . The energy E of 
hydrogenic atoms is 



E = - 



hcZ 2 R A 



_ hcZ 2 R Mom 
S 

so the degeneracy is 
g _ hcZ 2 R Mom 
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(a) g = - 



hc(2) 2 R 



•Atom 



-4hcR 



L Atom 



(b) £ = TTT^ 3 

- 4 ncK Mom 

( C ) g= _M5£^Ato;» = 

-hcR Atom 
E9.5(b) Normalization requires 



64 



25 



1 



|y| 2 dT = l = 



0 J 



[JV(2 - r/a 0 )e- r/2a °] 2 d0 sin0d0/- 2 dr 



1 = N 2 f e-^(2-r/fl 0 ) 2 r 2 dr [ sinfldtf f d<p 

Jo Jo Jo 

Integrating over angles yields 

1 = 4tiN 2 [ e-'**(2 - r/a 0 ) 2 r 2 dr 
J o 



'f 

J 0 



= 4kN 2 e" Wa » (4 - 4r/oo + r 2 /^ 2 )r 2 dr = 4nN 2 {Ul) 



In the last step, we used e" r/fc r 2 dr = 2k 2 , 
J o 



r 



e -*rMr = 6A: 4 ,and e - r/k r 4 dr = 24k 5 , 



J o 



r. 



so 



1 



4>/2^ 0 3 



E9.6(b) The radial wavefunction is [Table 9. 1 ] 



2Zr 

R 3 = A(6 - 2p + ± p 2 )e~ p/6 , where p s , and A is a collection of constants. 

(Note: p denned here is 3 x p as defined in Table 9. 1 .) 
Differentiating with respect to p yields 



dp 



= 0 = A(6 ~ 2p + \p 2 ) x (-{)e-" /6 + (-2 + \p)At~^ 



= ^ e -p/6 ( .Z + | p _ 3) 
This is a quadratic equation 

0 = ap 2 + bp + c, where a = — 6 = ~, and c = -3. 
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The solution is 
-b + (b 2 

p = 
sor = 



2a 


f 15 

— + 


3(7 1/2 )^ 


)z 



Numerically, this works out to p = 22.94 and 7.06, so r = 1 \.5aJZ 
Z = 1 and a 0 = 5.292 x 10" 11 m, r = |607pm| and 1 187 pm 



and 



3.53a 0 /Z . Substituting 



The other maximum in the wavefunction is at 



r = 0 



It is a physical maximum, but not a calculus 



maximum: the first derivative of the wavefunction does not vanish there, so it cannot be found by 
differentiation. 

The radial distribution function varies as 



P = 4*:rV 2 = —r 2 e- 2r,a ° [9.17] 



The maximum value of P occurs at r = a 0 since 



dP 
dr 



2r- 



2/f 



e -2 r/ao _ 0 at r = ^ and P^- — e~ 2 



7* falls to a fraction / of its maximum given by 
/ = 



_ «o 3 



-2r/ao 



= Q 2 Q- 2rla 0 

«0 



and hence we must solve for r in 

pn , 
- — = — e _r/fl ° 
e a 0 

(a) /=0.50 
r 



0.260 = — e- r/fl o solves to r = 2.08a 0 =110 pm and tor = 0.380a 0 = 20.1 pm 
<*o 1 1 1 



86 pm and to r - 0.555^ = 29.4 pm 



(b) /=0.75 

0.319 = — e- rla ° solves to r = 1.63a 0 = 

In each case the equation is solved numerically (or graphically) with readily available personal com- 
puter software. The solutions above are easily checked by substitution into the equation for /. The 
radial distribution function is readily plotted and is shown in Figure 9.1 . 
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0.15 r 




0.0 0.5 1.0 1.5 2.0 2.5 

r/ao 

Figure 9.1 



E9.8(b) The complete radial wavefunction, R 4 l is not given in Table 9.1, but by consulting other references, 
such as Introduction to Quantum Mechanics by Pauling and Wilson, we learn that R 4 i is propor- 
tional to 

(20- 10p + p 2 )p, where p = ^- 

na 0 

The radial nodes occur where the radial wavefunction vanishes, namely where 

(20-10p + p 2 )p = 0. 
The zeros of this function occur at 
p = 0, 



r = 0 



and when 

(20 - lOp + p 2 ) = 0, with roots p = 2.764, and p = 7.236 



4pa 0 4pa 0 11.056a 0 

then r - ■ — = — - — = 

2Z 2 2 



5.528a 0 



and 



28.944a 0 



14.472a 0 



or r = 



2.92xl0- 10 m and 7.66xl0- ,0 m 



E9.9(b) The average kinetic energy is 
<£ K > = Jy*£ K yfdx 

Z 3 l 

^ — 7 ■ 
Inai ) 

(Note: p is defined here as in Table 9.1 .) 

ft 2 alp 2 sinO dpdBd<t> 

E K = -— V 2 dr = r 2 sinfldrdfld0= oP * - 

2m Z 

In spherical polar coordinates, three of the derivatives in V 2 are derivatives with respect to angles, 
so those parts of Vfy vanish. Thus, 
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dr 2 r dr dp 2 \dr 2 ) pa^ydp )dr \a 0 ) ^3p 2 p Bp J 

^- = N(2-p)x (-|)e-" /2 - AT e-' /2 =N(\p- 2)e"" /2 
dp - - 

|j = N{\p - 2) x (4)e-' /2 + ^e-^ 2 = N{\ - »e"<" 2 



W = I — | Ne-" /2 (-4/p + 5/2 - pi A) 



and 



(4> = 



N(2 - p)e-"' 2 



J 0 J 0 J 0 

x7Ve-^(_4/ p+ 5/ 2 _p/4) 



2m 

d0sin0d0p 2 dp 



x 

a 0 J ^ 2m 



The integrals over angles give a factor of 47r, so 



<£ K > = AxN 2 ^ j x j j (2 - p) x (-4 + fp - ip 2 )pe-p dp 



The integral in this last expression works out to ~2, using 

Z 3 



e "p" dp = n ! for n = 1, 2, and 3, so 



<£k> = 4* 



1 f* 2 
x — 



W-Z 1 



%mak 



The average potential energy is 



ZV 



f Ze 2 

(V)= \\i/*V\f/dz, where K = = 

J 47te 0 r 4x£ 0 a 0 p 



and (V) = 



_ n\e.-p' 2 \ - 



N(2 - p)e 



ZV 



4^£ 0 « 0 p 



iV(2 - p)e-e> 2 



0 J 0 J 0 

The integrals over angles give a factor of An, so 

<K> = 4 ^(-£i) x (f)£ (2 -" )2 ^ d '' 



aop 2 sin0dpd0d0 
Z 1 



The integral in this last expression works out to 2, using e^pMp = n\ for n = 1 , 2, 3, and 4, 

J o 



so 



<F> = 4* 



32^J X [ 4^ 0 « 0 J X [z 3 J ><(2) 



Z 2 e 2 
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E9. 1 0(b) The radial distribution function is denned as 
P = Akt\ 2 so P 3s = 4nr 2 (Y^R X0 ) 2 



where p 



f 2Zr 2Zr 



here. 



We want to find the most likely radius, so it would help to simplify the function by expressing it in 
terms either of r or p, but not both. To find the most likely radius, we could set the derivative of F 3s 
equal to zero, therefore we can collect all multiplicative constants together (including the factors of 
a 0 /Z needed to turn the initial r 2 into p 2 ) since they will eventually be divided into zero: 

p 3s =C 2 p 2 (6-6p + p 2 ) 2 e-" 

Note that not all the extrema of P are maxima, some are minima, but all the extrema of (P 3s ) m 
correspond to maxima of P 3s , so let us find the extrema of (i^) 1 ' 2 : 

d(f3s)l/2 = 0 = 4~Cp(6 - 6p + p 2 )e-" 2 
dp dp 

= C[p(6 - 6p + p 2 ) x (-1) + (6 - 12p + 3p 2 )]e~<>' 2 

0 = C(6-15p + 6p 2 -{p 3 )e-» /2 so 12 - 30p+ 12p 2 - p 3 = 0 
Numerical solution of this cubic equation yields 

p = 0.49, 2.79, and 8.72 
corresponding to 



r - 



O.IAaJZ, 4.19ao/Z, and 13.08a 0 /Z 



COMMENT. If numerical methods are to be used to locate the roots of the equation that locates the extrema, 
then graphical /numerical methods might as well be used to locate the maxima directly, that is, the student 
may simply have a spreadsheet compute P 3s and examine or manipulate the spreadsheet to locate the 
maxima. 

E9.1 1 (b) The radial distribution function is denned as 
P = r 2 R(r) 2 so P ip = r 2 (* 3 ,.) 2 , 



P 3p =C 2 xp 2 (4-p) 2 p 2 e-" 



2Zr 2Zr . 
where p = = - — here. 

We want to find the most likely radius, so it would help to simplify the function by expressing it in 
terms either of r or p but not both. To find the most likely radius, we could set the derivative of P 3p 
equal to zero, therefore we can collect all multiplicative constants together (including the 
factors of a 0 /Z needed to turn the initial r 2 into p 2 ) since they will eventually be divided into zero. 
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Note that not all the extrema of P are maxima, some are minima, but all the extrema of (P ip ) ]lz cor- 
respond to maxima of P 3p , so let us find the extrema of (i > 3p ) ,/2 : 

dp dp 

= C[p(8 - 5p + p 2 /2)]e-" /2 

so 8-5p + p 2 /2 = 0 

The numerical solution of this quadratic equation yields 

p = 2, and 8 
corresponding to 

r = 2>a 0 /Z and 12a 0 /Z 



P(r) is larger at 12« 0 than at 3a 0 , so the most probable position is r = 12a 0 /Z. 



COMMENT. If numerical methods are to be used to locate the roots of the equation that locates the extrema, 
then graphical/numerical methods might as well be used to locate the maxima directly, that is, the student 
may simply have a spreadsheet compute P 3p and examine or manipulate the spreadsheet to locate the 
maxima. 

E9. 1 2(b) Orbital angular momentum is 

<Z, 2 )" 2 =/*(/(/ + 1)) I/2 
There are / angular nodes and n ~ I - 1 radial nodes. 

2.45 x 10" 34 J s| [2] angular nodes [I] radial node 



(a) n = 4, l = 2,so(L 2 y /2 = 6 V2 n = i 

(b) n = 2, / = 1, so <L 2 >" 2 = 2 m h = |l.49 x IP' 34 j T| [T] angular nodes [o] radial nodes 

(c) n = 3, / = 1, so (l 2 ) 112 = 2 V2 fi = |l.49xlQ- 34 Js] [l] angular node [l] radial node 



E9.13(b) See Figures 8.35 and 9. 1 6 as well as Table 8.2 of the text. The number of angular nodes is the value 
of the quantum number /, which for d orbitals is 2. Hence, each of the five d-orbitals has two angu- 
lar nodes. To locate the angular nodes look for the values of 6 that make the wavefunction zero. 

d - 2 orbital: see eqn 9.23, Table 8.2, and Figures 8.35 and 9. 16. The nodal planes are difficult to picture, 
is the angular node for both planes. 



0 = 0.95532 



d xv orbital: see eqn 9.23, Table 8.2, and Figures 8.35 and 9.16. The two nodal planes are the 

is the angular node for both planes. 



xz and yz planes , and 



0 = 0 



d v , orbital: see eqn 9.23, Table 8.2, and Figures 8.35 and 9.16. The two nodal planes are the 

, respectively, are the angular nodes of these planes. 



xz and xy planes , and 



6 = 0 and nil 



d xl orbital: see eqn 9.23, Table 8.2, and Figures 8.35 and 9.16. The two nodal planes are the 



yz and xy planes , and 



0 = 0 and nil 



respectively, are the angular nodes of these planes. 



d x 2- y 2 orbital: see eqn 9.23, Table 8.2, and Figures 8.35 and 9.16. The two nodal 



planes at <j> = niA and <f> = 3W4 , respectively, and 8 = 0 is the angular node of both of these planes. 
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?.14{b) (a) 5d^2sis not an allowed transition, for A/ = -2 (A/ must equal ±1). 

, since A/ = -I. 



(b) 5p -■► 3s is 



allowed 



(c) 5p -> 3f is not allowed, for A/ = +2 (A/ must equal ±1). 
E9. 15(b) A source approaching an observer appears to be emitting light of frequency: 

^approaching — ~| 7 [9.37b] 



Since v«— t A obs = 1 



For the light to appear green the speed would have to be 



s = j^i _ ^Lj c = (2.998 x 10 8 m s" 1 ) x 

or about 1.4 x 10 8 mph. 
(Since s ~ c, the relativistic expression 
f 1 + 



1- 



530 nm 
680 nm 



6.61xl0 7 ms" 



''obs • 



1-i 



should really be used. It gives s = 6.02 x 10 7 m s - 

3.1 6(b) The linewidth is related to the lifetime z by 

5.31cm" 1 



Sv = 



T/pS 



_ _„ . _ _ v , 5.31 cm 1 
[equation in Brief Illustration in Section 9.6(b)] so z = — ps 



5v 



(a) We are given a frequency rather than a wavenumber 
v = vie, so z 
5.31cm- 1 



(5.31 cm" 1 ) x (2.998 xlO 10 cms" 1 ) [-— i 

= - — - -ps= 7.96 x 10-ps 

200 xlO^- 1 F 1 ^ 



(b) r = 



2.45 enr 



2.14 ps 



E9.1 7(b) The linewidth is related to the lifetime r by 

„ 5.31cm- 1 r _.,.„ , . _ (SJlcm-Qc 

5 V = [equation in Brief illustration], so dv = 

r/ps r/ps 



(a) If every collision is effective, then the lifetime is 1/(1.0 x 10 9 s~ : ) = 1.0 x 10~ 9 s= l.Ox 10 3 ps 
Sv 



(5.31 cm" 1 ) x (2.998 x 10 10 cm s" 1 ) f , , . 

• = — = 1 .6 x 10 s s -1 - 

1.0 xlO 3 



160 MHz 
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(b) If only one collision in 10 is effective, then the lifetime is a factor of 10 greater, 1 .0 x 10 4 ps 
(5.31 cm" 1 ) x (2.998 x 10 !0 cm S" 1 ) 



5v = 



1.0 xlO 4 



= 1.6xl0 7 s 1 = 



16 MHz 



E9.18(b) Y: [Kr]5s 2 4d' 

Zr: [Kr]5s 2 4d 2 

Nb: [Kr]5s 2 4d 3 or [Kr]5s'4d 4 (most probable) 

Mo: [Kr]5s'4d 5 

Tc: [Kr]5s 2 4d 5 

Ru: [Kr]5s 2 4d 6 or [KrJSsW (most probable) 

Rh: [Kr]5s'4d 8 

Pd: [Kr]5s'4d 9 or [Kr]4d !0 (most probable) 

Ag: [Kr]5s'4d 10 

Cd: [Kr]5s 2 4d 10 

E9.19(b) V 2+ : 1 s 2 2s 2 2p 6 3s 2 3p 6 3d 3 = [Ar]3d 3 

The only unpaired electrons are those in the 3d subshell. There are three, 5 = j|j and \ - 1 = 



For5 = f,M s = 
YorS = \,M s = 



±{and±| 



±7 



E9.20(b) For / > 0, / = / ± 1/2, so 

(a) /= 1, so j= 

(b) /=5, so j = 



1/2 of 3/2 



9/2 or 1 1/2 



E9.21(b) Use the Clebsch-Gordan series in the form 

J=h +JiJ\ +72- 1, — » l7i "72 1 
Then, with y, = 5 and j 2 = 3 



J= 8,7,6,5,4,3,2 



E9.22(b) The letter F indicates that the total orbital angular momentum quantum number L is 3; the super- 
script 3 is the multiplicity of the term, 25+1, related to the spin quantum number 5=1, and the 
subscript 4 indicates the total angular momentum quantum number 7. 



E9.23(b) (a) Possible values of S for four electrons in different orbitals are 2, 1, and 0 ; the multiplicity is 



25+ 1, so multiplicities are 5, 3, and 1 , respectively. 
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E9.25(b) 



(b) Possible values of S for five electrons in different orbitals are 5/2, 3/2 and 1/2 ; the multipli 



city is 2S + 1 , so multiplicities are 6, 4, and 2 , respectively. 



E9.24(b) The coupling of a p electron (/ = 1) and a d electron (/ = 2) gives rise to L = 3 (F), 2 (D), and 1 (P) 
terms. Possible values of S include 0 and 1 . Possible values of /(using Russell Saunders coupling) 
are 3, 2, and 1 (S= 0) and 4, 3, 2, 1, and 0 (S= 1). The term symbols are 



'F 3 ; 3 F 4 , 3 F 3 , 3 F 2 ; 'D 2 ; 3 D 3 , 3 D 2 , 3 D,; >P„ 3 P 2 , 3 P b 3 P 0 



Hund's rules state that the lowest energy level has maximum multiplicity. Consideration of spin- 
orbit coupling says the lowest energy level has the lowest value of 7(7 + 1) - L(L + 1) - S(S+ 1). So, 

the lowest energy level is 



3 F 2 



(a) 3 D has S = 1 and L = 2, so 7 = 3, 2, and 1 are present. 7= 3 has [7] states, with M, = 0, ±1 , ±2, 
or ±3; 7 = 2 has \i\ states, with M } = 0. ±1 , or +2; J = 1 has [3] states, with Mj = 0, or ± 1 . 

(b) 4 D has S = 3/2 and L = 2, so / = |7/2, 5/2, 3/2 and 1/2 1, are present. / = 7/2 has [s] possible 



states, with M, = ±7/2, ±5/2, ±3/2 or ±1/2; J = 5/2 has [5] possible states, with JW> = ±5/2 ±3/2 

or ±1/2; / = 3/2 has 0 possible states, with M s = ±3/2 or ±1/2; J = 1/2 has [2] possible states, with 
M, = ±l/2. 

(c) 2 G has S = 1/2 and L = 4, so 7 = 9/2 and 7/2 are present. 7 = 9/2 had 



10 



possible states, with 

Mj = ±9/2, ±7/2, ±5/2, ±3/2 or ±1/2, 7= 7/2 has \%\ possible states, with Mj = ±7/2, ±5/2, ±3/2 or ±1/2. 

E9.26(b) Closed shells and subshells do not contribute to either L or S and thus are ignored in what 
follows. 



2 D 5/2 and 2 D, 



(a) Sc[Ar]3d'4s 2 : S = \, L = 2; 7 = {, \, so the terms are 

(b) Br[Ar]3d 10 4s 2 4p 5 . We treat the missing electron in the Ap subshell as equivalent to a single 
'electron' with /= 1, S = y. Hence, L = 1, S = y, and 7 = |, y , so the terms are 



2 P 3/2 and 2 P 1/2 



E9.27(b) See eqn 9.46 for the selection rules, (a) 



allowed 



, (b) allowed , (c) 



forbidden 



P9.2 



Solutions to problems 

Solutions to numerical problems 

All lines in the hydrogen spectrum fit the Rydberg formula: 



9.1, with v = - 

A 



i?„= 109 677 cm" 1 



Find «, from the value of A max , which arises from the transition n, + 1 n x 

2«,+ 1 
"»?(",+ I) 2 



1 



1 



1 
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^m^H = "^' + 1)2 = (656.46 x 10- 9 m) x (109 677 x 10 2 nr 1 ) = 7.20 
2«, + 1 

and hence «, = 2, as determined by trial and error substitution. Therefore, the transitions are given by 



v = I = (109 677 cm- 5 )x 
A 



7 ~ -7 l» « 2 = 3, 4, 5, 6 



The next line has n 2 = 1, and occurs at 



v = I = (109 677 cm"') x [ i - — 
A 4 49 



397.l3nm 



The energy required to ionize the atom is obtained by letting n 2 -> °°. Then, 



9m = — = (109 677 cm' 1 ) x 



1 



-0 =27 419 cm" 1 , or 



3.40 eV 



(The answer, 3.40 eV, is the ionization energy of an H atom that is already in an excited state, with 
« = 2.) 

COMMENT. The series with n, = 2 is the Balmer series. 



The lowest possible value of n in ls 2 «d ! is 3, thus the series of 2 D terms correspond to ls 2 3d, ls 2 4d, 
etc. Figure 9.2 is a description consistent with the data in the problem statement. 



^^^^ 



71'/ 9 



\s 2 5d} 
ls 2 4d Up 
ls 2 3dl 



\s 2 2p 2 V 



ls 2 2s 2 S 



Figure 9.2 

If we assume that the energies of the d orbitals are hydrogenic we may write 



£:(ls 2 «d 1 , 2 D) = 



hcR' 



[« = 3,4,5,...] 



Then, for the 2 D -» 2 P transitions 

1 _ |£(ls 2 2p', 2 P)| R' 
A he n 2 



he AE 
AE = hv = — = hcv, v - - — 
A he 
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from which we can write 



P9.6 



P9.8 



l£(ls 2 2pVP)l _ 1^^, 
he X n 2 



1 



+ 



R' 



610.36 xlO 7 cm 9 



1 



R' 



460.29 xlO" 7 cm 16 



1 



R' 



413.23 xlO- 7 cm 25 



(a) 
(b) 
(c) 



(b) - (a) solves to R' = 109 886 cm"' 
Then, (a) - (c) solves to R' = 109 910 cm" 1 
(b) - (c) solves to R' = 1 09 963 cm 1 

The binding energies are therefore 
E(ls 2 3d l , 2 D) = -— = -12 213 cm" 1 

y 



► Mean = 109 920 cm" 1 



£(ls 2 2p 1 f 2 P) = - 



£(ls 2 2s\ 2 S) = - 



1 



610.36 xlO" 7 cm 



-12 213 cm" 1 =-28 597 cm" 1 



1 



670.78 xlO" 7 cm 
Therefore, the ionization energy is 
/(ls 2 2s 1 , 2 S) = 43 505cm- 1 , or 



-28 597 cm" 1 =-43 505 enr 



5.39 eV 



The ground term is [Ar]4s l % n and the first excited term is [Ar]4p ! 2 P. The latter has two levels, with 
7 = 1 + 7 = } and / = 1 - \ = \, which are split by spin-orbit coupling (Section 9.9), therefore 

(since both are allowed). For these values 



ascribe the transitions to 



2 P 



3/2 



2 S 



1/2 



and 



M/2 ^ a l/2 



of J, the splitting is equal to \A (Example 9.5). Hence, since 
(766.70 x lO" 7 cm)" 1 - (770. 1 1 x 10 7 cm)' 1 = 57.75 cm- 1 



we can conclude that A = 38.50cm 



The Rydberg constant for positronium (R Pi ) is given by 



Rp s — 



1 + ^ 1 + 1 2 



R 1 

= — i?„ [9.15; also Problem 9 . 7 ; m ( positron) = m e ] 



= 54 869 cm-' [£ = 109 737 cm- 1 ] 



Hence, 



v = T = (54869cm- 1 )x|--- r |, « = 3,4, ... 



1 1 



7621 enr 



10 288 cm" 



1 1 522 cm" 
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The binding energy of Ps is 

E=-hcR Ps , corresponding to (-)54 869 cm 1 
The ionization energy is therefore 54 869 cm _! , or 



6.80 eV 



If we assume that the innermost electron is a hydrogen-like 1 s orbital we may write 



„ a 0 __ , . „, 52.92 pm 
r* = -± [Example 9.3] = ^ 



0.420 pm 



On the assumption that every collision deactivates the molecule, we may write 



_ J__ 

z 



kT [ nm 
4op[kf 



For HQ, with m ~ 36 u, 

(1.381 xlQ- 23 JK')x (298 K) 
(4) x (0.30 x 10" 18 m 2 ) x (1.013 x 10 s Pa) 

~2.3xl0 10 s 



7t x (36) x (1.661 xlO- 27 kg) 
(1.381 xlO- 23 JK- ] )x (298 K) 



$E ~hSv = - [9.39] 

T 

The width of the collision-broadened line is therefore approximately 
1 1 



5v = 



2tut (27r)x(2.3xl0- ,0 s) 



700 MHz 



The Doppler width is approximately 1 .3 MHz (see the following calculation). 
To calculate the Doppler width we need the relationship 
8X 2( 2kT\n2\ n 



X m J 



[9.38] 



2.998 xl0 8 m s" 



(2) x (1 .38 1 x 1 0" 23 JK"')x (298 K) x (In 2) 1 .237 x 10 s 



(m/u) x (1.6605 xlO" 27 kg) 



(m/u) 1 



6X 



For 'H 35 C1, m = 36 u, so — - 2. 1 x 1 0^ 



For HC1, v(rotation) = 2Bc = (2) x (10.6 cm" 1 ) x (2.998 x 10 10 cm s" 1 ) 
= 6.4xl0 u s- 1 or6.4x!0 n Hz 



Therefore, 5v(rotation) » (2.1 x 10' 6 ) x (6.4 x 10" Hz) = 



1.3 MHz 



Since the collision width is proportional to p [5v 1/t and t l/p], the pressure must be reduced by 

1.3 

a factor of about = 0.002 before Doppler broadening begins to dominate collision broadening. 
Hence, the pressure must be reduced to below 



(0.002) x (760 Torr) = 1 Torr 



230 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



Solutions to theoretical problems 



P9.14 In each case we need to show that 
f 



y/f yr 2 dz = 0 



all space 



(a) 



r~ rit rlx 
Jo Jo JO 



y/ h \l/ 2s r 2 drsmdd9d<S> = 0 



Wis ~ ^1,0^0,0 
Wis = -ft>,0*0,0 



Yn (1 — 



[Table 8.2] 



Since Y 0fi is a constant, the integral over the radial functions determines the orthogonality of the 
functions. 

f- 



R l>0 R 2fi r 2 dr 
R lfi ~ Q- p ' 2 = e- Zr/fl o 
tf 2 , 0 -(2-p/2)e^ 4 = 
R l0 R 2 #r 2 dr <~ 



P = 



2Zr 



Zr 



2- 



-ZW2a 0 



P = 



2Zr 



-Zr/ao 



e - ZW2a cr 2 dr 



2e-( 3/2)Zr/a <>r 2 dr- 

o 



r ~ Z 

±. ^{3/2)2^ r 3 d r 

o fl o 



(2*10) 0 (2*0) 



2x2! fZl x ^ = [0 



Hence, the functions are orthogonal. 

(b) We use the p x and p r orbitals in the form given in Section 9.2(g), eqn 9.22 
Thus, 



P*P,d*dydz« 



all space 



11 



xydxdydz 



This is an integral of an odd function of x and y over the entire range of variables from -°° to -H», 

More explicitly we may perform the integration using the orbitals in 



therefore the 



integral is zero 



the form (Section 9.2(g), eqn 9.22): 
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p x p y r 2 dr sm8 66 d<j> = 



f(rfr 2 dr sin 2 0d0 
o Jo 



cos0 sin0d0 



The first factor is non-zero since the radial functions are normalized. The second factor is — . The 

2 



third factor is zero. Therefore, the product of the integrals is zero and the functions are orthogonal. 



P9.16 We use the p x and p^. orbitals in the form (Section 9.2(g)) 
P* = rf ( r ) sin 6 cos 0 p y = rf (r) sin 0 sin <p 

and use cos0 = ^-(e* + e -1 *) and sin0 = ^r( e '*~ e " i0 ) tnen 



1 



p x = -rf(r)smd (e* + e"*) p,= -r/(r)sin0 (e*- e -*) 



ft 3 

/. = -— [Problem 8.28, Section 8.6, and eqn 8.46] 
i dtp 

ft ft 
hPx = ~ sin 0 e 1 * ~ — r/ ( r ) sin^ e_1 * = &V y * constant x p x 

ft ft 
Lp y =—rf(r)sm6 e*+ —r/(r) sin 0 e _ ' 0 = -i#p. T * constant x p^, 



2i 



Therefore, neither p x nor p v are eigenfunctioris of L However, p x + ip y and p x - ip y are eigenfunctions: 

p x + ip y = rf(r) sin 6 p x - ip y - rf(r) sin 6 e _i * 
since both e 1 * and e -i * are eigenfunctions of /. with eigenvalues +h and -h. 



P9.18 



e- /fl o [9.17] 

The probability of the electron being within a sphere of radius r' is 
Vi 2 / 2 dr sim9d0d^ 



" r' 




J 0 . 


[J 



We set this equal to 0.90 and solve for r'. The integral over B and <p gives a factor of Ait, thus 

r 



4 

0.90 = — 

yf3 



r 2 e -2r/ Q0 ^ r 



r 2 e -2r/^ ( j 7 . j| s integrated by parts to yield - 

J 0 



a 0 r 2 e- 2r/a ° 


r' 
0 


a 0 re- 2r/a ° 


: a 0 f a 0 e- 2 'M 




2 


2 


. A 2 J 


0 



3 „3 
e -2r'/aB _ n e -2r'/oa , ill 

2 4 4 
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Multiplying by — and factoring e 2r7j ° 



0.90 = 



-2|^|-2|^|-1 



a 0 

= 0.10e 2r7a o 



e - 2r ' /a o+lor2| — I +2| — 1 + 1 



*0 



«0 



It is easiest to solve this numerically. It is seen that 



r' = 2.66 a n 



satisfies the above equation. 



Mathematical software has powerful features for handling this type of problem. Plots are very 
convenient to both make and use. Solve blocks can be used as functions. Both features are demon- 
strated below using Mathcad. 



Let* - p/a 0 . The probability; Prob(2$, that a 1s electron is within a sphere of radius z is: 



Prob(z>4' 



x 2 ■ e^ 2 x dx 



Variables needed for plot: , K;= 800t A . i -=0.. fi t ■ Z| :=s • 



4 '> 

1 



0.8 



0.6 



Htob(2i) 



0.4 



0.2 



N 



i/f 



X-Y Trace 



X-Value )2.6625 
Y^Value (0.90019 
I* Track Data Poinls 



2 V 5 3 r 



CopyX 



CopyY | 



Dose 



The plot indicates that the probability oflinding the? electron in a sphere of radius z is sigmoidal. "Hie trace 
feature of Mathcad is used to firid that with z =2.66 (r = 2.66 there is a 90.0% probability of finding the 
electron in the sphere. • « " ' 
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The following Mathcad document develops a function for calculating the radius for any desired 
probability. The probability is presented to the function as an argument 



z := 2 Estimate of z needed for computation within following Given/Find solve block for the function 
zfProbabilrty). 



Given 



)ility:=4- 

J c 



Probability := 4 • x 2 -e- 2x dx 

1 0 



z(Probability) := Find(z) 
4-9) = 2.661 



Ze 2 1 

P9.20 The attractive Coulomb force = • — 

AkEq r 2 



, . . _ (angular momentum) 2 (nti) 2 . 
The repulsive centrifugal force = — = - — — [postulated] 

m e r 3 m e r 3 

The two forces balance when 

Ze 2 1 n 2 h 2 ... , 4/rH 2 # 2 e 0 

The total energy is 

_ (angular momentum) 2 Ze 2 1 n 2 % 2 Ze 2 _ 
E - E v + V = - — - — x - = - [postulated] 



21 



4ne 0 r 2mj 2 Ane^r 



n 2 h 2 ) f Zn 2 m e V ( Ze 2 ) ( Ze 2 



2m £ J K 4xn 2 h 2 £ 0 y [ 4jt£ 0 )\ 4ym 2 fr 2 £ 0 



Z 2 e*m e 1 
32^ 2 e 2 ^ 2 X n 2 



P9.22 Refer to Problems 9.8 and 9.20 and their solutions. 

ji n = — « m c [m_ = mass of proton] 

m e + m 



— = — ■ [m^ s = mass of proton = m e ] 



47ttl 2 £ 

a 0 = r(n = 1) = — — ^ [9.1 1 and Problem 9.20] 



To obtain a Ps the radius of the first Bohr orbit of positronium, we replace m e with £t Ps = -y-, hence 



7th 2 e Q 
e 2 m e 
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The energy of the first Bohr orbit of positronium is 

he 

£ 1Ps = -hcR n = ~y R ~ Problem 9.8] 



Thus, E x ^\E m 



Question. What modifications are required in these relationships when the finite mass of the hydro- 
gen nucleus is recognized? 

P9.24 (a) The speed distribution in the molecular beam is related to the speed distribution within the 
chamber by a factor of v cos 8, as shown in Figure 9.3. Since an integration over all possible 8 must 
be performed, the cos 8 factor may be absorbed into the constant of proportionality: 

/bwmO) = Cvf cbambe[ (v), where C is to be determined 




>■ Molecular beam 



Figure 9.3 

By normalization over the possible beam speeds (0 < v be!im < °°) 
/^m = Cv(v 2 e^ m " 2 ' 2hT) ) = CvH- (mvlnkT) 



/bea m dy=l 



= C v 

J v=0 



1 



2(m/2kT) 2 



C=2(m/2kT) 2 



V ~ftxam( 



v) dv = C f v 



1 1 _ 2 (m/2kT) 2 = AkT 



(E K ) = ~(v 2 ) 



(b) A.x = 



2 x " ' 2y m ) 



{4E K jdz 



2kT 



or 



d$ 4£kAx 4(2kT)Ax 4kTAx 4(1.3807 x 10 23 J K" 1 ) x (1000 K) x (1.00 x 10~ 3 m) 



dz 2[i B L 2 2fi B L 2 n B L 2 



(9.27402 x 10 24 J T _1 ) x (50 x 10" 2 m) 2 



dS 
d7 



23.8 T nr 1 
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Solutions to applications 

P9.26 A stellar surface temperature of 3000-4000K (a 'red star') doesn't have the energetic particles and 
photons that are required for either the collisional or radiative excitation of a neutral hydrogen 
atom. Atomic hydrogen affects neither the absorption nor the emission lines of red stars in the 
absence of excitation. 'Blue stars' have surface temperature of 15 000-20 000 K. Both the kinetic 
energy and the black-body emissions display energies great enough to completely ionize hydrogen. 
Lacking an electron, the remaining proton cannot affect absorption and emission lines either. 

In contrast, a star with a surface temperature of 8000-10 000 K has a temperature low enough to 
avoid complete hydrogen ionization but high enough for black-body radiation to cause electronic 
transitions of atomic hydrogen. Hydrogen spectral lines are intense for these stars. 

Simple kinetic energy and radiation calculations confirm these assertions. For example, a plot of 
black-body radiation against hvll, where / is the ionization eneregy, is shown below (Figure 9.4). 




Figure 9.4 

It is clearly seen that at 25 000K a large fraction of the radiation is able to ionize the hydrogen (hv/I). 
It is likely that at such high surface temperatures all hydrogen is ionized and, consequently, unable 
to affect spectra. 

Alternatively, consider the equilibrium between hydrogen atoms and their component charged 
particles: 

H = H + + e- 

The equilibrium constant is: 

„ P.P. ( -AG+ ) f-A/rl fASM 
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P9.30 According to Problem 9.29, the Doppler effect obeys 

1-s/cT 



^receding = ^ where / = 



1 + sic 



This can be rearranged to yield: 

l_/2 

s = —c 

\ + P 

We are given wavelength data, so we use: 



f A star 



The ratio is: 

654^ = 0926() 
J 706.5 nm 

I - 0.9260 2 
so s = z — r — —~ c = 



0.0768c =2.30xl0 7 ms 1 



1 + 0.9260 2 

The broadening of the line is due to local events (collisions) in the distant star. It is temperature 
dependent and hence yields the surface temperature of the star. Eqn 9.38 relates the observed 
line width to temperature: 



21 

CM,obs= 

C 



2ferin2V /2 „ (cdX 



m 



2Jtln2 



T = 



( ( 2.998 x 10 8 m s l )(6l .8 x 10 12 m) 
2(654.2 x lO" 9 ) 



\ 2 r 



( 47.95 u)(1.661xlQ- 27 kg tr') 
2(1.381 xlO" 23 J Kr l )\n2 



T= 8.34xl0 5 K 



P9.32 See Figure 9.5. 



First three ionization energies of group 1 3 




20 



40 60 
Atomic number, Z 



Figure 9.5 
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Trends: 

(i) /, < I 2 < /j because of decreased nuclear shielding as each successive electron is removed. 

(ii) The ionization energies of boron are much larger than those of the remaining group elements 
because the valence shell of boron is very small and compact, with little nuclear shielding. The 
boron atom is much smaller than the aluminium atom. 

(iii) The ionization energies of Al, Ga, In, and Tl are comparable even though successive valence 
shells are further from the nucleus because the ionization energy decrease expected from large 
atomic radii is balanced by an increase in effective nuclear charge. 




Molecular structure 



Answers to discussion questions 

Consider the case of the carbon atom. Mentally, we break the process of hybridization into two 
major steps. The first is promotion, in which we imagine that one of the electrons in the 2s orbital 
of carbon (2s 2 2p 2 ) is promoted to the empty 2p orbital giving the configuration 2s2p 3 . (Note: This 
promotion is imaginary; there is no actual promotion of an electron from a filled 2s orbital into an 
empty 2p orbital.) In the second step we mathematically mix the four orbitals by way of the specific 
linear combinations in eqn 10.3 corresponding to the sp 3 hybrid orbitals. The number of orbitals is 
conserved. If we mix four unhybridized atomic orbitals we must end up with four hybrid orbitals. 
In the construction of the sp 2 hybrids we start with the 2s orbital and two of the 2p orbitals, and 
after mixing we end up with three sp 2 hybrid orbitals. In the sp case we start with the 2s orbital and 
one of the 2p orbitals. The justification for all of this is in a sense the first law of thermodynamics. 
Energy is a state function and therefore its value is determined only by the final state of the system, 
not by the path taken to achieve that state, and the path can even be imaginary. 

See Section 10.1 and Justification 10.1 for details on spin pairing in the valence bond (VB) theory. 
In the VB approach to H 2 , two expressions were contemplated for the part of the wavefunction that 
depends on spatial coordinates, namely A(l)B(2) + A(2)B(l) and A{\)B{2) - .4(2)5(1). The former 
has the lower energy. The Pauli principle requires the total wavefunction to be antisymmetric with 
respect to interchange of the electrons' labels. The spin factor that goes with the lower-energy spa- 
tial factor is a(l)/?(2) - a(2)/J(l). This spin wavefunction requires the two electrons to be in different 
spin states (i.e. their spins are paired). This is a side-effect of the lower-energy spatial portion of the 
wavefunction being symmetric with respect to interchange. This side-effect is true of simple VB 
wavefunctions in general. 

In the molecular orbital approach, spin pairing is common, but not ubiquitous. (The paramagnet- 
ism of 0 2 , which is correctly predicted by molecular orbital (MO) theory, is a well-known example 
of unpaired spins.) Here, the spin-pairing comes from the non-degeneracy of o molecular orbitals. 
If two electrons occupy the same orbital (whether atomic or molecular), the Pauli principle requires 
their spins to be different (i.e. paired). Valence electrons only occupy different orbitals when those 
orbitals are degenerate. So in MO theory, we have unpaired electrons only if we have an odd num- 
ber of electrons or if the highest occupied orbitals are n (or 5, etc.) MOs. 

These are all terms originally associated with the Huckel approximation used in the treatment of 
conjugated n electron molecules, in which the n electrons are considered independent of the a elec- 
trons, ^-electron binding energy is the sum of the energies of each k electron in the molecule. The 
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derealization energy is the difference in energy between the conjugated molecule with n double 
bonds and the energy of n ethene molecules, each of which has one double bond. The #-bond 
formation energy is the energy released when a k bond is formed. It is obtained from the total 
7r-electron binding energy by subtracting the contribution from the Coulomb integrals, a. 

D10.8 See Section 10.7(a). A Hartree Fock (HF) wavefunction for a closed-shell species that has N e electrons 
is a Slater determinant (eqn 10.54) of NJ2 distinct one-electron molecular orbitals (MOs), y/ m , each 
doubly occupied. The HF equations [10.55] for the MOs are a set of one-electron Schrodinger equa- 
tions. Each HF Hamiltonian contains a term for the kinetic energy of the electron, terms for the 
attraction of the electron to each of the species' nuclei, and terms for the repulsion of the electron 
from each of the other electrons (both direct Coulombic repulsion and electron-exchange terms 
that represent spin-correlation effects); see Further Information 10.1. The Coulomb and exchange 
portions of each HF Hamiltonian need the MOs occupied by the other electrons of the species: in 
other words, to solve for any MO, we need to know the other MOs. The HF method circumvents 
this difficulty by using initial guesses for the M Os as part of the Hamiltonians, using the Hamiltonians 
to find improved estimates of the MOs, and putting those MOs back into the Hamiltonians for 
another round of solutions; this iterative procedure is followed until the MOs converge. Finally, the 
form of the MOs is typically a linear combination of atomic orbitals (LCAO-MO, eqn 10.56). 
Solving for the MOs, then, amounts to finding the optimal coefficients of the LCAO-MOs by 
means of the variation principle. The atomic orbitals in an LCAO-MO are called the basis set. 
Selection of the basis set (i.e. how many functions and of what form) can influence the amount of 
computational time needed to obtain an HF wavefunction as well as the quality of the result. 



Solutions to exercises 

Let A and B represent His atomic orbitals centred on the two different H nuclei. Labelling the two 
different O nuclei C and D, we let C x and C : represent two different 02p orbitals centered on O 
nucleus C, etc. Then, the (unnormalized) spatial portion of wavefunction (for the bonding electrons 
only) would be 



¥ = {A(\)C X (2) + A(2)CJ\)} x {C(3)A(4) + C(4)A(3)} x {*(5)J>,(6) + B(6)D X (5)} 



H A -O c bond O-O bond H b -O d bond 

Note that there are other possible correct answers. For example, the two 02p orbitals in the 
O-O bond term must have the same orientation (e.g. p z orbitals by convention); however, the 02p 
orbitals in the two different O-H bonds need not have the same orientation (although they must be 
different from the orbitals in the O-O bond). Also, the numbering of the electrons need not be 
exactly as shown here: two different electron labels must appear in each linear combination (i.e. 
in each bond); within each bond, the two labels must be interchanged. 

COMMENT. This simple VB function embodies two perfectly covalent O-H bonds and one 0-0 bond. The 
H-O-0 bond angles would be 90° because that is the angle that the 02p orbitals make. 

Question. Write a VB spatial wavefunction using sp 3 hybrid orbitals on the oxygens. 

Let s represent the His atomic orbital and p, an F2p orbital centered on the F nucleus. Then, the 
spatial portion of wavefunction (for the bonding electrons only) would be 



s(X)p : (2) + s(2) P: {\) 
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The spatial factor is symmetric with respect to interchange of the electrons' labels, so the spin factor 
must be antisymmetric: 

a (l)j3(2)-a(2)j9(l). 

So, the total (unnormalized) wavefunction for this bond would be 



¥ = 



W)A(2) + s(2)p z (l)} x {«(1)J8(2) - a(2Ml)} 



COMMENT. This simple VB function embodies a perfectly covalent H-F bond. 

E 10.3(b) Let A, B, and C represent appropriately oriented F2p atomic orbitals centred on the three different 
F nuclei, and /t„ h 2 , and /z 3 represent the three hybrid sp 2 orbitals on B. Then, the (unnormalized) 
spatial portion of wavefunction (for the bonding electrons only) would be 



V = 



{^(1)^,(2) + A{2)h { {\)} x {B(3)h 2 (4) + *(4)/z 2 (3)} x {C(5)/> 3 (6) + C(6)/i 3 (5)} 



COMMENT. This simple VB function embodies three perfectly covalent B-F bonds involving the same B 
nucleus. 

Question. This wavefunction does not include terms for the lone-pair electrons on the F atoms. 
Would the basis used for this exercise treat the lone-pair orbitals equivalently? What kind of fluorine 
orbitals would treat the lone pairs equivalently? Repeat this exercise using such a basis. 



E1 0.4(b) h 2 = s + 



/ \l/2 



~z P*-T P> and h } = s- 



A3V' 2 



We need to evaluate 




s+ - P*~ T\ P 




p, dr 



We assume that the basis atomic orbitals are normalized and mutually orthogonal. We expand the 
integrand, noting that all cross terms integrate to zero (because the basis orbitals are orthogonal). 
The remaining terms integrate to one, yielding 



J/2 2 /i3 dr = js 2 dr - | J p 2 x dr + ^-jp 2 dr - 1 - ^ + ^ = 0 



E1 0.5(b) Refer to Figure 10.24 of the text for and 10.33 for the others. Place two of the valence electrons 
in each orbital starting with the lowest-energy orbital, until all valence electrons are used up. Apply 
Hund's rule to the filling of degenerate orbitals. 



(a) H; (3 electrons) 

(b) N 2 (10 electrons) 



la 2 lcj,6 = 0.5 



lc 2 la 2 l7t u 4 2o- 2 ,6 = 3 



(c) 0 2 (12 electrons) la 2 lc 2 2o 2 l<l7t 2 , b = 2 
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E1 0.6(b) Refer to Figure 10.33 of the text. C1F is isoelectronic with F 2 and CS with N 2 ; note, however, that 
the a and n orbitals no longer have u or g symmetry, so they are simply labelled consecutively for 
these molecules. 



(a) C1F (14 electrons) lc 2 2a 2 3o 2 ln 4 2n 4 

(b) CS (10 electrons) 



1o- 2 2ct 2 1ji 4 3o- 2 



(c) 02(13 electrons) lo 2 la 2 2o 2 l<l^ 



E1 0.7(b) Decide whether the electron added or removed increases or decreases the bond order. The simplest 
procedure is to decide whether the orbital involved (i.e. the one to which an electron is added or from 
which one is taken) is a bonding or antibonding orbital. We can draw up the following table, which 
denotes the orbital involved, using a * to denote antibonding orbitals: 





N 2 


NO 


o 2 


c 2 


F 2 


CN 


(a) AB" 




2n* 


In* 


2o g 


2o* 


3o 


Change in bond order 


-1/2 


-1/2 


-1/2 


+1/2 


-1/2 


+1/2 


(b) AB + 




2n* 


In* 


ln u 


In* 


3a 


Change in bond order 


-1/2 


+1/2 


+1/2 


-1/2 


+1/2 


-1/2 



(a) Therefore, C 2 and CN are stabilized (have lower energy) by anion formation. 



(b) NO, 0 2 , and F, are stabilized by cation formation; in each of these cases the bond order 



increases. 



E10.8(b) Figure 1 0. 1 here is based on Figure 10.32 of the text but with CI orbitals lower than Br orbitals. 



Br 



BrCl 



CI 




Figure 10.1 
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For BrCl we insert 14 valence electrons. The bond order is decreased when BrCl~ is formed from 
BrCl because an electron is added to an antibonding orbital, therefore BrCl will have a shorter 
bond length than BrCl". 



E1 0.9(b) 0 + 2 (11 electrons) 
0 2 (12 electrons) 
(13 electrons) 
0^ (14 electrons) 



lc 2 g l<yl2ol\n 4 u ln l s 6 = 2.5 
la^la^l<lrt 2 g 6 = 2 
lo^la^l<l^ 6=1.5 



Each electron added to is added to an antibonding orbital, thus increasing the length. So, the 
sequence 



O2, 0 2 , 0 2 , Oj has progressively longer bonds. 



E10.10(b) Normalization requires 



Use the normalization of the basis functions and the definition of the overlap integral (eqn 
10.18): 



Hence, N = 



1 



,\I2 



1 + 2XS + X 2 



E1 0.1 1{b) We seek an orbital of the form aA + bB, where a and b are constants, which is orthogonal to the 
orbital N(0. U5A + 0.8445). Orthogonality requires 

\{aA + bB)N(0A45A + 0.8445) dr = 0 

n\{QA45ciA 2 + (0.1456 + 0.844^)^5 + 0.84465 2 }dr = 0 

The integrals of squares of orbitals are 1 and the integral jAB dt is the overlap integral 5 (eqn 
10.18), so 



0 = (0. 145 + 0.8445)a + (0.1 455 + 0.844)6, so a = 



0.1455 + 0.844 
0.145 + 0.8445* 



This would make the orbitals orthogonal, but not necessarily normalized. If 5 = 0, the expression 
simplifies to 

0.844 

a = b 

0.145 

and the new orbital would be normalized if a = 0.844^ and b = -0. 145N. That is 



JV(0.844,4 - 0.1455) 
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E10.12(b) Energy is conserved, so when the photon is absorbed, its energy is transferred to the electron. Part 
of it overcomes the binding energy (ionization energy) and the remainder is manifest as the kinetic 
energy of the now freed electron. 



J photon 



= I+E, 



kinetic 



T he T (6.626 x 10" 34 J s) x (2.998 x 10 8 m s -1 ) A ^ n xr 
so E^^E^ -I = — ~I= K __ _ ,. , V„_ y -4.69eV 



(584 x 10-' 2 m) x (1 .602 x 10~' 9 J eV" 1 ) 



= 2119eV 



= 3.39 xlO" 16 J 



E10.13(b) £ photon = /+ £ kicetic [Exercise 10.12(b)] 

The energy of He(I) photons is 21.22 eV [Section 10.4(e)] 



1 -^photon ^kinetic -^photon 



= 21.22 eV- 



(9.1 1 x 1Q- 31 kg) x {0.00501 x (2.998 x 10 s m s-')} 2 
2x(1.602xlO- ,9 JeV-') 



14.81 eV 



2.372 xlO- 18 J 



E1 0.1 4(b) We use results derived in Section 10.5(c) for heteronuclear molecules and no overlap of atomic 
orbitals. The energies of the molecular orbitals are 

r , 1 1/2 



E ± = 



a Q +a Xe 



1 + 



2/? 



«0-«Xe 



[10.32c] 



Taking the Coulomb integrals to be equal in magnitude and opposite in sign to the ionization ener- 
gies, we have 



£ + /eV = 



-13.6 + (-12.1)^ 



" -13.6 + 12.A \ ( 2x(-1.2) \ 
2 J | + { -13.6 + 12.1 J 



so £\- 



-14.3 eV 



and E - 



-11.4eV 



The coefficients are given by eqn 10.38: 

f ,1-1/2 



C Q =\\ + 



«o~ E 

ft . 



and c x =- 



a Q - E 



Co 



So, in the bonding orbital 
c 0 =\l + 



f -13.6+14.3 Y 



-1.2 



-- 0.87 imd c Xi = -| 13 - 6+14 - 3 | v ,).S7 - 0.4S 
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and in the antibonding orbital 



c n =U + 



-13.6+11.4 
-1.2 



= 0.48 and c Xe = - 



-13.6 + 11.4 



-1.2 



x 0.48 = -0.87 



Thus, the bonding and antibonding orbitals are, respectively, 



0.87*0 + 0.48* Xe and ¥ _ = 0.48*0 - 0.87* Xe 



E1 0. 1 5(b) We use results derived in Section 1 0 . 5(c) for heteronuclear molecules with overlap of atomic orbitals. 
The energies of the molecular orbitals are 



£ _ a 0 +a Xt -2pS ± {(a 0 +« Xe -2/35) 2 -4(l-5 2 X«o«xe-i8 2 )r 



EJeW = 



2(1 -S 2 ) 2(1 -S 2 ) 

-13.6-12.1 + 2x1.2x0.20 



[10.32a] 



2(l-0.20 2 ) 

{(-13.6- 12.1 + 2 x 1.2 x 0.20) 2 - 4(1 - 0.20 2 X13.6 x 12.1 - 1.2 2 )}" 2 
~ 2(1 - 0.20-) 

Thus, taking the lower energy to be that of the bonding orbital, we have 



-14.8 eV and £ anti = 



-11.5eV 



The coefficients are given by eqns 10.36 and 10.34, respectively, 

> -1/2 

a 0 -E^\ 



c 0 =n+ 



{P-ES 



-2S 



So, in the bonding orbital 
a Q -E -13.6+14.8 



p-ES 



= 0.66, 



and c Xe = - 



( a Q ~E^ 



[P-ES) 



Co 



P-ES -1.2 + 14.8x0.20 

c o = (l+0.66 2 -2x0.20x0.66)- 1/2 = 0.92 and c Xe = -0.66 x 0.92 = -0.61 

In the antibonding orbital 

a 0 -E -13.6+11.5 - 
P-ES -1.2 + 11.5x0.20 ' ' 

c 0 = (1 + 1 .89 2 + 2 x 0.20 x 1 ,89)" 1/2 = 0.43 and c Xe = 1 .89 x 0.43 = 0.82 
Thus, the bonding and antibonding orbitals are, respectively, 



Vbond - 



0.92* o - 0.61* Xe and ^ ti = 0.43* o + 0.82* Xe 



E1 0.1 6(b) The molecular orbitals of the fragments and the molecular oribitals that they form are shown in 
Figure 10.2. 
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Figure 10.2 



E1 0.1 7(b) In setting up the secular determinant we use the approximations of Section 10.6: 



a — E 

P 
0 



P 0 
a-E p 
p a-E 



= 0 



The atomic orbital basis consists of unhybridized 2p_ orbitals centred on each carbon atom. We 
ignore overlap between the terminal carbon atoms because they are not neighbouring. To find the 
energies, expand the determinants: 

(a -E) x {{a -E)(a-E)- j8 2 } - p x p{a -E) = 0, 

0 = (a - E) x {(a - E)(a -E)- 2p 2 } = (a - E)(a -E+ 2 1/2 0)(a -E- 2 m p) 

The roots (the orbital energies) are E= a, a ± 2 m p. The binding energy is the sum of the orbital 
energies of the occupied orbitals: 



E„ = 2(a + 2 U2 p) + a=3a + 2 m p 



comment. The secular determinant and the expression for binding energy are formally the same as for linear 
H 3 (Exercise 10.17(a)). The parameters a and p would have different values, however. 



E1 0.1 8(b) The structure of naphthalene is numbered to match the row and column 10 
numbers shown in the secular determinant. 






1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 


a-E 


fi 


0 


0 


0 


0 


0 


0 


0 


P 


2 




a-E 




0 


0 


0 


p 


0 


0 


0 


3 


0 


fi 


a-E 


I 


0 


0 


0 


0 


0 


0 


4 


0 


0 


$ 


a-E 


0 


0 


0 


0 


0 


0 


5 


0 


0 


0 




a-E 




0 


0 


0 


0 


6 


0 


0 


0 


0 


P 


a-E 


p 


0 


0 


0 


7 


0 


p 


0 


0 


0 


P 


a-E 


p 


0 


0 


8 


0 


0 


0 


0 


0 


0 


P 


a-E 


p 


0 


9 


0 


0 


0 


0 


0 


0 


0 


P 


a-E 


p 


10 




0 


0 


0 


0 


0 


0 


0 


P 


a-E 
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The secular determinant can be diagonalized with the assistance of general-purpose mathematical 
software. Alternatively, programs specifically designed for Huckel calculations (such as the Simple 
Huckel Molecular Orbital Theory Calculator at the University of Calgary, http://www.chem. 
ucalgary.ca/SHMO/, or Huckel software in Explorations in Physical Chemistry, 2nd edn, de Paula, 
Walters, and Atkins, http://ebooks.bfwpub.com/explorations.php) can be used. Application of 
such software yields 10 non-degenerate % orbitals, whose 'energies' are given in the following table 
(What the table actually lists is (E - a)/0): 



Level 1 2 

(£-a)/0 2.303 1.618 

Level 6 7 

(£-a)/0 -0.618 -1.000 



3 4 5 

1.303 1.000 0.618 

8 9 10 

-1.303 -1.618 -2.303 



As usual, we fill the orbitals starting from the lowest energy orbital, obeying the Pauli principle and 
Hund's rule. 



(a) C 10 H 8 (11 electrons): 



\Ti 2 2n 2 3n 2 4n 2 5K 2 6n i 



E n = 2{a + 2.303/3) + 2(a + 1 .61 80) + 2(a + 1.3030) + 2(a + 0) 



+ 2(a + 0.6180) + (a - 0.6180) = 1 la + 13.0660 



(b) C !0 H 8 + (9 electrons): ItfltfSnWStf 



E % = 2(a + 2.3030) + 2(a + 1 .61 80) + 2(a + 1 . 3030) + 2(a + 0) 



+ (a + 0.6180)= 9a + 13.0660 



E1 0.19(b) The structure is numbered to match the row and column numbers shown in 
the determinants: 






















6 5 






1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 


a-E 


0 


0 


0 


0 


0 


0 


0 


0 


0 


2 


0 


a-E 


0 


0 


0 


0 


0 


0 


0 


0 


3 


0 


0 


a — E 


0 


0 


0 


0 


0 


0 


0 


4 


0 


0 


0 


a-E 


0 


0 


0 


0 


0 




5 


0 


0 


0 


0 


a~ E 




0 


0 


0 


0 


6 


0 


0 


0 


0 


0 


a — E 


0 


0 


0 


0 


7 


0 


0 


0 


0 


0 


0 


a-E 


p 


0 


0 


8 


0 


0 


0 


0 


0 


0 


0 


a-E 


0 


0 


9 


0 


0 


0 


0 


0 


0 


0 


0 


a — E 


0 


10 


0 


0 


0 


0 


0 


0 


0 


0 


0 


a-E 



Azulene has 10 k electrons, which fill five orbitals. The energies of the filled orbitals are a + 2.3 100, 
a + 1.6520, a + 1.3560, a + 0.8870, and a + 0.4770. Thus, the total jc-electron binding energy is 

10a + 13.3640 - 
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Solutions to problems 

Solutions to numerical problems 

P10.2 Figure 10.3 is a sketch of an s orbital and a p orbital at various interauclear separations, beginning 
with zero separation. From these crude sketches, we can anticipate how the overlap integral would 
vary. At zero separation, the overlap would be zero by symmetry: the overlap of the s orbital with 
the positive and negative parts of the p orbital are equal and opposite. As the s orbital overlaps the 
positive lobe of the p orbital, the overlap integral increases. Eventually, however, the orbitals are 
too far apart for any significant overlap. 

m 

cm 

Figure 10.3 

The expression given in the text for the overlap integral between a hydrogenic Is and 2p z orbital is 
plotted in Figure 10.4. Note that it displays a maximum overlap not when the nuclei are coincident 
(for there they are orthogonal) but at an intermediate separation. 




R/a 0 



Figure 10.4 
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P10.4 



From the graph, we can see that maximum overlap occurs at about R = 2.1 a 0 

Question. Find the position of maximum overlap analytically by differentiating S and setting the 
derivative equal to zero. 

We obtain the electron densities from p + = yr* and p_ = y/l, with v+ and y/_ as given in Section 10.3. 
We then calculate with 



, Y /2 r i Y 2 

A- — -\ e-'* /a » and y ± = N ± \ — r {e"^± e-^ /a «} [10. 



9] 



: c--'- and v- ^ j 

^ nag J ^ J 

Measuring both r A and r B from nucleus A, along the internuclear line, we have 



1 — t, j 



| e -|2|/«o + e -U-/V«o } 



with z measured from A along the axis toward B. We use the normalization factors from 
Example 10.1: 



1 



V 2(1±S) 

We first calculate the overlap integral, S, at R = 106 pm = 2a 0 . 
1 



S = 



l + 2 + -(2) 2 
3 



Then, N + = 



1 



e" 2 = 0.586 [10.13a] 



1 



2(1 + 5) J 12(1 + 0.586) 



= 0.561 



1 



2(1-5) 



1/2 / 



1 



2(1-0.586) 



-1.099 



Hence, p ± = Nl — {e-w* ± e"' 2 "^ } 2 



nag 



We evaluate the factors preceding the exponentials in ^ + and yr_ 





1/2 / 


= 0.561 x 




V 



1 



1 



Likewise, N_ 
Then, p + = 
and p_ = 



' 1 " 



1 



621pm 3 ' 2 

1 



(1216) 2 pm 3 
1 



| e -N/«0 + e -|2r-J?|/oo } 2 



(621) 2 pm 3 



| e -lz|/oo _ e H2-J?l/oo Y 
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The 'atomic' density is 

P = ^(A) 2 + ¥uW} = \* f -Q{e- 2 ^ + e-**>} 
2 2 yxat ) 

~ 9.30xl0 5 pm 3 

e -2tr|/a 0 + e -2|z-/J[/ < J 0 

9.30xl0 5 pm 3 
The difference density is Sp ± = p±~ p. 

We draw up the following table with R = 106 pm and a 0 = 52.9 pm: 



z/pm 


-100 


-80 


-60 


-40 


-20 


0 


20 


40 


p + x 10 7 /pnr 3 


0.20 


0.42 


0.90 


1.92 


4.09 


8.72 


5.27 


3.88 


p_ x 107pm -3 


0.44 


0.94 


2.01 


4.27 


9.11 


19.40 


6.17 


0.85 


px 107pnr 3 


0.25 


0.53 


1.13 


2.41 


5.15 


10.93 


5.47 


3.26 


<5p + x 107pm" 3 


-0.05 


-0.11 


-0.23 


-0.49 


-1.05 


-2.20 


-0.20 


0.62 


5p^x 107pm" 3 


0.19 


0.41 


0.87 


1.86 


3.96 


8.47 


0.70 


-2.40 



z/pm 


60 


80 


100 


120 


140 


160 


180 


200 


p + x 107pm- 3 


3.73 


4.71 


7.42 


5.10 


2.39 


1.12 


0.53 


0.25 


p_x 107pm" 3 


0.25 


4.02 


14.41 


11.34 


5.32 


2.50 


1.17 


0.55 


px 107pm 3 


3.01 


4.58 


8.88 


6.40 


3.00 


1.41 


0.66 


0.31 


Sp + x 1 07pm 3 


0.70 


0.13 


-1.46 


-1.29 


-0.61 


-0.29 


-0.14 


-0.06 


Sp_x 107pm" 3 


-2.76 


-0.56 


5.54 


4.95 


2.33 


1.09 


0.51 


0.24 



The densities are plotted in Figure 10.5(a) and the difference densities are plotted in Figure 
10.5(b). 




Figure 10.5(a) 
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P10.6 



10 



1 4 

2 2 

x 

£ 0 



-2 
-4 
-6 
-100 



Figure 10.5(b) 





hp. 
























9 •- 


■ — < 








— • — • — ■ 



100 



200 



z/pm 



/>=j^l 2 dT=|vl 2 <5t,5t= 1.00 pm 3 
(a) From Problem 10.4 

¥ l(z = 0) = p + (z = 0) = 8.7 x 10" 7 pm" 3 
Therefore, the probability of finding the electron in the volume 8? at nucleus A is 

P = 8.6 x 10- 7 pm" 3 x 1 .00 pm 3 = 



8.6x10" 



(b) By symmetry (or by taking z = 1 06 pm), P - 



8.6 x 10- 7 



(c) From Figure 10.5(a), yl(±R) = 3.7 x lO^pnr 3 , so P= 3.7 x 10~ 7 





10.0 pm 


Ao.O pm 


86.0 pm ^"N. 



Figure 10.6 

(d) From Figure 10.6, the point referred to lies at 22.4 pm from A and 86.6 pm from B. 

e -22.4/52.9 + e -86.6/52.9 Q 65 + Q.19 



Therefore, y/ + =- 

1216 pm 3/2 

^;=4.9xl0- 7 pm- 3 , so P = 



' 1216 pm 3 ' 2 
4.9x10-"' 



= 6.98xl0- 4 pnr 



For the antibonding orbital, we proceed similarly. 

(a) yrl(z = 0) = 19.4 xlO^pm" 3 [Problem 10.4], so P = 

(b) By symmetry, P = 



2.0 x 10" 6 



2.0 x 10- 



(c) ¥ 2 .aR) = 0, so P = \0 
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(d) We evaluate y/-_ at the point specified in Figure 10.6: 

0.65-0.19 

¥ = = 7.41 x 10" 4 pm- 3/2 

v 621pm 3/2 P 

= 5.49 xlO" 7 pur 3 , so P = 



5.5 xlO" 7 



Energy is conserved, so when the photon is absorbed, its energy is transferred to the electron. Part 
of that energy overcomes the binding energy of the electron (ionization energy) and the remainder 
is manifest as the kinetic energy of the now freed electron. 



■^photon — 1+ E\ 



Icinetio S0 I — ^photon 



kinetic 



so the first three ionization energies are: 
/, = 21.21 eV- 11.01 eV = 
J, = 21 .21 eV- 8.23 eV = 



10.20 eV 



12.98 eV 



15.99 eV 



and / 3 = 21.21 eV-5.22eV = 
Figure 10.7 displays the energy level diagram. 
0 



-/^ -10.20 eV 

-/ 2 = -12.98 eV 

-/ 3 = -15.99 eV 
Figure 10.7 



E = 



n 2 h 2 
8mL 2 



, n = 1, 2, ... and y n = I — sin 



[Section 8.1] 



Two electrons occupy each level (by the Pauli principle), and so butadiene (in which there are four 
it electrons) has two electrons in y { and two electrons in \ff 2 ' 



71X 



sin 



2kx 



These orbitals are sketched in Figure 10.8(a). 
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V2 



Compared 
with 



Vi 




Compared 
with 




Figure 10.8(a) 

The minimum excitation energy is 



AE = E x - E 0 = 5 



8m e L 2 



In CH 2 =CH— CH=CH— CH=CH — CH=CH 2 there are eight n electrons to accommodate, so the 
HOMO will be y 4 and the LUMO y/ 5 . From the particle-in-a-box solutions 

h 2 9h z 
A£ = £s -* 4=( 25-.6)_ = — 
(9)x(6.626xl0~ 34 Js) 2 



(8) x (9.109 x 10" 31 kg) x (1.12 x 10" 9 m) 2 
= 4.3xlO" 19 J 



which corresponds to 



2.7 eV 



The HOMO and LUMO are 



( i Y /2 



sin 



nnx 



with n = 4 and 5, respectively; the two wavefunctions are sketched in Figure 10.8(b). 




Figure 10.8(b) 
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COMMENT. It follows that 

he (6.626 x 1 0" 34 J s) x (2.998 x 1 0 8 m s~ 1 ) 



AE 



4.3x10" 19 J 



= 4.6x10- 7 m, or 



460 nm 



The wavelength 460 nm corresponds to blue light; so the molecule is likely to appear 
because blue is subtracted. 



orange 



in white light 



(a) In the absence of numerical values for a and /J, we express orbital energies as (E k - «)//? for the 
purpose of comparison. Recall that a and /J are negative, so the orbital with the greatest value of 
(E k - a)/fi has the lowest energy. Draw up the following table, evaluating 

E k - a _ 2kn 



- 2cos : 



N 





Energy (E k - 




Orbital, k 


QH 6 




±4 




-2.000 


±3 


-2.000 


-1.414 


±2 


-1.000 


0 


±1 


1.000 


1.414 


0 


2.000 


2.000 



In each case, the lowest and highest energy levels are non-degenerate, while the other energy levels 
are doubly degenerate. The degeneracy is clear for all energy levels except, perhaps, the highest: 
each value of the quantum number k corresponds to a separate MO, and positive and negative 
values of k therefore give rise to a pair of MOs of the same energy. This is not the case for the high- 
est energy level, however, because there are only as many MOs as there were atomic orbitals (AOs) 
input to the calculation, which is the same as the number of carbon atoms; having a doubly degenerate 
top energy level would yield one extra MO. 

(b) The total energy of the k electron system is the sum of the energies of occupied orbitals 
weighted by the number of electrons that occupy them. In C 6 H 6 , each of the first three orbitals is 
doubly occupied, but the second level (k= ±1) is doubly degenerate, so 



£,= 2f 9 +2x 2£, = 2(a + 2/?cos0) + 4 



a + 2j3cos-^ | = 6a -f 



The derealization energy is the difference between this quantity and that of three isolated double 
bonds: 



E MoQ = E K -6(a + P) = 6a + $f3-6(a + (})= 2/3 



For linear hexatriene, Efc loc = 0.988/* , so benzene has considerably more derealization energy 



(assuming that jS is similar in the two molecules). This extra stabilization is an example of the 



special stability of aromatic compounds. 
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(c) In C 8 H 8 , each of the first three orbitals is doubly occupied, but the second level (k = ±1) is 
doubly degenerate. The next level is also doubly degenerate, with a single electron occupying each 
orbital. So, the energy is 



E n = 2E 0 + 2 x 2E X + 2 x \E 2 

= 2{a + 20cosO) + A^a + 2/3cos~ j + 2 
= 8a + 9.657£ 



a + 2(5 cos 



An 



The delocalization energy is the difference between this quantity and that of four isolated double 
bonds: 



£ d eioc = K~ 8(a + /3) = 8a + 9.657/3 - 8(« + 0) = 1 .657/3 



This delocalization energy is not much different from that of linear octatetraene ( 1.518/3 ), so 



cyclooctatetraene does not have much additional stabilization over the linear structure. Once again, 
however, we do see that the delocalization energy stabilizes the n orbitals of the closed-ring con- 
jugated system to a greater extent than what is observed in the open-chain conjugated system. 
However, the benzene/hexatriene comparison shows a much greater stabilization than does the 
cyclooctatetraene/octatetraene system. This is a demonstration of the Huckel An + 2 rule, which 
states that any planar, cyclic, conjugated system exhibits unusual aromatic stabilization if it con- 
tains An + 2 n electrons, where n is an integer (but not a quantum number). Benzene with its 6 n 
electrons has this aromatic stabilization, whereas cycloctatetraene with 8 re electrons doesn't have 

this unusual stabilization. We can say that it is not aromatic , consistent with indicators of aroma- 

ticity such as the Huckel An + 2 rule. 



See Figure 10.9. In all of the molecules considered, the HOMO is bonding with respect to the 
carbon atoms connected by double bonds, but antibonding with respect to the carbon atoms con- 
nected by single bonds. (The bond lengths returned by the modelling software suggest that it makes 
sense to talk about double bonds and single bonds. Despite the electron delocalization, the nominal 
double bonds are consistently shorter than the nominal single bonds.) The LUMO had just the 
opposite character, tending to weaken the C=C bonds but strengthen the C-C bonds. To arrive at 
this conclusion, examine the nodal surfaces of the orbitals. An orbital has an antibonding effect on 
atoms between which nodes occur, and it has a binding effect on atoms that lie within regions in 
which the orbital does not change sign. The it* <— n transition, then, would lengthen and weaken 
the double bonds and shorten and strengthen the single bonds, bringing the different kinds of poly- 
ene bonds closer to each other in length and strength. Since each molecule has more double bonds 
than single bonds, there is an overall weakening of bonds. (See Figure 10.9.) 
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HOMO 



LUMO 



HOMO ^ 

#v AT 

^^P^ ^p^W LUMO 



HOMO 




LUMO 



Figure 10.9 



Solutions to theoretical problems 

The explicit form of the h 2 sp 2 hybrid is 



/z, = s + 



■\{\ P.L'0-5] 
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The unhybridized orbitals are put together from the radial and angular functions listed in Tables 9. 1 
and 8.2: 



1 z 



x(2-p)e-"' 2 x 



4k ) (32* ) [a ) V F 



2p,=-^ r /? 21 (r 1 , +1 -r 1> _ 1 )[9.22] 



1 1 

X 



2 i/2 24 1/2 



y/2 




pe-^x 





i WzV 2 

— pe^sinflcos^ 

32* j [a 



2p 7 =^^,(>l + i+n-i)[9-22] 

= — x — f — ] pe"" /2 x f— j sin m -e - + e"'< ) 



32* ; 



1/2 / \ 3/2 

Z 



pe" p ' 2 sin 0 sin 0 



2Zr Zr 
where p = — — = — 
2a a 



i Y'Yz^' 2 

In forming the hybrid, pull out the factor of | ! — 



e"^ /2 common to each component: 



' = ' 32~~~ ) \i e ~ P ' 2 1 2 ~ p + f j psin6cos ^ ( I" 1 P sin ^ sin * r 



1 

32* 



'3 1/2 cos0 - sin0 



2 m 



sinO - 1 



To find the angles at which h 2 has maximum amplitude, differentiate with respect to angles: 



^ = 0 = 1 
d<t> \ 32k J { a 



-p/2 



^^||^j(-3 1/2 sm0-cos0) 



so 



sin0 _ 1 
cos0 ~ 3 1 ' 2 



= tan0 or 0 = Sn/6 or 1 Ik/6 (150° or 330°). 



Evaluating the functions at these angles shows that 



3 1/2 cos0 - sin0 



sin^ - 1 has a positive maxi- 



mum at 0 = 1 Ik/6 and a negative minimum at Sk/6. Recall that the sign of an orbital or wavefunction 
does not matter; the direction of maximum amplitude is the one where h\ is greatest. For this func- 



tion, that corresponds to 1 l*/6 (330°) , the positive maximum, because the terms that depend on 
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angles then add to positive constants rather than diminish them. Differentiating with respect to 6 
yields 



^ = 0 = 
30 



1 

32* 



f 7 ^ m 
— I pe-" 2 



3 1/2 cos^-sin0 



)l/2 



COS0 



so 0 = nil (90°). Thus, the orbital has its maximum amplitude in the xy plane, as expected. 

IP10.18 The LCAO-MOs are 

y ± = N ± (A±B)[lO.%] 
1 



with N 2 = 



[Example 10.1] 



2(1 ± S) 
The Hamiltonian is 

2m 4x£ Q r A 4xe Q r B 47te 0 R 2m r A r B R 

where we have introduced the abbreviation j 0 = 



Htff = Ey implies that 



n 



Jo ... Jo 



Jo 



2m 



R 



Multiply through by yr* (which is equal to yr) and integrate using 
E B A 

[A and B are solutions for the H atom] 



n 2 


V 2 A- 


A 


2m 




n 2 


\t-b- 


A 


2m 





Let's work first with w 



E U A + E R B -^-B-^-A + ^-(A + B) \dz = E + 
r 4 r R R 



hence, E H 



Y+ R 



and so, £ H + 4 " JqNI II A— + B— + A— + B— jdr = £ + 



y/ldz - j 0 N + I yr + \ — + — IdT = E + 



B 



R 

Now, use 7o | A—dx = j 0 

r A 

Similarly 



B 



B—dz (by symmetry); call this integral (including the factor of j 0 ) k. 



j Q \a— dx = j 0 \B— dr (by symmetry); call this integral j. 

J r B J r A 
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Putting all the terms together, we have 



P10.20 



which is eqn 10.12. 

The analogous expression for E_ is obtained by starting from 
JV_ L J E H A - E n B + ^-B-^A + j±(A - B) \dz = E_ 

) \ r A r B R ) 

Following the same steps as above leads to 

H R \-S 
which is eqn 10.15. 

Differentiate eqn 10.30 with respect to one of the coefficients, say c A . (The steps would be identical 
for c B .) 



E = 



Hence, 



c A a A +cju B + 2c A c B p 
c\ + c B + 2c A c B S 

BE _ 2c A cc A +2c B p cja A + c B a B + 2c A c B p 

dc A c\ + cl + 2c A c B S {c\ + c B + 2c A c B S) 2 



x (2c A + 2c B S) 



2(c A a A + c B p) 

C A "h C B "I" 2c A C B S 



-Ex 



2c A + 2c B S 
c \ + c b + 2c A c B S 



2x 



c\ + c\ + 2c A c B S 



P1 0.22 Define a parameter 8 by letting 

(1) 6 = -arctan — — — j; thus, 
2 {<x A -a B 



2fi 



= tan 26 



<x A -cc Q 

Note: a A - a B , not the other way around as in the main text. 

We are to prove that the solutions may also be expressed in terms of this parameter more simply as 

£V = a A + /?tan0 and E_ = a B - p tan 8 

If these latter expressions are true, then these expressions for E must obey the secular determinant 
equations. That is, 

(a A -£ + )(a B -£ + )-j3 2 = 0 and (a A - £_)(a B - £_) - fp- = 0 
Expanding the E + equation yields 

0 = (-p tan B)(a B - a A - p tan 6) - p 2 = p 2 tan 2 8 + (a A - a h )p tan 6 - p 2 
Solving for tan 6 yields 



... . _ (a B -a A )P±J(a A -a B ) 2 P 2 + 4p* _ a B -a 
(2) tantf- 2 p 



-n±ji + 

2p I \ ^«B-«A 



2p 
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l±Jl+ 4 =.±V^T. 



Purely for convenience, define c = — — — so tan# = c 

2/3 



Expanding the E_ equation yields 

0 = (a A - a B + p tan 8)p tan 8-p 2 = p 2 tan 2 8 + (a A - a B )/3 tan 8-p 2 

the same equation as before, leading to the definition of tan 8 in eqn (2) above. 

To see whether the definitions (1) and (2) are consistent (i.e. to see whether the 8 defined in equation 
(1) is actually the 8 that appears in the expressions for the energies), we substitute expression (2) into 
the trigonometric double-angle identity for tangent: 



tan20 = 



2tan0 2(c±y[c*+l) 



2[ c ±^c 2 +\) 



l-tan 2 0 l-( c±> /^7) 2 \-(c 2 ±2cylJV\+c 2 +{) 

2( C ±V^7!) 2 p 



-2c[ c ± Cy]c l +l) 



This matches eqn (1), therefore the energies given in terms of tan 8 as defined in eqn (1) are 
solutions of the secular determinant. 

Finally, we must solve for the coefficients in the wavefunction. The coefficients of the wavefunction 
can be obtained from eqns 10.36 and 10.34 (both with S= 0): 



1 



1 



c A = 



1 



1 



l + l ff A-^ 



1 + 



-/3tan0 
P 



(l + tan 2 0)" 2 secfl 



= cos 8 



and c B =-| ^ A ^ + \t 
Thus, y + = A cos 8 + B sin 8. 



-ptznB 
P 



cos0 = sin0 



For the coefficients of E_, we will find it convenient to work with analogues of eqn 10.34 derived 
from the second of the secular equations (10.27b), namely 



c A = - 



a R - E 



and c H = 



1 



1 + 



«b~ E 
P 



Substituting E_ into the latter expression, we have 

1 11 

f r* n\ 2 V' 2 ~(l + tan 2 0)" 2 ~ sec0 

<{¥)} 



= cos8 



262 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



P10.24 



and c -Jl^l\ 

aiiu (-a — 



X 



I cos 6 = -sin0 



P J 

Thus, y 2 = -A sin 6 + B cos 0. 

The Roothaan equations are FC= See or, writing the matrices explicitly, 



C Ab | . 
c Bb 



1 s 
S 1 



- Aa. 



c Ab 



Refer to eqn MB6.5 and Figure MB6.1(b) for matrix multiplication. Multiplying out the final two 
matrices on the right (ce) turns the equations into 



'^aa Fab 



c Aa 



c Bb 



s 1 



£ a C Aa £ b C Ab 
< e a c Ba £ b c Bb 



Carrying out the remaining multiplications yields four equations, one for each component of the 
matrices: 



1,1 
1,2 
2,1 
2,2 



^AA^Aa + ^AB^sa = ^ Aa + Se & c B& (as shown in the main text) 

•^AA^Ab + -^AB^Bb = e b c Ab + S £ b C Bb 
F BA^Aa + ^BB C Ba = ^a^Aa + e a C Ba 
FbA C A0 + F%B C Bb = S £ b c Ab + e b c Bb 



Solutions to applications 



P1 0.26 (a) The secular determinant for cyclic H 3 is 



a-E p p 
fi a-E p 
p p a-E 



= 0 



Expanding the determinant yields: 



(a-E) 



a-E p 
p a-E 



-P 



P p 
P a-E 



+ P 



P a-E 
P P 



= 0 



(a-E)x{(a-Ef-p 2 }-p{p(a-E)-p 2 }+P{p 2 -(a-E)P}=0 
(a - E)(a -E-P)(a -E+p)- 2p\a - E- p) = 0 
(a-E- P)(a 2 -JaE+aP + E 2 - pE- 2p 2 ) = 0 

At this point, we have a factor linear in E, from which we find a root E= a - p, and a quadratic fac- 
tor. One can put the quadratic factor in standard form, remembering that we are solving for E, or 
one can attempt to factor it further, obtaining 

0 = (a-E-p)(E~a+p)(E-a-2p) 



Therefore, the desired roots are E= 
Figure 10.10. 



a-p (twice) and a + 20 . The energy level diagram is shown in 
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Energy 



a + 2p 



10.10 



The binding energies are shown in the following table: 



Species 


Number of e~ 


Binding energy 


H 3 + 


2 


2(a + 20) = 2a + 40 


H 3 


3 


2(a + 20) + (a - 0) = 3a + 30 


H 3 " 


4 


2(a + 20) + 2(a - 0) = 4a + 20 



(b) Set up the following set of chemical reactions: 

Hj(g) -> 2 H(g) + H + (g) Atf , = +849 kJ mol" 1 

H"(g) + H 2 ( g )^Hl(g) A/f 2 = ? 

H 2 (g) -> 2 H(g) Atf 3 = (2(+217.97) - 0} kJ mol' 1 

AH 2 = AHi - AH y = (2(+217.97) - 849} kJ mol" 1 = 



-413 kJ mol 



This is only slightly less than the binding energy of H 2 (435.94 kJ mol ! ) 
(c) 2a + 40 = -AH l = -849 kJ mol" 1 
-Atf,-2a 



so 0 = 



-, where AH X = +849 kJ mol 1 



Species 



Binding energy 



H 3 + 
H 3 

h; 



2a + 40 = -A/f,= 



-849 kJ mol 1 



( 



3a + 30 = 3 



a - 



AH, + 2a 



, 1 Atf, 

= 3 —a 

2 4 



3(a/2) - 637 kJ mol" 1 



^ a A AH x + 2a „ AH, 
4a + 20 = 4a 1 = 3a 



3a - 425 kJ mol" 



As a is a negative quantity, all three of these species are expected to be stable. 
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P1 0.28 (a) The orbitals are sketched in Figure 1 0. 1 1 (a), y^i is a bonding orbital, showing no nodes between 
adjacent atoms, and y 3 is antibonding with respect to all three atoms. ^2 is non-bonding, with 
neither constructive nor destructive interaction of the atomic orbitals of adjacent atoms. 



O C N 




Figure 10.11(a) 



(b) This arrangement only works if the entire peptide link is coplanar. For starters, the O, C, and 
N atoms in the peptide link must be in the same plane (call it the xy plane) if all three atoms are to 
contribute unhybridized p orbitals (p 2 orbitals) to make the three MOs sketched above. If the pep- 
tide N and C atoms contribute p. orbitals in the n system, then all of the a bonds they make must 
be in the xy plane. Hence, the peptide O and H atoms as well as the non-peptide C atoms bound to 
the peptide C and N atoms must also he in the xy plane, that is, the entire peptide linkage plus the 
ends of the carbon chains that they connect. 
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11 12 



(c) The energy order of the orbitals and their occupancy are shown in Figure 10.1 1(a). There are 
four electrons to be distributed. If we look at the neutral representation of the peptide link (on the 
left side of the resonance structures shown here), the two electrons represented by the C=0 n bond 
are obviously part of the n system, leaving the two lone pairs on O, the C-O a bond, and the two 
other g bonds of C as part of the a system. Turning now to the Lewis octet of electrons around the 
N atom, we must assign two electrons to each of the o bonds involving N; clearly they cannot be 
part of the n system. That leaves the lone pair on N, which must occupy the other orbital that N 
contributes to the molecule, namely the p. orbital that is part of the tz system. 



O C N 




Figure 10.11(b) 
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(d) The orbitals of the non-planar alternative are sketched in Figure 10.11(b). y 4 is a bonding 
orbital with respect to C and O. and y 6 is antibonding with respect to C and O. y 5 * s non-bonding, 
involving only the N atom. There are four electrons to be placed in this system, as before, two each 
in a bonding and non-bonding orbital. 

(e) This system cannot be planar. As before, the end of the chain connected to the peptide C must 
be in the xy plane. As before, the atoms bound to N must be in a plane perpendicular to the orbital 
that N contributes to this system, which is itself in the xy plane. Only one of the N atom's 0 bonds 
can be in both the xy plane and a plane perpendicular to it (because only a line can be in two per- 
pendicular planes). Thus, the bonding partners of N other than the peptide C are forced out of the 
xy plane. 

(f) The bonding MO y, must have a lower energy than the bonding MO y 4 » for yr { is bonding 
(stabilizing) with respect to all three atoms, while y 4 is bonding with respect to only two of them. 
Likewise, the antibonding MO yy 3 must have a higher energy than the antibonding MO y 6 , for y/ 3 is 
antibonding (destabilizing) with respect to all three atoms pairwise, while y/ 6 is antibonding only 
with respect to two of them. The non-bonding MOs yr 2 and y/ 5 must have similar energies, not much 
different than the parameter a, for there is no significant constructive or destructive interference 
between adjacent atoms in either one. 

(g) Because bonding orbital y x has a lower energy than y 4 , the planar arrangement has a lower 
energy than the non-planar one. The total energy of the planar arrangement is 

Compare this to the energy of the non-planar arrangement: 

^non-planar = 2£ 4 + %E 5 > 2E X + 2E 2 = -Epkmar 

The fact that E 3 > E 6 is immaterial, for neither of those orbitals is occupied. 




Molecular symmetry 



Answers to discussion questions 

D1 1 .2 The point group to which a molecule belongs is determined by the symmetry elements it possesses. 

Therefore, the first step is to examine a model (which can be a mental picture) of the molecule for all 
its symmetry elements. All possible symmetry elements are described in Section 11.1. We list all that 
apply to the molecule of interest and then follow the assignment procedure summarized by the flow 
diagram in Figure 1 1 .7 of the text. 

D11.4 The permanent dipole moment is a fixed property of a molecule and as a result it must remain 
unchanged through any symmetry operation of the molecule. Recall that the dipole moment is a 
vector quantity; therefore both its magnitude and direction must be unaffected by the operation. 
That can only be the case if the dipole moment is coincident with all of the symmetry elements of 
the molecule. Hence, molecules belonging to point groups containing symmetry elements that do 
not satisfy this criterion can be eliminated. Molecules with a centre of symmetry cannot possess a 
dipole moment because any vector is changed through inversion. Molecules with more than one C„ 
axis cannot be polar since a vector cannot be coincident with more than one axis simultaneously. If 
the molecule has a plane of symmetry, the dipole moment must lie in the plane; if it has more than 
one plane of symmetry, the dipole moment must lie in the axis of intersection of these planes. A 
molecule can also be polar if it has one plane of symmetry and no C n . Examination of the character 
tables at the end of the data section shows that the only point groups that satisfy these restrictions 
are C s , C„, and C flV . 

D1 1 .6 A representative is a mathematical operator (usually a matrix) that represents the physical symmetry 
operation. The set of all these mathematical operators corresponding to all the operations of the 
group is called a representation. See Section 1 1 .4(a) for matrix examples. 

1 1 .8 Selection rules tell us which transition probabilities between energy levels are non-zero, namely, 
which spectroscopic transitions will have a non-zero intensity. This occurs when at least one of the 
vector components of the transition dipole moment, fa between the states f and i is non-zero. Each 
component of this vector is defined by a transition dipole moment integral, which we illustrate with 
the z component of the transition dipole moment: 



/^ = -eJV?zridr [11.11] 
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where -e is the charge of the electron. Group theory tells us that, if the decomposition of the direct 
product for the symmetry species of yrfzyri (the integrand of the transition moment integral) 
includes the totally symmetric representation A ls the dipole transition moment is non-zero and, 
therefore, the spectroscopic transition has a non-zero probability. That is, the symmetry of the 
transition dipole moment integrand must either span A, or contain the symmetry component A, 
for an allowed transition. 

D11.10 Character tables provide a way to: (a) assign symmetry symbols for orbitals, (b) know whether 
overlap integrals are non-zero, (c) determine what atomic orbitals can contribute to a LCAO-MO, 
(d) determine the maximum orbital degeneracy of a molecule, and (e) determine whether a transi- 
tion is allowed. 



Solutions to exercises 



E1 1 .1 (b) CC1 4 belongs to the point group T d . It has 



four C« axes 



(each C-Cl axis), 



three C, axes 



(bisecting 



C1-OC1 angles), three S 4 axes (the same as the C 2 axes), and six dihedral mirror planes (each 



Cl-C-Cl plane). A sample of each symmetry element is shown in Figure 11.1. 



C 2 and S 4 




} ^j^C 2 and 5 4 



CI 



1 1 



Figure 11.1 

E11.2(b) See Figure 11.2. 

(a) Sharpened pencil: E, C„, ov, therefore 

(b) Propellor: E, C 3 , three C 2 , therefore 



A 



(c) Square table: E, C 4 , four a v , therefore C 4v ; rectangular table: E, C 7 , two <r v , therefore 



'2v 



(d) Person: E, a h (approximately), therefore C s 
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(a)i< 





(d) 




Figure 11.2 



E1 1.3(b) We identify the symmetry elements and follow the flow chart in text Figure 1 1 .7 to find the point 
group of each molecule. 



(a) Naphthalene has the symmetry elements shown in Figure 1 1.3. There are three C 2 
centre of inversion [7], and three o h mirror planes. It belongs to the point group 



axes, a 



D- 




Figure 11.3 
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(b) Anthracene, like all linear polycyclic aromatic hydrocarbons, has a set of symmetry elements 
that is identical to that of naphthalene. There are three C 2 axes, a centre of inversion [7], and 



three a h mirror planes. It belongs to the point group D 2 



(c) Dichlorobenzene isomers: 



(i) 1,2-dichlorobenzene: E,C 2 , two a 



(ii) 1,3-dichlorobenzene: E,C 2 , two a 



(iii) 1,4-dichlorobenzene: E, three C 2 , three cr h , i , D 



'2h 



E1 1 .4(b) The following responses refer to the thought progression while proceeding through the flow chart 
of text Figure 1 1.7. Molecular structures are shown in Figure 1 1.4 below. 

(a) HF: linear, no i", so 



(b) IF 7 : non-linear, fewer than 2C„ with n > 2, C 5 , five C 2 perpendicular to C 5 , <r h , so D 5 

(c) Xe0 2 F 2 : non-linear, fewer than two C„ with n > 2, C 2 , no C 2 perpendicular to C 2 , no <j h , two c„ 
so 



(d) Fe 2 (CO) 9 : non-linear, fewer than two C„ with « > 2, C 3 , three C 2 perpendicular to C 3 , cr h , so 

(e) cubane (C 8 H 8 ): non-linear, more than two C„ with n > 2, i, no C 5 , so 

(f ) tetrafluorocubane: non-linear, more than two C„ with n > 2, no i, so 



D 



'3h 



p IF S ,£» S 
F 




cubane, C 8 H 8 , O h 
Figure 11.4 



OC 



Xe0 2 F 2 , C 2v 



Xe 



Fe 

oc oc CO 

w 



^CO 

Fe 2 (CO) 9 ,D 3h 



OC 



OC 



tetrafluorocubane, T d 



"CO 
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■11.5(b) Only molecules belonging to C s , C„, and C m groups may be polar, so: 



(a) CH 3 Cl(C 3v ) may be polar along the OCl bond 



(b) HW 2 (CO) 10 (£ 4 h) may not be polar 



(c) SnCl 4 (J' d ) may not be polar 



|E11.6(b) napthalene, D 2h ; anthracene, D 2h ; 1,2-dichlorobenzene, C 2v ; 1,3-dichlorobenzene, C 2v ; 1,4-dichloro- 
benzene, D 2h ; HF, C„ v ; IF 7 , D 5h ; Xe0 2 F 2 , C 2v ; Fe 2 (CO) 9 , £> Sh ; cubane, O h ; tetrafluorocubane, T d . 

A molecule cannot be chiral if it has an axis of improper rotation — including disguised or degener- 
ate axes such as an inversion centre (S 2 ) or a mirror plane (S^. In Exercises 1 1 .3b and 1 1 .4b, all the 

molecules have mirror planes, so none can be chiral. 



E1 1.7(b) 



A molecule cannot be chiral if it has an axis of improper rotation. The point group T A has S 4 axes 
and mirror planes (<r~S x ), which preclude chirality. The T h group has, in addition, a centre of 



inversion (i=S 2 ). 



E1 1 .8(b) The group multiplication table of group C 4v is constructed by successively applying the group sym- 
metry operations to the object shape provided in text Figure 11.8. The rotational operations are 
around the z-axis of the figure (i.e. the axis perpendicular to the object shape). 





E 


Q 




c 2 


cx v (x) 




<y<i(xy) 


a d (-xy) 


E 


E 


Q 


c; 


c 2 


(Tv(x) 


o v (y) 


<*i(xy) 


<?d(-xy) 


Q 


Cf 


c 2 


E 


Q 






(?v(y) 


a v (x) 


c 4 - 


Cr 


E 


c 2 


Q 


<*d(-xy) 


<7{xy) 




o v (y) 


Q 


c 2 


Cr 


Q 


E 


<*v(y) 




<*d(-xy) 


a d (xy) 


<T V (X) 


a v (x) 




o d (xy) 


0v(y) 


E 


c 2 


Q 


ct 








o*(-xy) 


<*v(*) 


C 2 


E 


ct 


Cl 








<*Ay) 




ct 


c; 


E 


c 2 


o d (-xy) 


a d (-xy) 






o d (xy) 


c 4 - 


Q 


Q 


E 



E 11.9(b) The p x orbital spans E lu of the D 6h point group, while z and span A 2u . Following the procedure 
discussed in Section 1 1.5(a), we write a table of the characters of each function and multiply the 
rows. 





E 


2C 6 


2C 3 


Q 






i 


2S, 


2S 6 




3or d 


3<T V 


Species 




2 


1 


-1 


-2 


0 


0 


-2 


-1 


1 


2 


0 


0 




z 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


-1 


-1 


0 


0 




Pz 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


-1 


-1 


0 


0 


A 2u 


VxZPz 


2 


1 


-1 


-2 


0 


0 


-2 


-1 


1 


2 


0 


0 





The characters of the product p^zp^ are those of E lu alone, so the integrand does not span A, . It follows 
that the integral must be zero . 
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E1 1 .1 0(b) For a D 6h molecule, x and y span E, u while z spans A 2u . Thus, the x and y components of the dipole 
moment [11.11] have transition integrands that span E 2u x E lu x A Jg for the A lg ->E 2u transition. 
By inspection of the D 6h character table we find the decomposition of the direct product to be: 
E 2u x E lu x A, g = B, g + B 3g + E lg . Since it does not span A ls the x and y components of the transition 
integral must be zero. The transition integrand for the z component spans E 2u x A 2u x A Ig = E 2g 
for the Ai g ->E 2u transition. Consequently, the z component of the transition integral must also 

equal zero and we conclude that the transition is 



forbidden 



Should these considerations prove confusing, write a character table with rows that correspond to 
the functions of the transition integrand and multiply. Here is the table for the x and y components 
of the dipole moment: 





E 


2C 6 


2C 3 


Q 






i 


2S 3 


2S 6 




3a d 


3<T V 


A lg 


1 


1 


1 


l 


1 


1 


1 


1 


1 


1 


1 


1 


E211 


2 


-1 


-1 


2 


0 


0 


-2 


1 


1 


-2 


0 


0 


fay) 


2 


1 


-1 


-2 


0 


0 


-2 


-1 


1 


2 


0 


0 


Integrand 


4 


-1 


1 


-4 


0 


0 


4 


-1 


1 


-4 


0 


0 



To see whether the totally symmetric species A lg is present, we form the sum over classes of the 
number of operations times the character of the integrand [1 1 .8b]: 

N(A ie ) = (4) + 2(-l) + 2(1) + (-4) + 3(0) + 3(0) + (4) + 2(-l) + 2(1) + (-4) + 3(0) + 3(0) = 0 

for x- or ^-polarized light. A similar 



forbidden 



Since the species A lg is absent, the transition is 
analysis leads to the conclusion that A !g is absent from the product A, g E 2u z, therefore the transition 
is forbidden. 



E1 1.11(b) We first determine how x, y, and z individually transform under the operations of the Z> 2 group. 

Using these results we determine how the product xyz transforms, from which we extract the sym- 
metry character %• 

Under each operation the functions transform as follows: 





E 


c 2 






x 


X 


X 


~x 


-x 


y 


y 


-y 


y 


-y 


z 


z 


-z 


-z 


z 


xyz 


xyz 


xyz 


xyz 


xyz 


X 


1 


1 


1 


1 



From the D 2 character table, we see that this set of % characters belongs to the totally symmetric A! 
species. 

E1 1.12(b) NO3 and S0 3 both belong to the D 3h group. It is often helpful to visualize the possible bonding 
patterns, so before using the D 3h character table we first use our knowledge of the wavefunction 
behavior in the view of simple molecular orbital theory. 
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With three O atoms providing valence p 2 orbitals (perpendicular to the molecular plane) in the 
combination 2p z (A) - p ; (B) - p~(C) only n bonding is possible with the N atom. This means that 

only the valence p. orbital of N| can have a non-zero overlap with this O combination. Furthermore, 

only the p., the d^. and the d y: orbitals of s| have non-zero overlap in this n system. To see this, look 

for non-zero overlap between Op. and Np T orbitals in Figure 1 1.5(a). (The orbital has a positive 
wavefunction sign in shaded lobes and a negative wavefunction sign in unshaded lobes.) Clearly, 
the overlap of positive lobes (constructive interference) is exactly cancelled by the overlap of a 
negative lobe with a positive lobe (destructive interference) to give a net zero overlap. The same 
thing happens with the p z /d 2 2, overlap shown in Figure 1 1.5(b). The pJd x . overlap shown in Figure 
1 1.5(c) yields a net non-zero overlap because both the overlap of positive lobes and the overlap of 
negative lobes results in constructive interference. 

(a) p./p^ overlap (b) p./d-2 overlap (c) p./d,. overlap 

Figure 11.5 

The D 3h character table provides the same solution. To see this, we must find the irreducible 
representations (symmetry species) spanned by the oxygen p. orbitals. The nitrogen orbital must 
belong to one of these representations to achieve a non-zero overlap because the totally symmetric 
overlap integrand is only achieved when an irreducible representation is multiplied by itself 
(Section 11.5(a)). 

To find the symmetry species spanned by the oxygen p z orbitals, we use a quick rule for determining 
the character of the basis function under each symmetry operation of the group: count 1 each time 
a basis function is left unchanged by the operation because only these functions give a non-zero 
entry on the diagonal of the matrix representative. In some cases there is a sign change, (...-/...) 
<-(.../...); then -1 occurs on the diagonal, and so count -1 . The character of the identity is always 
equal to the dimension of the basis since each function contributes 1 to the trace. Figure 1 1 .6 is used 
to evaluate the effect of the operations on the oxygen p. orbitals of 2p,(A) - p.(B) - p r (C). 





Figure 11.6 
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E: All three orbitals are left unchanged, hence j = 3 
cr h : Sign changes on all three orbitals, hence % - -3 
C 3 : No orbital is left unchanged, hence x = 0 
S 2 : No orbital is left unchanged, hence x ~ 0 
C 2 : Sign changes on one orbital, hence % = -1 
ov One orbital is left unchanged, hence % - 1 

Here is a tabulated summary of the characters: 



D 3h 


E 




2C 3 


2S, 


3C 2 ' 


3<T V 


2p z (A)-p z (B)-p z (C) 


3 


— 3 


0 


0 


-1 


1 



Inspection of the D 3h character table reveals that the oxygen p ; orbitals span A" + E" because the 
sum of their characters yields those of the table. Further inspection of the D 3h character table 
reveals that z belongs to A" and both xz and yz belong to E". Consequently, only p z , d xz , and d }l , 
orbitals of the central atom have non-zero overlap with the oxygen combination. This is exactly 
what is expected. 

E1 1 .1 3(b) The product r f x T(^) x r { must contain A, (Section 11.6). Then, since F ; = B u T(y) = T( y) = B 2 (C 2v 
character table), we can draw up the following table of characters. 





E 


C 2 c v 


< 


B 2 


1 


-1 


-1 


1 


B, 


1 


-1 


1 


-1 


B,xB 2 


1 


1 


-1 


-1 


Hence, the upper state is 


A 2 


, because A 2 x A 2 


-A,. 


D 2 ,h = 4 


E 


C 2 C 2 


ci 


A, 


1 




1 1 


1 


B, 


1 




1 -1 


-1 


B 2 


1 




-1 1 


-1 


B 3 


1 




-1 -1 


1 



= A, 



N» = tY,X ( "\R)x{R) [H.8b], where X (R) = (6,-2,0,0) 
h R 

N A , = i{l(l x 6) + 1(1 x (-2)) + 1(1 x 0) + 1(1 x 0)} = 1 
= {{1(1 x 6) + 1(1 x (-2)) + 1(-1 x 0) + 1(-1 x 0)} = 1 
= {{1(1 x 6) + 1(-1 x (-2)) + 1(1 x 0) + 1(-1 x 0)} = 2 

^Vb 3 = {{1(1 x 6) + 1(-1 x (-2)) + K-l x 0) + 1(1 x 0)} = 2 



Thus, this set of basis functions spans A, + B, + 2B 2 + 2B 3 
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E1 1 .1 5{b) (a) Anthracene belongs to the D 2b point group. 




The components of ju span B 3u (jc), B 2u ( v), and B lu (z). The totally symmetric ground state is A g . 

B 3u (x-polarized), 



Since A g x T = T in this group, the accessible upper terms are 



B 



2u 



(v-polarized), 



and 



B, 



(z-polarized). 



(b) Coronene, like benzene, belongs to the D 6h group. The integrand of the transition dipole 
moment must be or contain the A lg symmetry species. That integrand for transitions from 
the ground state is A } ^f, where q is x, y, or z and /is the symmetry species of the upper state. 
Since the ground state is already totally symmetric, the product qf must also have A lg sym- 
metry for the entire integrand to have A lg symmetry. Since the different symmetry species are 
orthogonal, the only way qf can have A lg symmetry is if q and /have the same symmetry. 
Such combinations include zA 2u , xE lu , and vE, u , therefore we conclude that transitions are 

allowed to states with A 2u or E lu symmetry. 



E1 1.1 6(b) Consider the integral / = 



z(3z 2 -l)dx 



= 3 J zM* - J 

J -a J -a 



z6z = 3/ 2 - 1\. (We have used z as the 



dummy variable in the integration because the cr h plane inverts this axis in the C s group.) z spans A" 
of the C s group. Consequently, 7j is necessarily zero because it does not span the totally symmetric 
species A'. The integrand of 7 2 is the product z x z x z, which spans A" x A" x A" = A' x A" = A''. 
Consequently, I 2 is also necessarily zero and we conclude that integral / is necessarily zero. 



Solutions to problems 

Solutions to numerical problems 

P1 1 .2 The operations for construction of the C 2h group multiplication table are illustrated in Figure 11.7. 

Note that R 2 = E for all the operations of this group, that ER = RE = R, and that RS = SR. Since 
C 2 cr h = i, a h i = C 2 , and iC 2 = o h we can draw up the following group multiplication table: 





E 


c 2 


0"h 


i 


E 


E 


c 2 




i 


c 2 


c 2 


E 


i 








i 


E 


c 2 


i 


i 




c 2 


E 
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Figure 11.7 

The 



/ra/w-CHCl=CHCl 



molecule belongs to the group C 2h . 



P1 1 .4 Refer to Figure 1 1 .3 of the text. Place orbitals h { and h z on the H atoms and s, p x , p y , and p. on the 
O atom. The z-axis is the C 2 axis; x lies perpendicular to <j' v , y lies perpendicular to <r v . Then, draw 
up the following table of the effect of the operations on the basis: 





E 


c 2 






*> 


K 






K 


h 2 


h 2 


K 


hi 


h 2 


s 


s 


s 


s 


s 


P* 


Px 


"Px 


Px 


-P* 


Py 


p^ 


'Py 


-Py 


P^ 


Pz 


Pz 


Pz 


P= 


P 2 



Express the columns headed by each operations R in the form 
(new) <- (original)Z>(if) 

where D(R) is the 6x6 representative of the operation R. We use the methods set out in Section 
11.4(a). 

(i) E: (h l} h 2 , s, p x , p r p z ) <- {h u h 2 , s, p x , p y , p.) is reproduced by the 6 x 6 unit matrix. 

(ii) C 2 . (h 2 , h u s, -p„ ~p y> p z ) <~ (k u h 2 , s, p„ p,,, p z ) is reproduced by 

0 1 0 0 0 0" 

1 0 0 0 0 0 
0 0 1 0 0 0 
0 0 0 -1 0 0 
0 0 0 0 -1 0 

Lo o o o oo. 



DiC 2 ) = 



(iii) a v : (h 2 , h u s, p x , -p p,) <- (h u h 2t s, p x> p , p.) is reproduced by 



0 1 0 0 0 0 

1 0 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 -1 0 

Lo o o o o oj 
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(iv) (h» h 2 , s, - p„ p r p..) <- (A„ h 2 , s, p x , p y , p ; ) is reproduced by 



10 0 
0 1 0 
0 0 1 



0 0 0 
0 0 0 
0 0 0 



0 0 0 -1 0 0 
0 0 0 0 10 

Lo o o o o U 



0 


1 


0 


0 


0 


0" 


"0 


1 


0 


0 


0 


0" 




"1 


0 


0 


0 


0 


0" 


1 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 




0 


1 


0 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


1 


0 


0 


0 




0 


0 


1 


0 


0 


0 


0 


0 


0 


-1 


0 


0 


0 


0 


0 


1 


0 


0 




0 


0 


0 


-1 


0 


0 


0 


0 


0 


0 


-1 


0 


0 


0 


0 


0 


-1 


0 




0 


0 


0 


0 


1 


0 


.0 


0 


0 


0 


0 


1. 


.0 


0 


0 


0 


0 


1. 




.0 


0 


0 


0 


0 


1. 



(a) To confirm the correct representation of C 2 cr v = we write 



D(C 2 )D(a v ) = 



(b) Similarly, to confirm the correct representation of a v a' v = C 2 , we write 



= D(C 2 ) 

(a) The characters of the representatives are the sums of their diagonal elements: 



"0 


1 


0 


0 


0 


0" 


1 


0 


0 


0 


0 


0" 




"0 


1 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 




1 


0 


0 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


1 


0 


0 


0 




0 


0 


1 


0 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


-1 


0 


0 




0 


0 


0 


-1 


0 


0 


0 


0 


0 


0 


-1 


0 


0 


0 


0 


0 


1 


0 




0 


0 


0 


0 


-1 


0 


_0 


0 


0 


0 


0 


1. 


.0 


0 


0 


0 


0 


1_ 




.0 


0 


0 


0 


0 


1 



E 


c 2 




< 


6 


0 


2 


4 



(b) The characters are not those of any one irreducible representation, so the representation is 
reducible. 

(c) The sum of the characters of the specified sum is 





E 


c 2 




< 


3A, 


3 


3 


3 


3 




1 


-1 


1 


-1 


2B 2 


2 


-2 


-2 


2 


3A, + Bj + 2B 2 


6 


0 


2 


4 



which is the same as the original. Therefore, the representation is 3 A, + B, + 2B 2 . 
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P1 1 .6 Representation 1 : Z)(C 3 )Z>(C 2 ) =1x1 = 1= D(C 6 ) 

and from the C 6v character table this is either A! or A 2 . Hence, either Z)(cr v ) = D{o A ) = 
respectively. 

Representation 2: Z)(C 3 )Z)(C 2 ) = 1 x (-1) = -1 = />(Q) 
and from the C 6v character table this is either B, or B 2 . Hence, either 
D(tr v ) = -D(a d ) = [T] or D(a v ) = -D{oJ = pj\ t respectively. 



P1 1.8 



P11.12 



+1 or-1 



A quick rule for determining the character without first having to set up the matrix representation 
is to count 1 each time a basis function is left unchanged by the operation, because only these func- 
tions give a non-zero entry on the diagonal of the matrix representative. In some cases there is a sign 
change, (. ..-/...)<-(.. ./. . .), then -1 occurs on the diagonal, and so count -1 . The character of the 
identity is always equal to the dimension of the basis since each function contributes 1 to the trace. 

E: All four orbitals are left unchanged, hence % = 4 

C 3 : One orbital is left unchanged, hence % = 1 

C 2 : No orbitals are left unchanged, hence % = 0 

<j d : Two orbitals are left unchanged, hence x = 2 

S 4 : No orbitals are left unchanged, hence % ~ 0 

The character set [4, 1, 0, 2, 0] spans 



A, + T, 



. Inspection of the character table of the group T 6 
shows that an s orbital spans A, and that the three p orbitals on the C atom span T 2 . Hence, 
the s and p orbitals of the C atom may form molecular orbitals with the four His orbitals. In 



r d , the d orbitals of the central atom span E + T 2 (character table, final column), and so only 



the T 2 set (d^, d^,, d zx ) may contribute to molecular orbital formation with the H orbitals. 



P1 1 .1 0 The most distinctive symmetry operation is the S A -axis through the central atom and aromatic 



nitrogens on both ligands. That axis is also a C 2 -axis. The group is S 4 



(a) Working through the flow diagram (Figure 1 1 .7) in the text, we note that there are no C„-axes 
with n > 2 (for the C r axes present in a tetrahedron are not symmetry axes any longer), but it does 
have C 2 -axes; in fact it has 2C 2 -axes perpendicular to whichever C 2 we call principal: it has no cr h , 

but it has 2cr d . So the point group is 



A 



(b) Within this point group, the distortion belongs to the fully symmetric species A! for its 
motion is unchanged by the S 4 operation, either class of C 2 , or a d . 

(c) The resulting structure is a square bipyramid, but with one pyramid's apex farther from the 
base than the other's. Working through the flow diagram in Figure 1 1.7, we note that there is only 
one C„-axis with n > 2, namely a C 4 -axis; it has no C 2 -axes perpendicular to the C 4 , and it has no a h , 

but it has 4<t v . So the point group is C. 



(d) Within this point group, the distortion belongs to the fully symmetric species A, . The trans- 
lation of atoms along the given axis is unchanged by any symmetry operation for the motion is 
contained within each of the group's symmetry elements. 
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(a) xyz changes sign under the inversion operation (one of the symmetry elements of a cube), 
hence it does not span A !g and its integral 



must be zero 



(b) xyz spans A, in T d [Problem 1 1 . 1 3] and so its integral 



need not be zero 



(c) xyz -» -xyz under z -> -z (the <r h operation in D 6h ), and so its integral 



must be zero 



We shall adapt the simpler subgroup C 6v of the full D 6h point group. The six p_. orbitals span A, + Bj 
+ E, + E 2 , and are 

«1 = jr; (Pzl + Pr2 + Pz3 + P:4 + Pz5 + Prf ) 
b\ = -^(P^l - P,2 + Pz3 - Pz4 + Pz5 ~ Pz6> 



e-,= < 



Vl2 



(2p z [ - Pz2 " Pz3 + 2 P , 4 - Pz5 - p rf ) 



*1 ! 



T(Pz2-Pz3+Pz5-P-6) 



(2p_-i + Pz2 " Prf " 2Pz4 " Pz5 + Pre) 



vT2 

T(P--2+Pr3-P.-5-Pz6) 



The Hamiltonian transforms as A„ therefore all integrals of the form jy'HyrdT vanish unless 

and yr belong to the same symmetry species. It follows that the secular determinant factorizes into 
four determinants: 

A, : # a|ai = { /(Pzi + • • ■ + p :6 )H (p 2l + • • • + p z6 )dr = « + 2/3 

B, : # blbl = j J(p zI - Pl2 + • • )H (p„ - p l2 + -)dT = o - 2jS 

E 2 i ^WfcW = « - A # e2 (b)e 2 (b) ~ « - A #e 2 (a)e 2 <b) = 0 



Hence, 



a- p- £ 0 
0 a-p-e 



= 0 solves to £ = a - /J (twice) 



Ei" ^ei(a)ei{a) — a + ^' ^.(b^ftx ~ a + A ^e.faJe.O)) _ ^ 



Hence, 



0 

0 a + j3-e 



= 0 solves to e = a + /? (twice) 



(a) For a photon to induce a spectroscopic transition, the transition moment (^) must be non-zero. 

The transition moment is the integral jyr*py/j dz, where the dipole moment operator has components 

proportional to the Cartesian coordinates. The integral vanishes unless the integrand, or at least some 
part of it, belongs to the totally symmetric representation of the molecule's point group. We can 
answer the first part of the question without reference to the character table, by considering the 
character of the integrand under inversion. Each component of fi has u character, but each state has 

g character; the integrand is g x g x u = u, so the integral vanishes and the 



transition is not allowed 
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(b) However, if a vibration breaks the inversion symmetry, a look at the / character table shows 
that the components of \i have Tj character. To find the character of the integrand, we multiply 
together the characters of its factors. For the transition to T,: 





E 


I2C 5 


\2C\ 


20C 3 


15C 2 


A, 


1 


1 


1 


1 


1 


MT,) 


3 






0 


-1 


T, 


3 






0 


-1 


Integrand 


9 


{(3+>/5) 


i(3-Vs) 


0 


1 



The decomposition of the characters of the integrand into those of the irreducible representations 
is difficult to do by inspection, but when accomplished it is seen to contain A l5 therefore the transi- 
tion to T, would become allowed. It is easier to use eqn 1 1.8b to determine the coefficient of A : in 
the integrand: 

^a, - -j-X*< Al) (*k(*) ={9 + mo + yls)] + 12[{(3 - V5)] + 20(0) + 15(l)}/60 = 1 



So, the integrand contains A,, and the 
For the transition to G: 



transition to T, would become allowed 





E 


12C 5 


12C S 2 


20C3 


15C, 


A, 


1 


1 


1 


1 


1 


rtTi) 


3 


T(l + V5) 


ia-Vs) 


0 


-1 


G 


4 


-1 


-1 


1 


0 


Integrand 


12 




40-75) 


0 


0 



Eqn 1 1.8b, the little orthogonality theorem, gives the coefficient of A, in the integrand as 
*a, = tX^ Ai) (W) = 02 + 12[- 1(1 + V?)] + 12[-{(1 - V5)] + 20(0) + 15(0)}/60 = 0 

« R 



So, the integrand does not contain A,, and the transition to G would still be forbidden 



Solutions to applications: astrophysics and biology 

P1 1 .20 The shape of this molecule is shown in Figure 1 1 .8. 




Figure 11.8 
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(a) Symmetry elements E, 2C 3 , 3C 2 , a ht 25 3 , 3a v 
Point group 



3h 



(b) D(E) = 



f \ 0 0^ 
0 1 0 
[o 0 1 



Z)(C 3 ) = 



fo o n 



1 0 0 

0 1 OJ 



0 1 ol 



0 

u 



Z>(S 3 ) = />(C 3 ), D(S 3 ') = D 2 (S 3 ) = />(C 3 ') 

C 3 and 5"3 are counter clockwise rotations. 
o- v is through A and perpendicular to B-C. 
<r' is through B and perpendicular to A-C. 
a' v ' is through C and perpendicular to A-B. 



D(a v ) = 



1 0 0 



0 0 1 

0 1 Oj 



D(o' v ) = 



fo 0 P 
0 10 

[l o oj 

Z>(C 2 ) = Z>(a v ), Z>(C 2 ') = />(<<), /)(C 2 ") = />«), 
(c) Example of elements of group multiplication table 



'0 1 0^ 
1 0 0 
[0 0 lj 



D{C,)D(C 2 ) = 



'o o 1Y1 o o^i fo i o"i 



1 0 0 



0 0 1 



(,0 1 Oj^O 1 0 j 

fo o iYi o o^i 



1 0 0 
0 0 1 



0 1 0 

11 0 Oj 



0 0 1 

{0 1 0j 



r o i o) 

0 0 1 
v l 0 0 



= d(c;) 



■^3h E Q C 2 o v o' v a h 



E E C 3 C 2 <j v a' v o b 

C 3 C 3 cr" a v C 3 

C 2 C 2 <7y E E C 3 C 2 

<7 V <T V O"' £ £ C 3 c v 

<7v ff" C 3 C 3 £ (7v 

<7 h CTh Q C 2 cr v <j v ' £ 



(d) First, determine the number of s orbitals (the basis has three s orbitals) that have unchanged 
positions after application of each symmetry species of the £> 3h point group. 





E 


2C 3 


3C 2 




2S 2 


3<T V 


Unchanged basis members 


3 


0 


1 


3 


0 


1 
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P11.22 



This is not one of the irreducible representations reported in the £> 3h character table but inspec- 
tion shows that it is identical to A[ + E\ This allows us to conclude that the three s orbitals span 



A' l + E' 



COMMENT. The multiplication tabie in part (c) is not strictly speaking the group multiplication; it is instead the 
multiplication table for the matrix representations of the group in the basis under consideration. 

(a) Following the flow chart in Figure 11 .7 of the text, note that the molecule is not linear (at least 
not in the mathematical sense); there is only one C„ axis (a C 2 ), and there is a a b . The point group, 

then, is 




(b) The 2p. orbitals are transformed under the symmetry operations of the C 2h group as follows. 





a 


a' 


b 


b' 


c 


c' 


j 


j' 


k 


k' 


X 


E 


a 


a' 


b 


b' 


c 


c' 






k 


k' 


22 


c 2 


a' 


a 


b' 


b 


c' 


c 


•r 




k' 


k 


0 


i 


-a' 


-a 


-b' 


-b 


-c' 


-c 


■r 




-k' 


-k 


0 




-a 


-a' 


-b 


-b' 


-c 


-c' 


-j 


-j' 


-k 


-k' 


-22 



To find the irreducible representations that these orbitals span, we multiply the characters of orbitals 
by the characters of the irreducible representations, sum those products, and divide the sum by the 
order h of the group (as in Section 1 1.5(a)). The table below illustrates the procedure, beginning at 
left with the C 2h character table. 





E 


c, 


i 






1 


1 


1 


1 


K 


1 


1 


-1 


-1 




1 


-1 


1 


-1 




1 


-1 


-1 


1 



Product 



E 


c 2 


r 




Sum/h 


22 


0 


0 


-22 


0 


22 


0 


0 


22 


11 


22 


0 


0 


22 


11 


22 


0 


0 


-22 


0 



The orbitals span 1 1 A„ + 1 lB g 



To find symmetry-adapted linear combinations (SALCs), follow the procedure described in 
Section 1 1 .5(c). Refer to the table above that displays the transformations of the original basis 
orbitals. To find SALCs of a given symmetry species, take a column of the table, multiply each 
entry by the character of the species' irreducible representation, sum the terms in the column, 
and divide by the order of the group. For example, the characters of species A u are [1, 1, 1, 1], 
so the columns to be summed are identical to the columns in the table above. Each column 
sums to zero, so we conclude that there are no SALCs of A g symmetry. (No surprise: the orbitals 
span only A u and B g ). An A u SALC is obtained by multiplying the characters 1 , 1 , -1 , -1 by the 
first column: |(a + a' + a' + a) = y(a + a'). 
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The A u combination from the second column is the same. There are 1 1 distinct A u combina- 
tions in all: 



{(a + a'),{(b + b'),. i(k + k') 



The B g combination from the first column is: j(a - a' - a' + a) = {(a - a'). 

The B g combination from the second column is the same. There are 1 1 distinct B g combinations 



in all: 
zero. 



l(a-a'),j(b-b'),...j(k-k') 



. There are no B u combinations, as the columns sum to 



(c) The structure is labelled to match the row and column numbers shown in the determinant. The 
Huckel secular determinant is: 





a 


b 


c 


i 


j 


k 


k' 


j' 


i' 


c' 


b' 


a' 


a 


a-E 


P 


0 . 


. 0 


0 


0 


0 


0 


0 


0 


0 


0 


b 


P 


a-E 


p . 


. 0 


0 


0 


0 


0 


0 


0 


0 


0 


c 


0 


P 


a-E . 


. 0 


0 


0 


0 


0 


0 


0 


0 


0 


i 


0 


0 


0 


• a-E 


p 


0 


0 


0 


0 


0 


0 


0 


j 


0 


0 


0 


■ P 


a-E 


p 


0 


0 


0 


0 


0 


0 


k 


0 


0 


0 


0 


P 


a-E 


p 


0 


0 


0 


0 


0 


k' 


0 


0 


0 


0 


0 


P 


a — E 


p 


0 


0 


0 


0 


j' 


0 


0 


0 


0 


0 


0 


P 


a-E 


p 


0 


0 


0 


i' 


0 


0 


0 


. 0 


0 




0 


0 


p 


a-E 0 


0 


0 


c' 


0 


0 


0 


. 0 


0 


0 


0 


0 


0 


a-E 


p 


0 


b' 


0 


0 


0 


- 0 


0 


0 


0 


0 


0 


... 0 


a-E 


p 


a' 


0 


0 


0 


. 0 


0 


0 


0 


0 


0 


0 


P 


a - 



The energies of the filled orbitals are a+ 1.98137/3, a + 1. 925830, a + 1.834420, a + 1.708840, a + 
1 .551420, a + 1 .365 1 10, a + 1 . 1 53360, a + 0.920130, a + 0.669760, a + 0.406910, and a + 0. 136480. 
The n energy is 27.307290. 

(d) The ground state of the molecule has A g symmetry by virtue of the fact that its wavefunction 
is the product of doubly occupied orbitals, and the product of any two orbitals of the same 
symmetry has A g character. If a transition is to be allowed, the transition dipole must be non-zero, 
which in turn can only happen if the representation of the product ^fft^ includes the totally 
symmetric species A g . Consider first transitions to another A g wavefunction, in which case we need 
the product A g x ^ x A g . Now A g x A g = A g , and the only character that returns A g when multiplied 
by A g is A g itself. No component of the dipole operator belongs to species A g , so no A g <- A g transitions 
are allowed. (Note: Such transitions are transitions from an orbital occupied in the ground state to 
an excited-state orbital of the same symmetry.) The other possibility is a transition from an orbital 
of one symmetry (A u or Bg) to the other; in that case, the excited-state wavefunction will have 
symmetry of A u x B g = B u from the two singly occupied orbitals in the excited state. The symmetry 
of the transition dipole, then, is A g x // x B u = ^ x B u , and the only species that yields A g when 
multiplied by B u is B u itself. The x and y components of the dipole operator belongs to species B u , 
so these transitions are allowed. 



12 



Molecular spectroscopy 1 : 
rotational and vibrational 



spectra 



Answers to discussion questions 

The gross selection rules tell us which are the allowed spectroscopic transitions. For both microwave 
and infrared spectroscopy, the allowed transitions depend on the existence of an oscillating dipole 
moment that can stir the electromagnetic field into oscillation (and vice versa for absorption). For 
microwave rotational spectroscopy, this implies that the molecule must have a permanent dipole 
moment, which is equivalent to an oscillating dipole when the molecule is rotating. See Figure 12.14 
of the text. In the case of infrared vibrational spectroscopy, the physical basis of the gross selection 
rule is that the molecules have a structure that allows for the existence of an oscillating dipole 
moment when the molecule vibrates. Polar molecules necessarily satisfy this requirement, but non- 
polar molecules may also have a fluctuating dipole moment on vibration. See Figure 12.25. 

See Section 12.7, and in particular Justification 12.1, for a thorough discussion of the principles 
that govern the influence of nuclear spin and nuclear statistics on the appearance of molecular 
spectra. Here, we will only summarize the basic principles involved and illustrate the effect on the 
rotational spectra of molecules with a couple of examples. Nuclear spin determines the selective 
occupation of molecular rotational states that stems from the requirement of the Pauli principle 
and the presence of identical nuclei. If the rotation of a molecule results in the interchange of iden- 
tical nuclei, the wavefunction must change in accord with the Pauli principle (stay the same for 
bosons; change sign for fermions). Hence, certain rotational states are forbidden. In the case where 
the interchanged nuclei are bosons, this restriction eliminates occupation of states with / odd. So 
for C0 2 where the interchanged O nuclei are bosons of spin 0, only even values of / are permissible. 
Consequently, in the Raman spectrum of C0 2 only alternate lines appear. For molecular hydrogen 
and fluorine both with nuclei of spin \ fermions, the situation is more complicated, as explained in 
Justification 12.1. The population of the odd J and even / states is in the ratio of 3:1, as given by 
eqn 12.26, hence the intensities of transitions originating in these levels will be in the ratio of 3:1. 
See Figure 12.20 of the text for an illustration of the effect of nuclear spin on the appearance of the 
rotational Raman spectra of these molecules. 

Isotopic substitution can change the spin of the nuclei in the molecule, and as explained in the 
answer to Discussion question 12.4 above, the appearance of the rotational spectra of molecules 
is determined by the nuclear spin of the atoms in the molecule. Hence, in general we expect that 
isotopic substitution will change rotational spectra. Vibrational frequencies are determined by the 
effective masses of the group of atoms participating in the mode of vibration. Since isotopes have 
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different masses, isotopic substitution changes the effective mass of the molecule, hence, in general, 
the vibrational frequencies are changed and the vibrational spectrum will be (slightly) different. 
Not all vibrational frequencies are necessarily changed by isotopic substitution, however. For 
example, since the mass of n C is greater than the mass of 12 C, in general we expect that vibrational 
frequencies would be slightly different in 13 C0 2 than in 12 C0 2 . However, in the symmetric stretch of 
C0 2 , the C atom is stationary, and the effective mass of the mode depends only on the O atoms. 
Consequently, we expect that the vibrational frequency of this mode would be independent of the 
mass of the carbon atom. 



Solutions to exercises 



E1 2.1(b) Polar molecules show a pure rotational absorption spectrum, therefore select the polar molecules 
based on their well-known structures. Alternatively, determine the point groups of the molecules 
and use the rule that only molecules belonging to C„, C m , and C s may be polar, and in the case of C„ 
and C„ v that dipole must lie along the rotation axis. Hence, all are polar molecules. 

Their point group symmetries are 

(a) H 2 C-,C 2v , ( b ) H 2 0 2 ,C 2 , (c) NH 2 , C 3 „ (d) N 2 0, C w 



All show a pure rotational spectrum. 



E12.2(b) A molecule must be anisotropically polarizable to show a rotational Raman spectrum; all molecules 

except spherical rotors have this property, so CH 2 CI 2 , CH 3 CH 3 , and N 2 0 can display rotational 
Raman spectra; SF 6 cannot. 

E1 2.3(b) Si'H 4 is a tetrahedral molecule, hence its moment of inertia is given by 
/ = f w A 72 2 [Table 12.1] = f x 1.0078 x 1.66054 x 10" 27 kg x R 2 
The distance /?(Si-'H) is given as 147.98 pm. The above formula then yields 



/ = 9.772 x 10" 47 kg m 2 



The moment of inertia of Si 2 H 4 is given by the same formula. We assume R remains unchanged by 
the isotopic substitution, but the mass is different. The moment of inertia changes by the factor 

m 2li _ 2.0140 m u _ 
m, ~~ 1.0078 m u 



1.9984 



E1 2.4(b) H 12 C 35 C1 3 is a symmetric rotor; its moments of inertia are given by the formulas [Table 1 2. 1] 
/ii = 2m cl ( 1 - cos 9)R 2 and 

I ± = m cl (l - cos8)R 2 + — (m c + m H Xl + 2cos8)R 2 



m 



+ — {(3m a + m c )R'+ 6m cl /?[{(l + 2cosB)] l,2 }R' 

TYl 
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We substitute the following data into the above formulas and then perform the calculations: 
m H = 1 .0078 m n = 1 .0078 x 1 .66054 x 10" 27 kg 
m cl = 34.9688 m u = 34.9688 x 1 .66054 x 10" 27 kg 
m c = 1 2.0000 x m u = 1 2.0000 x 1 .66054 x 10" 27 kg 
m=m H + m c + 3m cl = 1 17.9142 = 1 17.9142 x 1 .66054 x 10" 27 kg 
R=\ll pm=1.77xl0- 10 m 
i?'= 107 pm=1.07xl0- 10 m 
6=110° 

Since the factor m u is common to each term in the formulas, multiplication by its value need not be 
performed until the end of the calculation. The results are: 

/„= 2 x 34.9688 mj} -cosllO 0 ) x (1.77 x 10- 10 m) 2 



4.88xl0" 45 kgm 2 



Substitution of the data in a similar manner into the above formula for I L gives 



/ x =2.54xl0- 45 kgm 2 



We use eqns 1 2. 1 3 to calculate the rotational constants in wavenumbers. 



A = 



B = 



AacL 



= 5.1 '4 m-' = 



0.0574 cnr 



n 



= 11.02 m" 



AkcI ± 

In frequency units we have 



0.1102 cm' 



B = 



4ff/|, 

n_ 

4kI ± 



= 1.72xlOV l = 



1.72xl0 9 Hz 



= 3.30xl0 9 s-' = 



3.30xl0 9 Hz 



The frequency of the transition is related to the rotational constant by 

hv = AF= hcAF= kcB[J{J+ 1) - (/- l)J] = IhcBJ 

where / refers to the upper state (J= 3). The rotational constant is related to molecular structure by 

H % 

B = = 

And Ancm^R 1 

where / is moment of inertia, m e/r is effective mass, and R is the bond length. Putting these expres- 
sions together yields 
hJ 



v = 2cBJ = 



2nm^R 2 
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The reciprocal of the effective mass is 



. . . (12mJ +(15-9949™^ ono ^ AO . 

»cj = nir ] + net = — — = 8.78348 x 10 25 kg" 1 

efr c 0 1.66054 xlO" 27 kg m-' e 

(8.78348 x 10 25 kg 1 ) x (1.0546 x 10" 34 J s) x (3) 



So, v = 



3.4754 xlO 11 s" 



2^(112.81 xlO- I2 m) 2 

E1 2.6(b) (a) The wavenumber of the transition is related to the rotational constant by 
hcv = AE = hcAF=hcB[J(J+ 1) - (/- 1)/] = IhcBJ 
where J refers to the upper state (7= 1). The rotational constant is related to molecular structure by 



And 

where / is moment of inertia. Putting these expressions together yields 



v = 2BJ = - — r , so / = 



(1.0546xl0~ 34 Js)x(l) 



2nd 



2ncv 2;r(2.998 x 10 10 cm s" 1 ) x (16.93 cm" 1 ) 



/ = 



3.307 xlO- 47 kg m 2 



(b) The moment of inertia is related to the bond length by 



1/2 



/ = m^R 2 , so R = | 

™efF J 



(1.0078^)^(809163^)-' _ 
efr H Br 1 .66054 x 10 kg mjj 1 6 

and R = {(6.0494 x 10 26 kg-') x (3.307 x lO^ 47 kg m 2 )} 1/2 
= 1.414 xl0- 10 m = 



141.4 pm 



E1 2.7(b) The wavenumber of the transition is related to the rotational constant by 

hcv = AE = hcAF=hcB\J(J+ 1) - (/- 1)/] = IhcBJ 

where / refers to the upper state. So, wavenumbers of adjacent transitions (transitions whose upper 
states differ by 1) differ by 

Av = 2B = -?-, so I = ^~z 
2nd 2ncAv 

where / is the moment of inertia, m eff is the effective mass, and R is the bond length. 

(1.0546 x 10" 34 J s) 



So, / = 



2^(2.9979 x lO^cms" 1 ) x (1.033 cm-') 



5.420 xlO-' 6 kg m 2 



The moment of inertia is related to the bond length by 



/ = m eff R\ so R = \ 
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-i -i (18.9984 m,)-^ (34.9688 m u )-' - R01Qfix 10251fff -i 
mJ=W + mA= 1 66054xl0 _ 27kgm _, = 4.89196x10 kg 

and R = {(4.89196 x 10 25 kg" 1 ) x (5.420 x 10" 46 kg m 2 )}" 2 
= 1.628 xl0- l0 m = 



162.8 pm 



E1 2.8(b) The rotational constant is 

n n 



B = 



so R = 



AkcI 4xc(2m 0 R 2 Y 
where / is the moment of inertia, m eff is the effective mass, and R is the bond length. 

(1 .0546 x 1 0" 34 J s) 



R = 



A/2 



8^(2.9979 x 10 10 cm s" 1 ) x (15.9949 m u ) x (1.66054 x 10 27 kg »tf X0.39021) 
= 1.1621 xl0- i0 m = 



116.21pm 



E1 2.9(b) This exercise is analogous to Exercise 1 2.9(a), but here our solution will employ a slightly different 
algebraic technique. Let R = Rqc, R' = Rc S ,0= !6 0, C = 12 C. 

I = — ^— [see the comment after eqn 12.8] 
4nB 

7(OC 32 S) = - ; 7/1,' ,J 0 ,_i = 1-3799 x 10" 45 kg m 2 = 8.3101 x 10- ,9 m u m 2 



7(OC 34 S) = 



(4tt)x (6.0815 xl0 9 s>) 
1.05457 xlO- 34 J s 



- = 1.4145 x 10- 45 kg m 2 = 8.5184 x 10" 19 m u m 2 



{4k) x (5.9328 xlOV 1 ) 

The expression for the moment of inertia given in Table 12.1 may be rearranged as follows. 

lm = m A mR 2 + m c mR' 2 - (m A R - m c R') 2 

= m A mR 2 + m c mR' 2 - m 2 A R 2 + 2m A m c RR'- m 2 c R' 2 
= m A (m B + m c )R 2 + m c (m A + m B )R' 2 + 2m A m c RR' 

Let m c = m n s and m' c = m 34S 

— = ^(m B + m c )R 2 + (m A + m B )R' 2 + 2m A RR' (a) 
m c m c 

— = ^(m B + m' c )R 2 + (m A + m B )/?' 2 + 2m A RR' (b) 

Subtracting 
lm I'm' 



mc m c 
Solving for R 2 

R 2 = 



m c j [mc* 



R 2 



( lm 


_ I'm'\ 







m' c Im - m c I'm' 
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Substituting the masses, with m A = m 0 , m B = m c , m c = m 32S , and w£ = 
m = (15.9949 + 12.0000 + 31.9721)w u = 59.9670 m u 
m' = (15.9949 + 12.0000 + 33.9679)™, = 61.9628 m, 

(33.9679 m u ) x (8.3101 x 10" 19 m u m 2 ) x (59.9670 m u ) 



R 2 = 



(12.0000 m u ) x (15.9949 m u ) x (33.9679 - 31 .9721 m u ) 
(31.9721 m u ) x (8.5184 x lQ-' 9 m u m 2 ) x (61.9628 m u ) 
(12.0000 mj x (15.9949 mj x (33.9679 m u - 31.9721 m u ) 
51.6446 xl0 19 m 2 



383.071 
7? = 1.16lTxl0- 10 m = 



■ = 1.3482 xl0- 20 m 2 



116.1pm = ^oc 



Because the numerator of the expression for R 2 involves the difference between two rather large 
numbers of nearly the same magnitude, the number of significant figures in the answer for R is 
certainly no greater than 4. Having solved for R, either equation (a) or (b) above can be solved for 
R / . The result is 



R' = 1.559 xl0 10 m = 



155.9 pm =Rc S 



E12.1 0(b) The wavenumber of a Stokes line in rotational Raman is 
v St o kes = Vi-2J5(2J+ 3) [12.25a] 
where J is the initial (lower) rotational state. So 
v Stokes = 20623 cm" 1 - 2(1.4457 cm" 1 ) x [2(2) + 3] = 



20603 cm" 1 



E1 2.1 1 (b) The separation of lines is 42?, so B = { x (3.53 1 2 cm" 1 ) = 0.88280 cnr 1 

n 



Then, we use R = 



[Exercise 12.8(a)] 



Anm&cB 

with = \m( l9 F) = \ x (18.9984 m u ) x (1 .6605 x 10" 27 kg ntf) = 1.577342 x 10" 26 kg 

1.0546 x 10-* J s 



R = 



4^(1.577342 x 10" 26 kg) x (2.998 x 10 10 cm s 1 ) x (0.88280 cm" 1 ) 



= 1.41785 x 10" 10 m = 141.78 pm 



E1 2. 1 2(b) The centrifugal distortion constant is given by 
Dj = [12.17, also see Problem 12.21] 



4 x (0.0809 cm- 1 ) 3 
(323.2 cm" 1 ) 2 

1 



2.028 x 10- 8 cm" 1 



Dj~B 3 B~- /~m Br [Table 12.1] 
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0.9277 



^ , a 1 ,i>y( 8t Br) (78.9183m u 3 
Therefore, Z) y «— - and /\ Q ^ ; = — — ^ = ' = 

ml A( 79 Br) m| lBf (80.9163 m u ) 3 

We have assumed that the internuclear distance remains constant on substitution. 
E1 2. 1 3(b) See eqn 12.22 and Problem 1 2.26 .The most highly populated rotational level is given by 



kT 
2hcB 



--[12.22] 



For Br 2 after substituting for the constants this expression becomes 



J nut ~ 



r/K r i 



0.2328 

(a) At25°C = 298.15K,/ max = 



1/2 



f 298.1 5/K 
0.2328 



373.15/kV 



36 



40 



(b) At 100°C = 373.15^^-1 Q2328 j -- 

Answers are rounded off to the nearest integer. 
E1 2.14(b) The angular frequency is 

a) = pij =2kv so A: f = (2^v) 2 m = (27r) 2 x(3.0s- l ) 2 x(2.0xl0- 3 kg) 

kf = 



0.71 N nr 1 



E12.15(b) co = 



— 



CO 



>J1l) r prime ^ 2 H 37 CI] 



The force constant, k f , is assumed to be the same for both molecules. The fractional difference 

"4 J 



0) - CO 



^ 1/2 / \ 1/2 / . \i/2 / . \i/2 



V m efT 



1_ 



i/2 



J 



1 

1/2 



r V' 2 



-1 



v War j [ ra H + m 0 (m^ • m, 7a ) 



CO 



(1 .0078 m u )x (34.9688 m^) ^ (2.0140 m u ) + (36.9651 m u ) |' /2 l 
(1.0078 m u ) + (34.9688 m,,) X (2.0140 m u ) x (36.9651 m u )J 

= -0.284 



Thus, the difference is 28.4% 
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E1 2.16(b) The fundamental vibrational frequency is 



<< = | — — | = 2tuv = 2kcv, so kf = (2ncv) 2 m tS 



We need the effective mass 

m~2 = m~ x + m- 1 = (78.9183 mj" 1 + (80.9163 m u )^ = 0.0250298 

[2^(2.998 x I0 10 cm s"') x (323.2 cnr 1 )] 2 x (1.66054 x 1Q- 27 kg mj) 



0.0250298 m- 1 



245.9 N m- 



E1 2.1 7(b) The ratio of the population of the second excited state (N 2 ) to the first excited state (N { ) is 



N2 



= exp 



f -hv 
{ kT 



= exp 



-hcv 
kT 



( -(6.626 x IP 34 J s) x (2.998 x 10'° cms" 1 ) x (321cm 1 ) ] _ 
(a) ^ -expl (1.381xl0- 23 JK-')x(298K) 



0.212 



f -(6.626 x 10* Js) x (2.998 x 10 10 
(b) ^-exp^ (1.381xl0- 23 JK-')x 



cms- 1 ) x (321 cm ') 
(800 K) 



0.561 



E1 2.18(b) The relationship between vibrational frequency and wavenumber is 

r k, f . . 1 ( k, r 

co = = 2/rv = 2;rcv, so v = = — 

{m^ J 2kc y m^ff ) 2kc 

The effective masses of the hydrogen halides are very similar, but not identical 

We assume that the force constants as calculated in Exercise 12. 18(a) are identical for the deuterium 
halide and the hydrogen halide. 

For DF 

(2.0140 m u )-' + (18.9984 mj" 1 



v = 



1. 66054 xlO 27 kg 
{(3.3071 x 10 26 kg 1 ) x (967.04 kg s" 2 )} 1 ' 2 



= 3.3071 xlO 26 kg" 1 



2^(2.9979 xlO 10 cms" 1 ) 



3002.3 cnr 



For DC1 



. (2.0140 m u )- ! + (34.9688 m,)" 1 , , in3At . 

= — = 3.1624 x 10 26 kg-' 

efr 1.66054 xlO" 27 kg m^ 1 5 

{(3.1624xl0 26 kg-')x(515.59kgs- 2 )} 1/2 = 
2<2.9979 xlO l0 cms- 1 ) 



2143.7 cm- 
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For DBr 



(2.0140^)-' + (80.9163 mu)" 1 



v = 



1.66054 xlO- 27 kg m- 1 

{(3.0646 x 10 26 kg- 1 ) x (41 1.75 kg s" 2 )}" 2 
2^(2.9979 xlO 10 cms" 1 ) 



= 3.0646 xlO 26 kg" 1 



1885.8 cm- 



For DI 



(2.0 140 m u )-'+ (126.9045 mj- 
1.66054 xlO" 27 kg m" 1 



= 3.0376 xlO 26 kg" 1 



1640.1cm- 1 



{(3.0376 xlO 26 kg- 1 ) x (314.21 kg s- 2 )} 1/2 = 
V ~ 2^(2.9979x10'° cms" 1 ) 

E1 2.19(b) Data on three transitions are provided. Only two are necessary to obtain the value of v and x e . The 
third datum can then be used to check the accuracy of the calculated values. 

AG{v=\ <- 0) = v - 2vx e = 2345.15 cm" 1 [12.40] 

AG(v = 2 <- 0) = 2v - 6vx e = 4661.40 cm" 1 [12.41] 

Multiply the first equation by 3, then subtract the second. 

v = (3) x (2345. 1 5 cm" 1 ) - (466 1 .40 cm" 1 ) = 
Then, from the first equation 



2374.05 cnr 



x = 



v- 2345.15 cm" 1 (2374.05 - 2345.15) cm 



6.087 x 10" 



2v (2) x (2374.05 cm' 1 ) 

x e data are usually reported as x e v, which is 
x e v= 14.45 cm - ' 

AG(v = 3 <- 0) = 3v - I2vx e = (3) x (2374.05 cm" 1 ) - (12) x (14.45 cm" 1 ) 

= 6948.74 cm" 1 

which is close to the experimental value. 

E1 2.20(b) AG^ l/2 = v-2(v + l)x e v [1 2.40], where AG M/2 = G\v + 1 ) - G\v) 

Therefore, since 

AG„ m = (\-2x^v-2vx t * 

a plot of AG^ m against v should give a straight line, which gives (1 - 2x s )v from the intercept at 
v-0 and -2x e v from the slope. We draw up the following table: 



V 


0 


1 


2 


3 


4 


G^/cnr 1 
G^/cnr 1 


1144.83 
2230.07 


3374.90 
2150.61 


5525.51 
2071.15 


7596.66 
1991.69 


9588.35 
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The points are plotted in Figure 12.1. 



+ 
< 



2200 



2100 



2000 




Figure 12.1 

The intercept lies at 2230.5 1 and the slope = -76.65 cm -1 , hence x e v = 39.83 cm -1 . 
Since v - 2jc 6 v = 2230.51 cm" 1 it follows that v = 2310.16 cm" 1 . 

The dissociation energy may be obtained by assuming that a Morse potential describes the 
molecule and that the constant Z> c in the expression for the potential is an adequate first approxi- 
mation for it. Then, 



v v 2 
D, = — [12.38] = -^ = 



(2310.16 cm- 1 ) 2 



4x 



= 33.50 xlO'cur^.lSeV 



4x e v (4) x (39.83 cm" 1 ) 

However, the depth of the potential well D e differs from D 0 , the dissociation energy of the bond, by 
the zero-point energy, hence 



J5 0 = A-Iv = (33.50 x 10 3 cm- 1 ) - (}) x (2310.16 cm" 1 ) 



3.235 xlO 4 cm" 1 = 4.01 eV 



The dissociation energy may be obtained by assuming that a Morse potential describes the mole- 
cule and that the constant D t in the expression for the potential is an adequate first approximation 
for it. Then, 

D = — [1 2.38], then jc e = -X=- 

However, the depth of the potential well D e differs from D 0 , the dissociation energy of the bond, by 
the zero-point energy; hence, 

4= A" \v [Figure 12.26] 

Data in Table 12.2 for D 0 is given in kJ mol" 1 and the value for 'H Si Br is 362.7 kj mol" 1 . The conver- 
sion factor is 83.593 cm~ l /kJ mol 1 . Hence, 



A = 4 + \v = 362.7 kJ mol" 1 x 83.593 cnr'/kj mol" 1 * \ x 2648.98 cm 1 - 31644 cm 1 = 3.923 eV 
« 2648.98 cm-' 



Then,x e = 



4A 4 x 31644 cm" 



0.02093 
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The anharmonicity constant is inversely proportional to the square root of the effective mass of the 
molecule since it is proportional to v [12.34] 

1 

Therefore, 



x e ( 2 H 81 Br) r farOH»'Bi)]" 2 = (0.9954 . 
x e 0H 81 Br) [m^rFBr)] 1 ' 2 (1.9651 m n ) m >- 



E1 2.22(b) The wavenumber of an R-branch infrared transition is 
v R = v + 25(7+1) [12.45c] 
where 7 is the initial (lower) rotational state. So, 
v R = 2308.09 cm" 1 + 2(6.51 1 cm" 1 ) x (2 + 1) = 



2347.16 cm 1 



E1 2.23(b) See Section 1 2.9. Select those molecules in which a vibration gives rise to a change in dipole moment. 

It is helpful to write down the structural formulas of the compounds. The infrared active com- 
pounds are 

(a) CH 3 CH 3 (b) CH 4 (c) CH 3 C1 

COMMENT. A more powerful method for determining infrared activity based on symmetry considerations is 
described in Section 12.16. 

E1 2.24(b) A non-linear molecule has 3iV - 6 normal modes of vibration, where N is the number of atoms in 
the molecule; a linear molecule has 3N- 5. 



(a) QH 6 has3(12)-6 = 



30 



(b) C 6 H 6 CH 3 has3(16)-6 = 



(c) HC = C - C = CH is linear; it has 3(6) - 5 = 



normal modes, 
normal modes. 

normal modes. 



42 



13 



E1 2.25(b) (a) A planar AB 3 molecule belongs to the Z) 3h group. Its four atoms have a total of 12 displace- 
ments, of which 6 are vibrations. We determine the symmetry species of the vibrations by first 
determining the characters of the reducible representation of the molecule formed from all 12 dis- 
placements and then subtracting from these characters the characters corresponding to translation 
and rotation. This latter information is directly available in the character table for the group D 3h . 
The resulting set of characters are the characters of the reducible representation of the vibrations. 
This representation can be reduced to the symmetry species of the vibrations by inspection or by 
use of the little orthogonality theorem. 





E 


Oh 


2C 3 


2S 3 


1C 2 


3<T V 


X (translation) 


3 


1 


0 


-2 


-1 


1 


Unmoved atoms 


4 


4 


1 


1 


2 


2 


X (total, product) 


12 


4 


0 


-2 


-2 


2 


X (rotation) 


3 


-1 


0 


2 


-1 


-1 


X (vibration) 


6 


4 


0 


-2 


0 


2 



X (vibration) corresponds to A[ + A" + 2E'. 
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Again referring to the character table of D 3h , we see that E' corresponds to x and y, A" to z, hence 



Aj and E' are IR active. We also see from the character table that E' and A[ correspond to the 



quadratic terms; hence A[ and E' are Raman active. 



(b) A trigonal pyramidal AB 3 molecule belongs to the group C iv . In a manner similar to the analysis 
in part (a) we obtain 





E 


2C 3 


3(T V 


X (total) 


12 


0 


2 


X (vibration) 


6 


-2 


2 



X (vibration) corresponds to 2A! + 2E. We see from the character table that A, and E are infrared 
active and that 



A, + E 



are also Raman active. Thus, all modes are observable in both the infrared 



and the Raman spectra. 

E1 2.26(b) (b) The boat-like bending of a benzene ring clearly changes the dipole moment of the ring, for the 
moving of the C-H bonds out of the plane will give rise to a non-cancelling component of their 

dipole moments. So, the vibration is 



infrared active 



(a) Since benzene has a centre of inversion, the exclusion rule applies: a mode that is infrared 



active (such as this one) must be Raman inactive 



E1 2.27(b) The displacements span A lg + 2A lu + 2E lu + E Ig . The rotations R x and R y span E lg , and the trans- 



lations span E lu + A lu . So the vibrations span A lg + A lu + E lu 



P12.2 



Solutions to problems 

Solutions to numerical problems 



B = -^7 [12.7]; I = m ef{ R 2 ; R 2 = - 
And Ancm^B 



Weff = = (12.0000 m u) x (15.9949^) 

* m c +m 0 I (12.0000 m u ) + (15.9949 1 



= 1.13852 xlO" 26 kg 



— = 2.79932 xlO" 44 kg m 
Anc 



n = 



2.79932 xlO" 44 kg m 



(1.13852 x 10 26 kg) x (1.9314 x 10 2 m" 1 ) 



= 1.27303 xlO" 20 m 2 



/?o= 1.1283 xlO- 10 m= 112.83 pm 



296 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



P12.4 



P12.6 



2.79932 xlO" 44 kg m 



(1.13852 x 10" 26 kg) x (1.61 16 x 10 2 m 1 ) 



= 1.52565 xlO- 20 m 2 



i? 1= 1.2352 xlO- ,0 m= 123.52 pm 



COMMENT. The change in internuclear distance is roughly 10%, indicating that the rotations and vibrations 
of molecules are strongly coupled and that it is an oversimplification to consider them independently of each 
other. 

The separations between neighbouring lines are 

20.81, 20.60, 20.64, 20.52, 20.34, 20.37, 20.26 mean: 20.51 cm" 1 
Hence, B = ({) x (20.51 cm 1 ) = 10.26 cm" 1 and 

H 1.05457 xlO" 34 Js 



/ = 



4ncB (4k) x (2.99793 x 10 10 cm s~ l ) x (10.26 cm" 1 ) 

1/2 



2.728 xlO" 47 kg m 2 



R = [Table 12.1] with w eff = 1 .6266 x 1 0~ 27 kg [Exercise 1 2.6(a)] 



129.5 pm 



2.728 xlQ^ 7 kg nv 
1.6266 xlO" 27 kg 

COMMENT. Ascribing the variation of the separations to centrifugal distortion, and not by just taking a simple 
average, would result in a more accurate value. Alternatively, the effect of centrifugal distortion could be mini- 
mized by plotting the observed separations against J, fitting them to a smooth curve, and extrapolating that 
curve to J = 0. Since B ~ - and / « m eft , 6 «— . Hence, the corresponding lines in 2 H 35 CI will lie at a factor 



/ 



m^H^Cl) ^ 1.6266 
m^H^CI)" 3.1622 



= 0.5144 



to low frequency of 1 H 35 CI lines. Hence, we expect lines at |42.9, 53.6,64.2, ... cnr 

f n 



R = 



Y 



and v = 2cB(J + 1) [1 2.2 la, with v = cv] 



<n x) x (63.5 5) x (79.91) 
We use MCuBr) - — = 35.40 m u 

and draw up the following table: 



J 


13 


14 


15 


v/MHz 


84421.34 


90449.25 


96476.72 


B/cm~ ] 


0.10057 


0.10057 


0.10057 



Hence, R ~ 



1.05457 xlO" 34 Js 



(4k) x (35.40) x (1.6605 x 10" 27 kg) x (2.9979 x lO^ans" 1 ) x (0.10057 cm" 1 ) 



- 218 pm 
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Plot frequency against J, as in Figure 12.2. 
260000 



250000 



§ 240000 



210000 



J j j y = 8300.2 + 8603.2* J i 

i j K 2 = 1.000 




Figure 12.2 

The rotational constant is related to the wavenumbers of observed transitions by 

v = 2B(J + 1) = so v = 2Bc(J + 1) 
c 

A plot of v versus then, has a slope of 2Bc. From Figure 12.2, the slope is 8603 MHz, so 
8603 xlO^- 1 



B = 



2(2.988 x^ms- 1 ) 



14.35 m- 



The most highly populated energy level is roughly 



{ihcBj 2 



(1.381 x 10" 23 J K~') x (298 K) 
1 ~~ ' (6.626 x 10 _34 J s) x (8603 x 10 6 s" 1 ) 



/ - (l-381xlQ- 23 JK-')x(100K) 
^ 11 ~ 1 (6.626 x lO" 34 J s) x (8603 x 10 6 s" 1 ) 









26 
















15 


2 





at 298 K 



at 100 K 



»12.1 0 The Lewis structure is 
[Q=N=Q] + 
VSEPR indicates that the ion is 



linear 



and has a centre of symmetry. The activity of the modes is 

consistent with the rule of mutual exclusion; none is both infrared and Raman active. These transi- 
tions may be compared to those for C0 2 (Figure 12.37 of the text) and are consistent with them. 
The Raman active mode at 1400 cm' 1 is due to a symmetric stretch (v,), that at 2360 cm' 1 to the 
antisymmetric stretch (v 3 ) and that at 540 cm 1 to the two perpendicular bending modes (vj. 
There is a combination band, v : + v 3 = 3760 cm -1 = 3735 cm -1 , which shows a weak intensity in 
the infrared. 
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P12.12 



P12.14 



D 0 = D e ~ v' with v' = j v - \x e v [Section 12.10] 
(a) >HCl:v'^ {(1494.9) - (|) x (52.05)}, cm" 1 =1481.8 cm" 1 , or 0.184eV 
Hence, 4=5.33-0.18 = 



5.15 eV 



(b) 2 HC1: 



2m efT cox e 



= a 2 [12.38], so v\x e °c as a is a constant. We also have D e = - — - 



[Exercise 



1 



12.20(a)], so v ^ , implying v « — — 

(b), and we can write 

'm eff eHCl)Y'~ 



Reduced masses were calculated in Exercises 12.1 8(a) and 



v( 2 HCl) = 



x v( l HCi) = (0.7172) x (2989.7 cm" 1 ) = 2144.2 cnr 



x e v( 2 HCl) - f-^4^~l x x e v('HCl) = (0.5144) x (52.05 cnr 1 ) = 26.77 cm' 1 
^m efr ( HC1) J 

v'( 2 HCl) = ({) x (2144.2) - (j) x (26.77 cm" 1 ) = 1065.4 cm 1 , 0. 1 32 eV 
Hence, A( 2 HC1) = (5.33 - 0.132) eV = 15.20 eV 



(a) In the harmonic approximation 

A=4 + jv so v = 2(4-A)) 

2(1.51xl0- 23 J-2xlO- 26 J) 



v = 



(6.626 x 10-* J s) x (2.998 x 10 8 m s" 1 ) 



152 m" L 



The force constant is related to the vibrational frequency by 



to = 



— I [12.33] = 2kv = 2jtcv, so kf = (2jicv) 2 m e(r 



The effective mass is 

m efr = jm = {(4.003 mj x (1.66 x 10~ 27 kg mj) = 3.32 x 10" 27 kg 
k? = [2^(2.998 x 10 s ms" 1 ) x (152m" 1 )] 2 x (3.32 x 10" 27 kg) 



2.72xl0" 4 kg s" 



The moment of inertia is 



/ = m ^R\ = (3.32 x lO" 27 kg) x (297 x 10 12 m) 2 = |2.93 x lQ-^kg m 2 
The rotational constant is 

^ = _S_ = 1.0546 x 10~ 34 J s 

And ~ 4tt(2.998 x 10 8 ms" 1 ) x (2.93 x 10^ kg m 2 ) 

(b) In the Morse potential 



95.5 m" 1 



1 



84 
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This rearranges to a quadratic equation in v 



-v + A -A = 0, so * = - 



164 



2(16A)" 1 



v = 42> 




4(1.51 x 10 23 J) 



(6.626 x 10- 34 J s) x (2.998 x 10 8 m S" 1 ) 



1- 



2xlQ- 26 J 
1.51 x 10 23 J 



"A 



293 m- 1 



and x e = 



(293 m-') x (6.626 x IQ ^J s) x (2.998 x 10* ms" 1 ) 
4(1.51 x 10 -23 J) 



0.96 



(a) Follow the flow chart in Figure 1 1 .7 of the text. CH 3 C1 is not linear, it has a C 3 -axis (only one), 
it does not have C 2 -axes perpendicular to C 3 , it has no a h , but does have three c v planes, so it belongs 

to 



-3v 



(b) The number of normal modes of a non-linear molecule is 3N - 6, where N is the number of 
atoms, so CH 3 C1 has 



nine 



normal modes. 



(c) To determine the symmetry of the normal modes, consider how the Cartesian axes of each 
atom are transformed under the symmetry operations of the C 3v group; the 15 Cartesian displace- 
ments constitute the basis here. All 15 Cartesian axes are left unchanged under the identity, so the 
character of this operation is 15. Under a C 3 operation, the H atoms are taken into each other, so 
they do not contribute to the character of C 3 . The 2-axes of the C and CI atoms are unchanged, so 
they contribute 2 to the character of C 3 . For these two atoms 



x 3 1/2 
x^-- + — 
2 2 



v , y 3 1/2 x 

- and y->~— + . 

2 2 



so there is a contribution of -y to the character from each of these coordinates in each of these 
atoms. In total, then # = 0 for C 3 . To find the character of call one of the cr v planes the yz plane; 
it contains C, CI, and one H atom. They and z coordinates of these three atoms are unchanged, but 
the x coordinates are taken into their negatives, contributing 6 - 3 = 3 to the character for this 
operation. The other two atoms are interchanged, so contribute nothing to the character. To find 
the irreducible representations that this basis spans, we multiply its characters by the characters of 
the irreducible representations, also multiplying by the number of operations of each kind, sum 
those products, and divide the sum by the order h of the group (as in Section 1 1.5(a)). The table 
below illustrates the procedure. 





E 


2C 3 


3cr v 




E 


2C 3 


3(T V 


Sum/ft 


Basis 


15 


0 


3 












A, 


1 


1 


1 


Basis x A! 


15 


0 


3 


4 


A 2 


1 


1 


-1 


Basis x A 2 


15 


0 


-3 


1 


E 


2 


-1 


0 


Basis x E 


30 


0 


0 


5 
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Of these 15 modes of motion, three are translations (an Aj and an E) and three rotations (an A 2 and 
an E); we subtract these to leave the vibrations, which span 



3A, + 3E (three Ai modes, and three doubly degenerate E modes). 



(d) Any mode whose symmetry species is the same as that of x, y, or z is infrared active. Thus, 



all modes are infrared active 



(e) Only modes whose symmetry species is the same as a quadratic form may be Raman active. 
Thus, 



all modes are Raman active 



Solutions to theoretical problems 



P12.18 



P12.20 



P12.22 



The centre of mass of a diatomic molecule lies at a distance x from atom A and is such that the 
masses on either side of it balance 

m A x = m B (R - x) 

and hence it is at 



m 



x = R m - m A + m 

m 



The moment of inertia of the molecule is 

,2 



I = m A x 2 + m s (R - x) z [12.2] = — + — = R* 



m- m 
since ra eff = 



m eK R 2 



l» 2 

m 

m A m & 



The virial theorem states that if the potential energy of a particle has the form V= ax h then its mean 
potential and kinetic energies are related by 2{E k ) - b{V) [8.35]. For the harmonic oscillator poten- 
tial energy b = 2 and (E k ) = \E U [8.34b] = Uv + \)ha> [8.24]. Hence, (V) = (E K ) = \_E= \{v + {)fio> 



= |/t f (x 2 )and 



We see that as v increases, (x 2 > increases and (R 2 ) = R 2 + (x 2 ) 



[Solution to Problem 12.19] increases. As (R 2 ) increases, the moment of inertia / increases 
[Table 12.1]. As /increases the 



rotational constant B decreases 



[eqn 12.7] as the oscillator is excited 
to higher quantum states. Anharmonicity results in greater average values of R 2 as v increases 



[Figure 12.27]; hence, B decreases with increased anharmonicity 



The Morse potential is V(R) = hcD c {\ - e- a <*-*'>} 2 [12.37]. Rewrite this expression as V(R) = 
D{ 1 - e"™} 2 with x = R - R^ and D = hcD e . The force constant is obtained from 

k '-(^) „ I1230] 

= {-2Da(ae~ ax - 2ae- 2ax )} ^ = |A: f = 2J>a 2 . 
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The energy levels of a Morse oscillator, expressed as wavenumbers, are given by: 

G(v) = (v + j)v - (v + j) \v = (v + {)v - (v + {) v 2 /4A 
States are bound only if the energy is less than the well depth, Z) e , also expressed as a wavenumber: 

dfoo<A or (^ + T)v-(y + i) 2 v 2 /4A<A 

Solve for the maximum value of v by making the inequality into an equality: 

(V + y) 2 V 2 /4A - (y + |)V + A = 0 

Multiplying through by 4D e results in an expression that can be factored by inspection into: 



[<W{)v-24] 2 =0 so v + \ = 2DJv and v = 



2A/v-j 



Of course, v is an integer, so its maximum value is really the greatest integer less than this quantity. 

N<* ge- £lkT [Boltzmann distribution, Chapters 2 and 15] 
Nj ~ gjQ~ E J lkT ~ (27 + lye-kcSJv+WT fa _ 27+ J for a diatomic rotor] 
The maximum population occurs when 



hcB 



Q-hc6j(J+\)lkT _ 0 



and, since the exponential can never be zero at a finite temperature, when 



or when 7 mav = 



^2/ic# J 2 



^T 1 

For IC1, with — = 207.22 cm" 1 (inside front cover) 



he 

( 207.22 cm-' x ' 
0.2284 cm" 1 



30 



For a spherical rotor, Nj ~ (27 + iy e -^v*ivnr ^ = ( 2 y + 1)2] 
and the greatest population occurs when 



dNj 



~ 87 + 4- 



hcB(2J + 1) 3 



dJ T kT 
which occurs when 

hcB(2J + 1) 3 



4(27 + 1) = 



kT 
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or at J m , ~ 



( kT ] 


1/2 


1 


yhcB j 




2 



For CH,, y mav = 



207.22 cm - 1 ^ 
5.24 cnr 



1/2 



-j-16 



Solutions to applications 



P12.28 (a) Resonance Raman spectroscopy is preferable to vibrational spectroscopy for studying the 
O-O stretching mode because such a mode would be 



infrared inactive 



, or at best only weakly 

active. (The mode is sure to be inactive in free 0 2 because it would not change the molecule's dipole 
moment. In a complex in which 0 2 is bound, the O-O stretch may change the dipole moment, but 
it is not certain to do so at all, let alone strongly enough to provide a good signal.) 

(b) The vibrational wavenumber is proportional to the frequency, and it depends on the effective 
mass as follows, 



so 



v( 18 0 2 ) 



»U 16 o 2 ) 



v( 16 0 2 ) {m e{r ( ls hrm0 2 )) (,18.0™ u J 



16.0™, 



= 0.943, 



and v( 18 0 2 ) = (0.943)(844 cm 1 ) = 796 cm" 1 



Note the assumption that the effective masses are proportional to the isotopic masses. This assump- 
tion is valid in the free molecule, where the effective mass of 0 2 is equal to half the mass of the 
O atom; it is also valid if the 0 2 is strongly bound at one end, such that one atom is free and the 
other is essentially fixed to a very massive unit. 

(c) The vibrational wavenumber is proportional to the square root of the force constant. The 
force constant is itself a measure of the strength of the bond (technically of its stiffness, which 
correlates with strength), which in turn is characterized by bond order. Simple molecular orbital 



analysis of 0 2 , 0 2 , and 0 2 results in bond orders of 2, 1 .5, and 1 , respectively . Given decreasing 



bond order, one would expect decreasing vibrational wavenumbers (and vice versa). 

(d) The wavenumber of the O - O stretch is very similar to that of the peroxide anion, suggesting 



FefO" 



(e) The detection of two bands due to 16 0 18 0 implies that the two O atoms occupy non-equivalent 
positions in the complex. Structures 9 and 10 are consistent with this observation, but structures 7 
and 8 are not. 



P1 2.30 The question of whether to use CN or CH within the interstellar cloud of constellation Ophiuchus 
for the determination of the temperature of the cosmic background radiation depends on which 
one has a rotational spectrum that best spans black-body radiation of 2.726 K. Given 5 0 (CH) = 
14.190 cm -1 , the rotational constant that is needed for the comparative analysis may be calculated 
from the 226.9-GHz spectral line of the Orion Nebula. Assuming that the line is for the l2 C l4 N iso- 
topic species and /+ 1 <- J= 1 , which gives a reasonable estimate of the CN bond length (1 1 7,4 pm), 
the CN rotational constant is calculated as follows. 
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— V V 

Bo=B/c = = — 

^ 2c(J + 1) 4c 

= 1.892 cm-' 

Black-body radiation at 2.726 K may be plotted against radiation wavenumber with suitable trans- 
formation of eqn 7.8. 

_ Sxhcv 3 
p^v) — hc9/kT _ ^ 

Spectral absorption lines of 12 C 14 N and 12 ON are calculated with eqn 12.21a. 

v(J + 1 <- /) = 2B(J + 1) J = 0, 1, 2, 3 . .. 

The cosmic background radiation and molecular absorption lines are shown in Figure 12.3. It is 
evident that only CN spans the background radiation. 




Figure 12.3 



3 1 2.32 (a) The H3 molecule is held together by a two-electron, three-centre bond, and hence its structure 
is expected to be an equilateral triangle. Looking at Figure 12.4 and using the law of cosines 

R 2 = 2R 2 C - 2i^cos(180° - IB) 
= 2i?Hl-cos(120 o )) = 3i? 2 ; 
Therefore, 

Rc = Rl4l 

I c = ZmRl = ZmiRlS) 2 = mR 2 
7 B = 2mR B = 2m{RI2) 2 = mR 2 /2 

Therefore, 



7 C = 27 B 
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m = m H 0 = 30° 



Rb = *R 



(b) B = 



R = 



ti 



in 



Alicia AncmR 2 2ncmR 2 

1/2 



[12.13] 



IncmB 



(1.0546 x 10- 34 J s) x (6.0221 x lO^mol" 1 ) x (&) 



\2ncM H B ) ^2s:(2.998 x 10 8 ms" 1 ) x (0.001008 kg moH) x (43.55 cm- 1 ) J 
= 8.764 xl0- n m = 



87.86 pm 



Alternatively, the rotational constant Cc&n be used to calculate R. 

n n 



C = 



R = 



Ajcdc AncmR 1 



[12.13] 



n 



AncmC 



1/2 



m = 

4xcM H C 



1/2 



(1.0546 x IQ-"J s) x (6.0221 x 10 23 mol-') x (g^) 
~ [4j:(2.998 x 10 8 ms~ l ) x (0.001008 kg mol" 1 ) x (20.71 cm" 1 ) 

= 8.986 xl0»m = 



89.86 pm 



The values of R calculated with either the rotational constant C or the rotational constant B differ 
slightly. We approximate the bond length as the average of these two. 



(R)» 
(c) B = 



(87.64 + 89.86) pm 



5.7 pm 



n (1.0546 x 10- 34 3 s) x (6.0221 xlO^mol- 1 ) x (jgg) 

IncmR 2 ~ 2;r(2.998 xl0 8 mr')x (0.001 008kgmol" ! ) x (87.32 x 10" 12 m) 2 



43.87 cm- 



C = \B= 21.93 cm" 1 
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1 3 , 
(d) = — or m cff = T ffl 

Since m D - 2m H , m efrD = 2m H /3 



v 2 (Dj) = 



ww(Hj) 



1/2 



v 2 (Hj) [12.34] 



w H /3 



1/2 



2m H l3 
2521.6 cm 1 



v 2 (H!) = 



v 2 (HQ 

2 l/2 



1783.0 cm- 



SinceB and C °= — , where m — mass of H or D 
m 



5(D|) = £(H}) x — ^ = 43.55cm- 1 x 



<?(D}) = C(H0 x ^ = 20.71 cm" 1 x 



1.008 
2.014 

1.008 
2.014 



21.80 cm" 



10.37 cm- 



Molecular spectroscopy 2: 
electronic transitions 



Answers to discussion questions 

The Franck-Condon principle states that, because electrons are so much lighter than nuclei, 
an electronic transition occurs so rapidly compared to vibrational motions that the internuclear 
distance is relatively unchanged as a result of the transition. This implies that the most probable 
transitions v f <- i> ; are vertical in the sense that bond lengths do not change during the transition. 
This vertical line (text, Figure 13.7) will, however, intersect any number of vibrational levels v f in the 
upper electronic state. Hence, transitions to many vibrational states of the excited state will occur 
with transition probabilities proportional to the Frank-Condon factors, which are in turn propor- 
tional to the overlap integral of the wavefunctions of the initial and final vibrational states. This 
creates the band structure, a progression of vibrational transitions, that is observed in electronic 
spectra. The band shape is determined by the relative horizontal positions (text, Figure 1 3.8) of the two 
electronic potential energy curves. The most probable absorption transitions are those to excited 
vibrational states with wavefunctions having a large amplitude at the internuclear position R e . 

Question. You might check the validity of the assumption that electronic transitions are so much 
faster than vibrational transitions by calculating the time scale of the two kinds of transitions. How 
much faster is the electronic transition, and is the assumption behind the Franck-Condon principle 
justified? 

Colour can arise by emission, absorption, or scattering of electromagnetic radiation by an object. 
Many molecules have electronic transitions that have wavelengths in the visible portion of the elec- 
tromagnetic spectrum. When a substance emits radiation the perceived colour of the object will be 
that of the emitted radiation and it may be an additive colour resulting from the emission of more 
than one wavelength of radiation. When a substance absorbs radiation its colour is determined by 
the subtraction of those wavelengths from white light. For example, absorption of red light results 
in the object being perceived as green. Scattering, including the diffraction that occurs when light 
falls on a material with a grid of variation in texture or refractive index having dimensions com- 
parable to the wavelength of light, for example, a bird's plumage, may also form colour. 

The overall process associated with fluorescence involves the following steps. The molecule is first 
promoted from the vibrational ground state of a lower electronic level to a higher vibrational- 
electronic energy level by absorption of energy from a radiation field. Because of the requirements 
of the Franck-Condon principle, the transition is to excited vibrational levels of the upper electronic 
state. See text Figures 13.21 and 13.22. Therefore, the absorption spectrum shows a vibrational 
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structure characteristic of the upper state. The excited-state molecule can now lose energy to the 
surroundings through radiationless transitions and decay to the lowest vibrational level of the 
upper state. A spontaneous radiative transition now occurs to the lower electronic level and this 
fluorescence spectrum has a vibrational structure characteristic of the lower state. The fluorescence 
spectrum is not the mirror image of the absorption spectrum because the vibrational frequencies of 
the upper and lower states are different due to the difference in their potential energy curves. 



)13.8 (a) Continuous-wave (CW) laser emission is possible when heat is easily dissipated and popula- 



tion inversion can be continuously maintained by pumping. The red laser pointer is an example of 
a CW laser. Typically, the light amplification by stimulated emission of radiation is continuous in the 
optical cavity and one of the two mirrors, the output coupler, at the ends of the cavity is partially 
transparent so that only a fraction of the cavity radiation can continuously escape. The gain medium 
is pumped to the excited state by electricity, a flash lamp, or another laser. 

(b) The pulsed laser periodically emits a pulse of high peak power radiation, which is much higher 
than can be achieved with a C W laser because the average laser power is released in a pulse of short 
duration. Pulses may be achieved by Q-switching or mode locking. In Q-switching, the laser cavity 
resonance characteristics are modified to make the cavity conditions unfavourable for lasing, 
during which time a healthy population inversion is achieved; the cavity is then suddenly brought 
to resonance, releasing the radiation pulse. The electro-optical Pockels cell or a saturable absorber 
may be used as Q-switching devices that give pulses of about 5 ns duration. Picosecond pulses can 
be achieved by the technique of mode locking in which a range of resonant modes of different 
frequency are phase locked and superimposed. Interference of the modes gives rise to short, regular 
bursts of radiation. Mode locking is achieved by varying the Q-factor of the laser cavity periodically 
at the frequency cl2L. The modulation can be achieved by linking a prism in the cavity to a trans- 
ducer driven by a radiofrequency source at a frequency c/2L. The transducer sets up standing-wave 
vibrations in the prism and modulates the loss it introduces into the cavity. 

Solutions to exercises 



E13.1 (b) The reduction in intensity obeys the Beer-Lambert law introduced in Section 13.1. 



log— = - log — = -e[J]L [13.3 and 13.4] 




Hence, — = 10^ 109 = 0.778, and the reduction in intensity is 22.2 % . 



E1 3.2(b) 



\ 0% L = -\ og h. = - e [J]L [13.3, 13.4] 



1 i 1 

e = log — = - 

[J]L S / 0 



(6.67 x 1(H mol dm" 3 ) x (0.35 cm) 



log(0.655) 



= 7.9xl0 2 dm 3 moHcm- 1 



(7.9xl0 2 dm 3 moh 1 



cm- 1 ) x (10 cm dm" 1 ) 3 = 7.9 x 10 5 cm 2 mol" 1 
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E13.3(b) logr = -A = -e[S]L [13.2, 13.3, 13.4] 

[J] = - ±lo g T = - 1 °g< 1 - 0 - 523 > 

eL (323 dm 3 mol" 1 cm ' ) x (0.750 cm) 



1.33 mmol dm -3 



E13.4{b) A parabolic lineshape is symmetrical, extending an equal distance on either side of its peak. It is 
well known, and proven in the note below, that the area under a parabola equals f x base width x 
height. Let V; and v f be the initial and final wavenumbers of the absorption band. Then, the base of 
the band has the width Av = v f - v ; and the integrated absorption coefficient is the area given by 



£(v) dv [13.5] 



Since v = X~ x and v/cnr 1 = 10 7 /(A/nm), 

Vi/cm 1 - 107(275) - 3.64 x 10 4 and v f /cnr ] = 107(199) = 5.03 x 10 4 
A = | x (5.03 x ^cnr 1 - 3.64 x lO'cm" 1 ) x (2.25 x 10 4 dm 3 mol- 1 cm- 1 ) 



2.09xl0 8 dm 3 mol- i cm- 2 



Note: The formula for the area of a parabola can be derived with the equation for a parabola (see 
Figure 13.40 of the text): 

£(v) = £ max 0-^(v-V max ) 2 } 

The symmetry of the parabola means that = V; + -~Av = v f - \ Av. Since e(y{) = e(v f ) = 0, the con- 
stant k is easily determined by examination of the parabola equation at either e(v ; ) or e(v f ): 



0 = ei _{l- f c(v i -v max ) 2 } = e max {l- f c(v i -v i - jAv) 2 } = £nm Jl-^Av 2 } or k = — 



Thus, 



SH= f e(v)dv[13.5] = f e(v)dv 

J band J *\ 



= £,, 



-iv=v { 



Vr- 



3Av 2 



(v f -v max ) 3 



3Av 2 



(v -v y 



3Av 2 



(^-(v^lAv)) 3 



v f -- 



Av 



v ; + 



Av 



= | x Av x e„ 
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Note: The given data are not consistent with a parabolic lineshape when plotted as a function of 
either wavelength or wavenumber, for the peak does not fall at the centre of either the wavelength 
or the wavenumber range. The integrated absorption coefficient can be estimated with the given 
data assuming a triangular lineshape as a function of wavenumber. If the peak is triangular, the 
area is 

A = {(base) x (height) 
= {[(199 x lO^m)- 1 - (275 x 10-* m)" 1 ] x (2.25 x ^dn^mol'cttr 1 ) 



= 1 . 56 x 1 0 10 dm 3 m-' mol 1 cm-' = 
= 1 .56 x 10 9 m mol 1 = 1.56 x 10 8 dm 3 mol" 1 cm" 2 



_ (1.56 xl0 9 dm 3 m 1 mol-' cm 1 ) x (100 cm m 1 ) 
10-'dm 3 m 3 



E1 3.5(b) £ = —log— [13.3, 13.4] with L = 0.250 cm 

[J]L I 0 

We use this formula to draw up the following table: 



[dye]/mol dm 3 


0.0010 


0.0050 


0.0100 


0.0500 




///o 


0.73 


0.21 


0.042 


1.33 xlO- 7 




£/(dm -3 mol -1 cm -1 ) 


547 


542 


551 


550 


mean: 548 



Hence, the molar absorption coefficient is e ~ 5.5 x 10 2 dm 3 mol' 1 cm -2 



E13.6(b) e = —log— [13.3, 1 3.41 = 

[J]L *// 1 (0.0155 mol dm" 3 ) x (0.250 cm) 

The transmittance in a 4.50 mm cell is 



log(0.32) = 



128 dm 3 mol 1 cm 



7 = — = 10-l J i £l [13.1,13.2] 



_ JQ(-0.01S5moldm- 3 )x(I28dni 3 mo]- 1 cm- | )x(0.450ci7i)_ Q Qyg of J go/ Q 

E13.7(b) The Beer-Lambert law [ 1 3.3, 1 3.4] is 

] og .L = - e [J]L so L[J] = --log^- 



(a) L[J} = - 



l . 1 

: ; X log— = 

30 dm 3 mol 1 cm 1 5 2 



1 



0.010 mol dm 3 cm 



(b) LtJ1 = - 30d m 3 m ol-.c m - X ' Og(01 °> = 



0.033 mol dm -3 cm 



E1 3.8(b) The integrated absorption coefficient is the area under an absorption peak 



<? = | e(v)dv[13.5] 

band 
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We are told that £ is a Gaussian function, i.e. a function of the form 



where x = v - v max and a is a parameter related to the width of the peak. The integrated absorption 
coefficient, then, is 



A = J exp^-J- jdx = e^ajn 



We must relate a to the half-width at half-height, x m : 



2 £ ma* ~ e max eX P 



SO, A ~ £ mzx X l/2 



ln2 



so ln4- = 



and a = 



VhT2 



= (1.54 x 10 4 dm 3 mol" 1 cm" 1 ) x (4233 cm ') x 



I^ln2 



l^xlOSdn^moHcnr 2 



E1 3.9(b) 



The valence ground electronic state of the dinitrogen cation is la 2 la 2 In* 2a g (see Figure 10.34 of 
the text), which has the term symbol 2 X g . We guess that the excited state may be la 2 lc 2 It^Itc], and 
check that this state has the term 2 Il g . First, the only unpaired electron in this excited state is ljt g . 
This has the desired spin multiplicity of two because 25+ 1 = 2^ + 1 = 2{\) +1=2. This excited state 
also has the desired value of the total orbital angular momentum around the molecular axis (| A j = 1 ) 
because the sum of the A values for the filled la 2 , la 2 , and lrc 4 levels is zero and, consequently, the 
angular momentum projection on the molecular axis is that of the lrcj, electron alone. Finally, this 
excited state has the overall gerade parity because the parity of the filled level is g and the parity of 
the lrc g electron is g, from which we find that the overall parity is g x g = g. Since the excited state 

has the desired properties, it is a 2 Il g term. 



Ia 2 la 2 u l<l7i 6 



E1 3.1 0(b) The laglaSln^lTi 2 valence configuration has four unpaired electrons because both the Ik u and l7t g 
levels are doubly degenerate (see text Figure 10.33), each with two electrons in parallel according to 
Hund's rules. Thus, S = { + \ + \ + \ = 2 and the spin multiplicity is given by 2S + 1 = 2(2) + 1 = [?|. 
Because u x u = g and g x g = g, the net parity of two electrons paired in an orbital is always gerade. 
Consequently, the overall parity is found by multiplying the parity of unpaired electrons. For this 
configuration, uxuxgxg = [g]. 

E13.1 1 (b) The electronic spectrum selection rules concerned with changes in angular momentum are (Section 
1 3.2(b)): AA = 0,±1 AS^O A£=0 Ai2=0,±l, where Q=A + I.A gives the total orbital angu- 
lar momentum about the internuclear axis and I gives the total spin angular momentum about the 
internuclear axis. The + superscript selection rule for reflection in the plane along the internuclear 
axis is -H-H- or — (i.e. +«-»- is forbidden). The Laporte selection rule states that for a centrosym- 



metric molecule (those with a centre of inversion) the only allowed transitions are transitions that 
are accompanied by a change of parity: u<-»g. 
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(a) The changes in the transition 1 <r+ 1 are AA = 0, AS = 0, AZ = 0, AG = 0, in^g, and +< -» + so 
the transition is 



allowed 



(b) The changes in the transition 3 <-> 3 are AA = 0, AS = 0, AT = 0, Aft = 0, u<->g, and -k-h- so 
the transition is 



allowed 



(c) Parity does not change in the transition t 2g <-» e g so the transition is forbidden . However, this 



transition is often observed because of either the presence of asymmetric vibrations or the Jahn- 
Teller effect. 



(d) The transition tc* <-+ n is 



forbidden 



, for example in a carbonyl group, because the non-bonding 
orbital of the lone pair on the oxygen does not change sign (+) under reflection in the plane that 
contains the o bond, while the %* orbital does change sign (-). The +■ < > transition is forbidden. 



E13.1 2(b) We begin by evaluating the normalization constants N Q and N v . 



— = f — j (standard integral); N 0 = 

r 2ax2 dx 



Likewise, Ny = 



(2b) 3 ' 2 _ (2by 12 J 2(2b) m ) 
r(3/2)" n m iV ''" 



rl/2 



Furthermore, we can easily check that 

ax 2 +b(x-x 0 ) 2 =z 2 + -^~x 2 Q , where z = (a + b) m x - - — x Q and dx = - — \~7jrdz 
a+b {a + by' 1 (a + by' 2 

Then, the vibration overlap integral between the vibrational wavefunction in the upper and lower 
electronic states is: 



S(1',0) = <1' 1 0) = AW ! .-:e-"-*e-^ d v 
= N 0 N V [ xe-^^-^dx 



a + b)J[(a + by" J 



ab , 

N 0 N y e ^ x '° 



a+b 

ab 

N 0 N v e «+* J 



bxo 



a + b 



(a + b) m . _ 



bx 0 



e z dz + 



ZQ z2 dz 



a + b 



+ ze~ :2 dz 
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The integral of the above expression is necessarily zero because on the z-axis the function z has 
ungerade symmetry while the function e z2 has gerade symmetry. Thus, u x g = u and the integral 
over the complete z-axis of an ungerade function equals zero. 



5(1', 0) = 



N 0 Nybx 0 Q a+b 



a+b 

,3/2 



a + b 



a + b 

at 

a ll4 b 7 '*x 0 e~°+i> 



---or K \ 



a + b 



a + b 



ab , 



For the case b = a/2, this simplifies to 

3/2 , s7/4 



S(V,0) = \~\ a*< 



,1/4 



The Franck-Condon factor is 
|S(l',0)p = 



32 



729 



1/2 



axfc 



E1 3.1 3(b) The rotational constant of the excited state is B' = 1 0.470 cm -1 while the rotational constant for the 
ground state is B= 10.308 cm 1 . Since B' > B, the bond length of the excited state is shorter than the 



equilibrium bond length and the P branch has a band head (text Figure 13.1 lb) 



P branch (AJ= -1): Av P (7) = v P (7) -v = -(£' + B)J+ 0' - B)P [1 3.11a] 

To find the J value at which the head occurs, we need only compute a table of Av P (/) values from 
low to high /. The point at which Av P (y ) is smallest is the branch head. 



J 60 61 62 63 64 65 66 67 

Av P (/)/cm- 1 -663.48 -664.66 -665.51 -666.04 -666.24 -666.12 -665.68 -664.91 



As indicated by the table, Av P (/) is a minimum (i.e. the P branch head) when / = 64 



An alternative method involves deriving an equation that must be satisfied when /= J heid . We start 
by recognizing that eqn 13.1 la indicates that Av P (J) is a quadratic function of J and, in fact, the 
quadratic shape of the v P against J curve is called the Fortrat parabola. This means that we can 
derive an equation for 7 head by finding the maximum of the Fortrat parabola: dAv P /d/ = 0, where 

J = Acad- 

= A H £' + B)J + (B' - B)J 2 } 
dJ dJ v J 

= -(B + B) + 2(2?' - B)J 
~(B' + B) + 2(B'-B)J^Q 



Aead~ 



(B' + B) (10.470 + 10.308) 



2{B f -E) 2(10.470-10.308) 



= 64.13 = 64 
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E1 3.1 4{b) The P branch has a band head so we immediately conclude both that the rotational constant of the 



exited state, B\ is greater than the rotational constant of the ground state, B, and that the bond 

Exercise El 3. 13b demon- 
Thus, if 



length of the excited state is shorter than the equilibrium bond length 



strates that the / value of the band head, 7 head , is the closest integer to \ (B f + B)/(B / ~ B) 
we are only given that / head = 25 and B = 5.437 cm -1 , we know only that 

24.5 < \(B' + B)/(B' -B)< 25.5 

because the fractional value of a \(B' + B)i{B' - B) calculation must be rounded-off to give the 
integer value / head . Algebraic manipulation of the inequality yields 

{2(24.5) + 1}5\ ^ {2(25.5) + 1}5 
(2(24.5) -1} {2(25.5) - 1} 

1.0425 >B'> 1.0405 



5.664cm-'>5'>5.654 cm" 1 



Here is an alternative solution that gives the same answer with insight into the band head concept. 
At the head of a P band, v Acad+! > v,^ , where v /bead ^ is the transition / head <^J= / head + 1 . Substitution 
of eqn 13.1 la into this inequality yields the relationship 5'> (7 head + l)B/J h ^ d . Similarly, v, head < v./ head _i 
where v yhead _, is the transition / head -2<—J= 7 hcad - 1 . Substitution of eqn 13. 1 la into this inequality 
yields the relationship B' < J head 5/(7 head - 1). Consequently, (J head + l)5// head <B'< J head B/(A ea d ~ 1). 

E1 3.1 5(b) Modelling the % electrons of 1 ,3,5-hexatriene as free electrons in a linear box yields non-degenerate 
energy levels of 

£ -=S [8 - 4a] 

The molecule has six n electrons, so the lowest-energy transition is from n = 3 to n = 4. Including half 
a bond length at each end of the molecule, the length of the box is six times the C-C bond distance 
d, so 

(4 2 - 3 3 )/? 2 lh 2 

^linear - ' 



8w e (6^) 2 288 m,d 2 

Modelling the rc electrons of benzene as free electrons on a ring of circumference equal to six times 
the C-C bond distance d, and radius R equal to 3 din, yields energy levels of 

where / is the moment of inertia: / = m e R 2 . These energy levels are doubly degenerate, except for 
the non-degenerate m } = 0. The six % electrons fill the m r =0 and ±1 levels, so the lowest-energy 
transition is from w, = 1 to m T =2: 

= (2 2 -l 2 )^ 2 _ (2 2 -l 2 )^ 2 h 2 
ring " 2m e R 2 ~ Imtfdln) 2 ~ 24 m s d 2 
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Comparing the two shows 

Ih 1 



288 mA 2 



<A£„ = 



nn$ 24 m J 2 



Therefore, the lowest-energy absorption will 
benzene. 



rise 



in energy on conversion of 1,3,5-hexatriene to 



E1 3.1 6(b) The weak absorption at 320 nm is typical of a carbonyl chromophore of an enol. The assignment 
is Jt*<-n, where a non-bonding electron comes from one of the two lone pairs of the oxygen valence. 
The two lone pairs of oxygen are in sp 2 hybrid orbitals, which define the xy plane that contains the 
a bond of the carbonyl. The n* molecular orbital is perpendicular to this plane. There is little overlap 
between the n and n* orbitals, producing a low value for the dipole transition integral and a low 
molar absorption coefficient. 

The strong absorption at 213 nm has the assignment. The conjugation of the n bonds of the 
ethenic chromophore and the carbonyl chromophore causes this transition to be shifted to lower 
energies with respect to both the ic*«— ji transition of ethene (165 nm) and the k*<^k transition of 
propanone (190 nm). This shift can be understood in terms of the simple Huckel theory of n 
molecular orbitals using the butadiene n energy model shown in text Figure 10.43 and Figure 13.1 
below. Figure 13.1 demonstrates a broad principle: the difference between neighbouring energy 
levels becomes smaller as the number of adjacent, overlapping orbitals becomes larger. 



P;(C) P,(C) 



165 nm 



213 nm' 



C=C 



" ---sp 2 <0) sp 2 (0) 



-"--..JL. 



c=c-c=o 



A 190 rail" *S— - 



P,<0) 



c=o 



Figure 13.1 



E13.17(b) The transition wavenumber is v = — = — = 32.8 x 10 3 cm 

X 305 nm 

The cyano Hgand (CN") is a strong ligand field splitter, so we expect the d 5 electrons of Fe 3+ to have 
the tl g low-spin ground-state configuration in the octahedral [Fe(CN) 6 ] 3 - complex. The d-orbital 
electron spins are expected to be paired in two of the orbitals of the t 2g level with one unpaired 
electron in the third orbital. This gives S~ 1/2 and 2S+ 1 = 2 in the ground state. We also expect that 
P < Ao, where P is the energy of repulsion for pairing two electrons in an orbital. 

Hypothesis L A d-d transition to the \\gt\ octahedral excited state with S ~ \ and IS + I = 2 is 
expected to be parity forbidden and therefore have a small molar absorption coefficient. This tran- 
sition requires the energy Aq and releases the energy P because the excited electron will come from 
a t 2g orbital that has paired electrons in the ground state. Thus, v = Aq - P and Aq = v + P. Using the 
typical value P ~ 28 x 10 3 cm" 1 yields the estimate Aq ~ 61 x 10 3 cm 1 . (See F.A. Cotton and G. 
Wilkinson, Advanced Inorganic Chemistry, 4th edn, p. 646, Wiley-Interscience Publishers, New 
York (1980) for electron-pairing energies.) This Aq value is much too large, so we conclude that this 
transition is unlikely to be a satisfactory description of the observed transition. 
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Hypothesis 2. Bonding molecular orbitals may form from the LUMOs of the CN~ ligands and the 
t 2g orbitals of Fe^ to produce complex-wide MOs that drastically reduce the electron pairing energy. 
Using Figure 10.41 (MO diagram of NO) of the text as a model molecular orbital energy diagram 
for CN~ shows that the cyanide ground electronic configuration is la 2 2c 2 3a 2 l7E 4 2jt°. It has an anti- 
bonding 2k MO LUMO that has the correct symmetry to form a % bond with an Fe 3+ t 2g orbital. 
This possibility is depicted in Figure 1 3.2 with the LUMO polarized toward the carbon as expected 
for an antibonding MO. Overlap of this type will also form complex-wide antibonding k MOs and 
Figure 13.3 depicts a reasonable energy-level diagram for the complex. 




LUMO of CN 



Figure 13.2 



l 2g 



4- 4 U 



Figure 13.3 



As in hypothesis 1, a d-d transition to the t^e^ octahedral excited state with S = ~ and IS + 1 = 2 is 
expected to be parity forbidden and therefore have a small molar absorption coefficient. This tran- 
sition requires the energy Aq and releases the energy P because the excited electron will come from a 
t 2g orbital that has paired electrons in the ground state. Thus, v = Aq - P and Aq = v + P. However, in 
contrast to hypothesis 1 it now seems reasonable that the complex-wide electron delocalization greatly 



reduces the electron-pairing energy, making P small enough to ignore. Thus, A 0 ~ 33 x 10 3 cm _l 
This value seems acceptable. 

E13.18(b) After some vibrational decay the benzophenone (which does absorb near 360 nm) can transfer its 
energy to naphthalene. The latter then emits the energy radiatively. 

E1 3.1 9(b) Only an integral number of half-wavelengths fit into the cavity. These are the resonant modes. 
A = 2L/n [13.18], where n is an integer and L is the length of the cavity. 
The resonant frequencies are given by v = clX = ncllL. The lowest-energy resonant modes (n = 1) in 



a 1 .0-m cavity are X = 2.0 m (v = 1 50 MHz) . 
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E1 3.20(b) Referring to Example 1 3 .2, we have 

*W = ^puise/V.* and ■> = E «*ti ft = E p^ x v *p*«™ where v the pulse repetition rate. 

20 uJ 



'pulse *~> pulse '^peak JQO kW 



200 ps 



''repetition -^average ^"pulse 



0.40 mW 
20.0 uJ 



20 Hz 



E1 3.21 (b) This Mathcad worksheet simulates the output of a mode-locked laser. The radiation intensity is shown 
in Justification 1 3.5 to be proportional to the function f{t,N) of the worksheet. The plots demonstrate 
that the superposition of a great many modes creates very narrow spikes separated by / = 2Llc. 

L := 1.0 • era - c := 299792458 m - s~ 1 ps :=10" 12 • s 
; W&5'2rL»o£ t^ = 333.564;ps i, 



f(t,N):= 



I r sin(N-Tfc-t-2^-L 4 f 
sin(nc 



t-2 - 1 -L" 1 ) J 



f(t, 5) 




50 




"150 
t 



•max 





200 



250 



300 



f(t, 10) 




300 



4 - 



f&SOO)., 



2 - 



50 



100 



150 200 250 300 
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Solutions to problems 

Solutions to numerical problems 



P1 3.2 (a) The H 2 0 + vibrational wavenumber (0.41 eV) of the photoelectron spectrum band at 1 2- 1 3 e V 
corresponds to about 3300 cm ', which is close to the 3652 cm -1 symmetric stretching mode of the 
neutral ground state (see text Figure 12.38). This suggests loss of a non-bonding electron. The 
absence of a long vibrational series in this band is compatible with an ionized equilibrium bond 
length that approximately equals that of the neutral ground state, thereby producing a large 
Franck-Condon factor for the adiabatic transition (v' = 0^~v = 0) and smaller factors for other 
vibrational transitions (t/ = 1,2, ...<—v = 0). These observations are compatible with the loss of a 
non-bonding electron because such a loss does not affect, or has little effect, on the bonding forces 
constants, vibrational frequencies, or equilibrium bond lengths. 

(b) The H 2 0 + vibrational wavenumber (0.125 eV) of the photoelectron spectrum band at 14-1 6 eV 
corresponds to about 1000 cm -1 , which is very different from the 1595 cm -1 bending mode of the 
neutral ground state (see text Figure 12.38). This suggests loss of a o bonding electron that severely 
reduces bond order, a bond force constant, and a vibrational frequency. Consequently, we expect 
the bond length of the ionized state to be longer than that of the neutral ground state, an observa- 
tion that is compatible with the long vibrational series of the band because this yields many vertical 
transitions with significant Franck-Condon factors. 



The absorption band of text Figure 13.42 appears to be a positively skewed Gaussian with a peak 
at the point (28 000 cm 9.6 dm 3 mol" 1 cm' 1 ) and half-heights at the points (26 300 cm 1 , 4.8 dm 3 
mol -1 cm -1 ) and (30 200 cm ! , 4.8 dm 3 mol -1 cm 1 )- When skew is considered later in this solution, 
the point (34 000 cm -1 , 0.7 dm 3 mol^ 1 cm -1 ) will also be used, but first we note that the low side of 
the peak appears to have the normal Gaussian shape so we use the half-height on the low side 
and the peak to estimate the area with a normal Gaussian lineshape having the form 

£ = £ max e <v " Vpeak) > where a is a constant related to the half-width 
Av I/2 = 2 x (28 000 - 26 300) cm" 1 = 3400 cm" 1 



A = e(v) dv [13.5] = [ e -< p -W'« 2 dv 

J band J -*> 

= e^ayfit [standard integral] 



The relationship between the half-width and a is found by evaluation of the lineshape at 

f 12- e e"^ 2 "^) 2 ' 02 
ln(l/2) = -(v 1/2 -v peak )^/^ 

ln(2) ln(2) 

Av 1/2 
a = —== 

2Vln2 
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Thus, 



= 1 .0645 Av 1/2 e n 



si = 1(3400 cm- 1 ) x (9.6 dm 3 mol 1 om' ] )^7u/]n(2) = 



3.5 xlO 4 dm 3 mol 1 cm 2 



The above calculation underestimates the value of A because the assumption of a normal Gaussian 
lineshape neglects the fact that text Figure 13.42 shows a band that is obviously skewed toward the 
higher energies. This increases the area under the curve. In fact, we have calculated the value of Av m 
with the value of v m that comes from the low-energy side of the band because the band appears to 
be Gaussian when v < v„ ea!c . To account for the tail at higher energy the normal Gaussian lineshape 

can be multiplied by the function 1 + erf , where erf(jc) is the error function (see a mathematics 



handbook). The parameters v peak and a of the normal Gaussian function are treated as adjustable 
parameters as are b and c within the error function, that is, the four parameters are adjusted in the 
sense of a least sum of square errors (SSE) so as to fit the experimental data. The following Mathcad 
worksheet, which uses the symbol V to represent wavenumber, determines the four parameters. 



Estimates of parameters in following equations: 

z^^= 9.6 • dm^ : mol" 1 ■ jbfcr 1 .:= 28000 - cnr 1 

b := 2000 • cm-' 



a := 2042 - cm- 1 
c:= 28000- cm" 1 



Experimental Data: 



26300 

■28000*** 
3O20£| 
34000 



9.6 
4.8 
[0.7) 



; jc$m 3 • mp^f^nr 1 



Gaussian Distribution of e: 



Distribution of e,^th a akewed Gaussian: 

.£*»»*• -iZhi: - fir*-: 

e(v, v^, a, b, c) := ea^fv, v^, a) • 



1+erf 



(v^c) 



Sum of Square Errors function for which constants are adjusted to minimize SSE. 
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Minimization of SSE: 
Given SSE^Vp^, a, b, c) = 0 



:= Minerr(v p4BkJ a,b,c) 



v fx*a 




a 




b 




, c 


> 



Vpeak= 2.323 x10 4 cmr 1 a= 5.919 xKPcnr 1 b = 1.112 xKFcm- 1 c= 2.665 xlCHcm- 1 




ltfcm- 1 ' 10 3 • cm- 1 



Numerical Integration of Stewed Gaussian Absorption Band: 

r 40000 ■ on"" 1 

! s(v, Vp^fc, a, b,c) dv = 4.249 x 1 0 4 dm 3 • moh 1 • cmr 2 

Uoooo-em- 1 I" 



As expected, the integrated absorption coefficient is larger than the value provided by the normal 
Gaussian estimate. The data fit of the skewed Gaussian, shown in the Mathcad worksheet, is very 
good. 

P13.6 For a photon to induce a spectroscopic transition, the transition moment (/a) must be non-zero, a 
requirement that leads to electronic spectrum selection rules concerned with changes in angular 
momentum. The rules for a homonuclear diatomic are (Section 13.2(b)): 



AA = 0,±1 AS = 0 AX=0 AQ = 0,±\, where Q =A + Z 



320 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



A gives the total orbital angular momentum about the internuclear axis and I gives the total spin 
angular momentum about the internuclear axis. The ± superscript selection rule for reflection in the 
plane along the internuclear axis is +<-H- or — <->- (i.e. -H->- is forbidden). The Laporte selection rule 
states that for a centrosymmetric molecule (those with a centre of inversion) the only allowed 
transitions are transitions that are accompanied by a change of parity: u<->g. 



The electric-dipole transition 2 Z+ 2 X+ is allowed because none of the above rules negate the 



possibility of this event. You may also wish to reach this conclusion by direct examination of the 
dipole transition moment integral, Jy/f /ii/z-dT, where the dipole moment operator has components 
proportional to the Cartesian coordinates. The integral vanishes unless the integrand, or at least 
some part of it, belongs to the totally symmetric representation (A lg ; see Chapter 11). To find the 
symmetry species of the integrand, we multiply together the characters of its factors. Homonuclear 
diatomic molecules and ions belong to the D„ h point group and the character table tells us the 
symmetry species of each integrand factor. 

wr- Km) 

ft: A lu (i;) 

wr- A lu (i;) 

Symmetry product: A lg x A lu x A, u = A lg x A lg = A lg 
Since the integrand spans A lg , the transition <— 2 1+ is allowed . 

An electric-dipole transition from a 2 SJ ground state to a IT U excited state is forbidden by the 
Laporte selection rule. 

Finally, we check the possibility of a transition from a 2 1* ground state to a 2 U g excited state by 
finding whether or not the integrand of the transition integral spans the totally symmetric represen- 
tation. The symmetry product for the n x component is E lg x A lu x A lu = E lg x A lg = E lg . Since the 
integrand does not span A lg , the transition is forbidden for z-polarized light. The symmetry product 
for both the ix x and p y components is E lg x E lu x A :u = E lg x E lg . Since the species product E lg x E lg 
has an angular dependence and therefore does not contain the totally symmetric representation, the 
transition is forbidden for x- and /-polarized light. You may also wish to show this by application 
of the orthogonality theorem to find the coefficient of A lg in the integrand. 





E 


°°C 2 


2C^ 


i 


°°<7 V 


25; 




1 


-1 


1 


-1 


1 


-1 


ora/EJ 


2 


0 


2 cos <j) 


~2 


0 


2 cos 0 


n g (E lg ) 


2 


0 


2cos0 


2 


0 


-2 cos 0 


Integrand 


4 


0 


4 cos 2 0 


4 


0 


4 cos 2 0 



The orthogonality theorem gives the coefficient of A lg in the integrand as 

c Ais = (Uh)Z c g(C)x(C) = [4 + 0 + 2(4cos 2 <j>) + 4 + 0 + 2(4 cos 2 $)]/h 
Since the group order h, which equals infinity, does not cancel with a numerator factor, c A|g = 0. 
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E1 3.8 The normalized wavefunctions are: 

\l/2 



b-\a 



for 0 < x < a and 0 elsewhere 



for \ a < x < b and 0 elsewhere 



The overlap of these wavefunctions is non-zero in the range \a < x < a only (assuming that b > a). 
Thus, the transition moment is given by 



if/fX y/i dx = 



a 



1 



K b-\a 



xdx = | — 
a 



1 



y b-\a) 2 



x=V2a 



1/2 f 



\b-\aj 



r 3 ^ 
—a 









1/2 




3 


( a ^ 














8 


K b-\a } 





In the especially symmetric case for which b = \a: jy/ ( x ^ dx - 1 a. 



P13.10 The ratio of the transition probabilities of spontaneous emission to stimulated emission at a fre- 
quency v is given by 

A - ^ ff ^ v jB [13.11] = ~B, where k is a constant and we have v = 



Thus, at 400 nm ,4(400) = — — 5(400), 

(400) 3 

and at 500 nm ,4(500) = 5(500) 



(500) 3 



,4(400) {(500y) { 5(400) J 1, 125 J 



10^ 



Lifetimes and half-lives are inversely proportional to transition probabilities (rate constants) and 
hence 



tu 2 (J -> S) = J^qT'i/2(S* -> S) = (2 x 10 5 ) x (1.0 x 10"' s) = 



2xl0 4 s 



P1 3.12 (a) The molar concentration corresponding to 1 molecule per cubic um is: 



1 



(lO'umm 1 ) 3 



V 6.022 xlO^moH (1.0 um 3 X10 dm m" 1 ) 3 



= 1 .7 x 1 0 -9 mol dm -3 or 1 .7 nmol dm -3 
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(b) An impurity of a compound of molar mass 100 g mol 1 present at a concentration of 1 .0 x 1 0~ 7 kg 
per 1.00 kg water (i.e. 0.10 umol kg 1 ) can be expected to be present at a level of N molecules per 
cubic Jim, where N is: 



_ 1 .0 x 1 0" 7 kg impurity ^ 
1.00 kg water 



6.022 xlO 23 mol" 1 



lOOxlO -3 kg impurity mol 



- x (1 .0 x 10 3 kg water nr 3 ) x (10^ m) 3 , 



N = 6.0 xlO 2 



Pure as it seems, the solvent is much too contaminated for single-molecule spectroscopy. 



Solutions to theoretical problems 



P13.14 The absorbances A : and A z at wavelengths X x and A 2 are the sum of the individual absorbances in 
the mixture of A and B. 

A^e M L[A] + e Bl L[B] (i) 

A 2 = e A2 L[A]+e B2 L[B] (ii) 

Solving (i) for [A] gives 

A-e m L\B] 



[AJ = 



(iii) 



Substitution of (iii) into (ii) and solving for [B] gives 
,-£ B1 L[B]' 



A 2 = e^L 



+ eB2 L[B] 



e A1^2~ e A2-^l - e A2 e Bl^[B] + £ A1 £ B2^[B] 

(iv) 



[B] = 



£ A1^2 £ A2^1 



( £ A1 £ B2~ £ A2 £ Bl)-^ 



Substitution of (iv) into (iii) and simplifying gives 



[l £ Al £ B2 e A2 e BW^ } 



1 £ B1' 

( £ A1 £ B2~ £ A2 £ BlMl~ g Bl( £ AlA~ g A2^l) 
( £ A1 £ B2 — £ A2 £ Bl) 

£ A1 £ B2^I~ £ A1 £ B1^2 
( £ A1 £ B2 - £ A2 £ Bl) 



[A] = 



£ B2^1 £ B1^2 
( £ Al £ B2~ £ A2 e Bl)^ 



(V) 



Equations (iv) and (v) are the desired results. 
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Use the Clebsch-Gordan series [9.43 and 9.44] to assess both the total orbital and total spin angu- 
lar momentum quantum numbers. L represents the total orbital angular momentum of an atom; A 
represents the total orbital angular momentum along the internuclear axis of a diatomic molecule. 

Z, = / 1 + / 2s / 1 + / 2 -l,/ I + / 2 -2,...,|/,-/ 2 | [9.43] 

S = s ] +s 2 ,s l +s 2 -l,s l + s 2 -2, |j, -s 2 \ [9.44] 

The term symbols for orbital angular momentum are 

LovA = 0 1 2 3 4 5 6 

S P D F G H I for atoms 

Z n A O T HI for diatomic molecules 

(a) The ground electronic configuration of dioxygen, la 2 , la* 2a* In 4 lit*, is discussed in Section 
10.4(d) and the determination of the term symbol, 3 £g, is described in Section 13.2(a). The triplet 
spin multiplicity, 25 + 1 = 3, indicates that 5=1. Thus, the sum S x + S 2 of the dissociated O atom 
spin quantum numbers must also equal 1 . The ground configuration of each O atom, [He]2s 2 2p 4 
with two unpaired electrons and both 5, and S 2 equal to 1 by Hund's maximum multiplicity rule for 
the ground state, satisfies the total spin requirement because the atomic spin alignments are 5, + S 2 , 
S { + S 2 - 1 , . - . I 5, - S 2 1, which corresponds to 2 or l(the required value) or 0. With both 5, and S 2 
equal to 1 the spin multiplicity of each atom equals 3 in the ground state. We conclude that the 3 2g 
ground state of 0 2 dissociates into 0( 3 P) + 0( 3 P). 

The excited B 3 I~ state of 0 2 dissociates into 0( 3 P) + 0( ! D), a triplet and a singlet. 5 = 1 for the 
molecule and the atoms have 5j = 1 and S 2 = 0 with the permitted spin alignment of 1. In this case 
the dissociated atoms have spin multiplicities of 3 and 1. 



In summary, we have found the dissociated atomic oxygen spin multiplicity may be either 3 and 3 
or 



3 and 1 



(b) The ground electronic configuration of dinitrogen is la 2 la 2 lTC 4 2a 2 and the term symbol is 
1 Eg . The singlet spin multiplicity, 25+ 1 = 1 , indicates that 5=0. Thus, the sum 5, + 5 2 of the dissociated N 
atom spin quantum numbers must also equal 0. The ground configuration of each N atom, [He]2s 2 2p 3 
with three unpaired electrons and both S { and 5 2 equal to f by Hund's maximum multiplicity rule 
for the ground state, satisfies the total spin requirement because the atomic spin alignments are 
S { + 5 2 , 5] + 5 2 - 1 , - - . 1 5, - 5 2 1, which corresponds to 3 or 2 or 1 or 0(the required value). With both 
5, and 5 2 equal to f the spin multiplicity of each atom equals 4 in the ground state. We conclude 
that the 'I* ground state of N, dissociates into N( 4 S) + N( 4 S). 

There are a great many important excited states of dinitrogen. For a summary see Figure 1 in L. 
Lofthus and P.H. Krupenie, J. Phy. and Chem. Reference Data, V. 6 (1), 1 13-307 (1977), The spec- 
trum of molecular nitrogen (http://www.nist.gov/srd/PDFfiles/jpcrd93.pdf). 

The excited B 3 Z~ state of N 2 dissociates into N( 4 S) + N( 2 D), two doublets. 5 = 1 for the molecule and 
the atoms have Si = f and 5 2 = \ with alignments of 2 or 1 (the required value). In this case the dis- 
sociated atoms have spin multiplicities of 4 and 2. 

The excited 3 II g state of N 2 dissociates into N( 2 D) + N( 2 D), two doublets. 5 = 1 for the molecule and 
the atoms have 5, = \ and 5 2 = \ with the permitted spin alignment of 1 . In this case the dissociated 
atoms have spin multiplicities of 2 and 2. 
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P13.18 



In summary, we have found the dissociated atomic nitrogen spin multiplicity may be either 4 and 4 
or 



4 and 2 



or 



2 and 2 



(a) Ethene (ethylene) belongs to D 2h . In this group the x, y, and z components of the dipole 
moment transform as B 3u , B 2u , and B ]u , respectively. The n orbital is B lu (like z, the axis perpendicular 
to the plane) and n* is B 3g . Since B 3g x B, u = B 2u and B 2u x B 2u = A lg , the transition is 
is y-polarized). 



allowed 



(and 



(b) Regard the CO group with its attached groups as locally C 2v . The dipole moment has com- 
ponents that transform as A^z), B,(x), and B 2 (y), with the z-axis along the C=0 direction and x 
perpendicular to the R 2 CO plane. The n orbital is p y (in the R 2 CO plane), and hence transforms 
as B 2 . The k* orbital is p x (perpendicular to the R 2 CO plane), and hence transforms as B,. Since 
r r x r ; = Bj x B 2 = A 2 , but no component of the dipole moment transforms as A 2 , the transition is 



forbidden 



P13.20 (a) The Beer-Lambert law is: 
^ = log^ = e[J]£ 

The absorbed intensity is: 

*abs — h)~ I so I=I 0 — I abs 
Substitute this expression into the Beer Lambert law and solve for 7 abs : 
h 



log- 
and 7 abs = 



= £[J]L, so 7 0 -/ abs =/ 0 xl0-^, 



7 0 x (l-10-i^) 



(b) The problem states that I { (v f ) is proportional to <j> ( and to / abs (v), so: 

/^«0 f / o (v)x(l-l(H^) 
If the exponent is small, we can expand 1 - 10~ £fJ]i in a power series: 

1(H J ] £ = (e ,nl - 1 " e[J]i In 10 + ... , 



and/ f (v f )oc ^ f / 0 (v)e[J]L 



Solutions to applications: biochemistry, environmental science, and astrophysics 

P13.22 The fraction of the North Star radiation transmitted to the retina is 
(1 - 0.30) x (1 - 0.25) x (1 - 0.09) x (1 - 0.43) = 0.272 
The number of photons focused on the retina in 0. 1 s is 



(0.272) x (40 mm 2 ) x (0.1 s) x (4 x 10* mm- 2 s" 1 ) = 4 x 10 3 
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P1 3.24 The integrated absorption coefficient is 
i = | £ (v)dv[13.5] 



■I. 



If we can express e as an analytical function of v, we can carry out the integration analytically. 
Following the hint in the problem, we seek to fit e to an exponential function, which means that a 
plot of In e versus v ought to be a straight line (Figure 13.4). So, if 

In e = mv + b, then e = exp(mv)exp(6) 

and A = (e*/w)exp(mv) (evaluated at the limits integration). We draw up the following table and find 
the best-fit line: 



A/nm 


e/(dm 3 mol -1 cm -1 ) 


v/cm -5 


In e/(dm 3 mol -1 cm -1 ) 


292.0 


1512 


34 248 


4.69 


296.3 


865 


33 748 


4.13 


300.8 


477 


33 248 


3.54 


305.4 


257 


32 748 


2.92 


310.1 


135.9 


32 248 


2.28 


315.0 


69.5 


31 746 


1.61 


320.0 


34.5 


31250 


0.912 



Figure 13.4 

So, A = 



5 
4 
3 
2 
1 
0 

31 000 32 000 33 000 34 000 35 000 

v/fcnf 1 ) 



y=;-38.3 : 83 + (1.2597 x 10" 




R 2 f 0.999 





































,-38.383 



1.26x 10" 3 cm 



1.26 x 10- 3 cm ^ ( 1.26 x !Q- 3 cm 
6XP [ 290 x 10- 7 cm J eXP { 320 x 10 7 cm 



dm 3 mol 1 cm 



= 1.24 x 10 5 dm 3 mol" 1 cm" 2 



P13.26 (a) The integrated absorption coefficient is 



A = 



e(v)dv [13.5] = ^g^Av [triangle approx. for area of band] 



= \ x (1 50 dm 3 mol" 1 cm" 1 ) x (34483 - 3 1 250) cm" 1 = 



2.42 xlO 5 dm 3 mol" 1 cm" 2 
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(b) The concentration of gas under these conditions is 
p 2.4 Torr 



_ n 

C 'V~RT (62.364 Torr dm 3 mol 1 K l ) x (373 K) 



= 1.03 xlO" 4 mol dm 3 



Over 99% of these gas molecules are monomers, so we take this concentration to be that of CH 3 I 
(If 1 of every 100 of the original monomers turned to dimers, each produces 0.5 dimers; remaining 
monomers represent 99 of 99.5 molecules.) Beer's law states 



A = scL = (150 dm 3 moH cm" 1 ) x (1.03 x 10" 4 mol dmr 3 ) x (12.0 cm) = 
(c) The concentration of gas under these conditions is 



0.185 



_ n _ p 100 Torr 

C ~~V ~ ~RT ~ (62.364 Torr dm 3 mol 1 K" 1 ) x (373 K) 



= 4.30xl0- 3 moldm- 3 



Since 18% of these CH 3 I units are in dimers (forming 9% as many molecules as were originally present 
as monomers), the monomer concentration is only 82/91 of this value or 3.87 x 10~ 3 mol L -1 . Beer's 
law is 



A = ecL = (150 dm 3 mol" 1 cm" 5 ) x (3.87 x 10" 3 mol dm 3 ) x (12.0 cm) = 



6.97 



If this absorbance were measured, the molar absorption coefficient inferred from it without consid- 
eration of the dimerization would be 



e = AlcL = 6.97/{(4.30 x 10 3 mol dm" 3 ) x (12.0 cm)} = 



135 dm 3 mol" 1 cm" 1 



an apparent drop of 10% compared to the low-pressure value. 
P13.28 The fluorescence spectrum of CN is sketched in Figure 13.5. 




386.4 nm 
Figure 13.5 



he 



^ he 
AE n = — = 

A n 386.4nm 



387.6 nm 



= 5.1409 x 10~ 19 J = 3.2087 eV 
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and 



he 

AEoo= — = 



he 



= 5.1250 x 10~ 19 J =3.1987eV 



Aoo 387.6 nm 

Energy of excited singlet, S, : E x (v,J) = V l +(v + \)v x hc + J (J + ^hc 
Energy of ground singlet, S 0 : E 0 (v,J) = V 0 + (v + {)v 0 /zc + J (J + l)Bahc 

The midpoint of the 0-0 band corresponds to the forbidden Q branch (AJ = 0) with 7=0 and 
v = 0<-0. 

AE m = £,(0,0) - E 0 (0,0) = (K,- V 0 ) + {(v, - v 0 )hc (1) 

The midpoint of the 1-1 band corresponds to the forbidden Q branch (AJ = 0) with / = 0 and 
v~ 1 *~ 1. 

AE U = £,(1,0) - £- 0 (l,0) = (K, - F 0 ) + f (v, - v 0 )hc (2) 

Multiplying eqn 1 by three and subtracting eqn 2 gives 

3A£ 00 -AE U =2(K 1 -Ka) 

r 1 -K 0 = {(3A£^o-AE 11 ) 

= {{3(5.1250) - (5.1409)} x 10 19 J 

= 5.1171 xl0 19 J = 



3.1938 eV 



(3) 



This is the potential energy difference between S 0 and 

Eqns (1) and (3) may be solved for Vj - v 0 . 

v,-v 0 =2{A£ 00 -(K 1 -K 0 )} 

= 2{5.1250 - 5.1171} x \0- [9 Jfhc 
= 1.5800 x 10" 21 J = 0.0098615 eV 



79.538 cm" 



The v, value can be determined by analyzing the band head data for which /+ 1 <- /. 

AE lQ (J) = E : (0,J)-E 0 (l,J + \) 

= V x - V 0 + j(vj- 3v 0 )/*c + /(/ + \)fyic - (J + 1) x (J + 2)Bzhc 

A^ooCO = V\~V 0 + j(v, - v 0 )hc + J(J + l)Byhc - (J + 1) X (/ + 2)^c 

Therefore, 

AE^iJ) - AE n (J) = v 0 hc 

he 



388.3 nm 
Ac 

421.6 nm 



= 5.1158 xlO 19 J 
= 4.7117xlO" 19 J 



328 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



AE 0Q (J)-AE W (J) 
he 

(5.1158 - 4.7117) x 10- 1& J 
he 

4.0410 xlO" 20 J 



he 



= 0.25222 eV = 



2034.3 enr 



v, = v 0 + 79.538 cm" 1 
= (2034.3 + 79.538) enr^ 



2113.8 011-' = 



4.1990 xlO" 20 J 



he 



In 



ikL 



hevy 



hev. 



4.1990 xlO" 20 J 



A; In 



/o_ 0 ^ (1.38066 x 10~ 23 J K _1 )ln(10) 



1321 K 



The relative population of the v = 0 and v = 1 vibrational states is the inverse of the relative intensities 



of the transitions from those states, hence — = 



10 



It would seem that with such a high effective temperature more than eight of the rotational levels 
of the S : state should have a significant population, but the spectra of molecules in comets are never 
as clearly resolved as those obtained in the laboratory and that is most probably why additional 
rotational structure does not appear in these spectra. 



Molecular spectroscopy 3: 
magnetic resonance 



Answers to discussion questions 

Detailed discussions of the origins of the local, neighbouring group and solvent contributions to 
the shielding constant can be found in Sections 14. 5(c), (d), and (e) as well as books on NMR. Here, 
we will merely summarize the major features. 

The local contribution is essentially the contribution of the electrons in the atom that contains the 
nucleus being observed. It can be expressed as a sum of a diamagnetic and paramagnetic parts, that 
is cr(local) = <r d + o p . The diamagnetic part arises because the applied field generates a circulation of 
charge in the ground state of the atom. In turn, the circulating charge generates a magnetic field. 
The direction of this field can be found through Lenz's law, which states that the induced magnetic 
field must be opposite in direction to the field producing it. Thus, it shields the nucleus. The diamag- 
netic contribution is roughly proportional to the electron density on the atom and it is the only 
contribution for closed-shell free atoms and for distributions of charge that have spherical or cylin- 
drical symmetry. The local paramagnetic contribution is somewhat harder to visualize since there 
is no simple and basic principle analogous to Lenz's law that can be used to explain the effect. The 
applied field adds a term to the Hamiltonian of the atom that mixes in excited electronic states into 
the ground state and any theoretical calculation of the effect requires detailed knowledge of the 
excited state wavefunctions. It is to be noted that the paramagnetic contribution does not require 
that the atom or molecule be paramagnetic. It is paramagnetic only in the sense that it results in 
an induced field in the same direction as the applied field. 

The neighbouring group contributions arise in a manner similar to the local contributions. Both 
diamagnetic and paramagnetic currents are induced in the neighbouring atoms and these currents 
result in shielding contributions to the nucleus of the atom being observed. However, there are 
some differences. The magnitude of the effect is much smaller because the induced currents in 
neighbouring atoms are much farther away. It also depends on the anisotropy of the magnetic sus- 
ceptibility (see Chapter 19) of the neighbouring group, as shown in eqn 14.23(b). Only anisotropic 
susceptibilities result in a contribution. 

Solvents can influence the local field in many different ways. Detailed theoretical calculations of the 
effect are difficult due to the complex nature of the solute-solvent interaction. Polar solvent-polar 
solute interactions are an electric field effect that usually causes deshielding of the solute protons. 
Solvent magnetic anisotropy can cause shielding or deshielding, for example, for solutes in benzene 
solution. In addition, there are a variety of specific chemical interactions between solvent and solute 
that can affect the chemical shift. 
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D14.4 See Section 14.6(e), Figures 14.24 and 14.25, and Justification 14.3 for a detailed explanation of this 
effect. As demonstrated in the Justification, spin-spin splittings between magnetically equivalent 
nuclei do not appear in the spectrum of groups of equivalent protons. For example, the protons of 
the methyl group in ethanol become magnetically equivalent because of rapid rotation about the 
C-C single bond. All three protons have the same time-averaged chemical environment and therefore 
the same resonance frequencies. If the rotation were slowed or stopped magnetic non-equivalence 
would re-emerge. 

D14.6 Before the application of a pulse the magnetization vector, M, points along the direction of the 
static external magnetic field %. There are more a spins than /} spins. When we apply a rotating 
magnetic field at right angles to the static field, the magnetization vector as seen in the rotating 
frame begins to precess about the % field with angular frequency <u, = . The angle through which 
M rotates is 6 = yZ x t, where t is the time for which the % pulse is applied. When t = 7r/2y#,, 0 = tt/2 = 
90°, and M has rotated into the xy plane. Now there are equal numbers of a and /3 spins. A 180° 
pulse applied for a time x/yfy, rotates M antiparallel to the static field. Now there are more p spins 
than a spins. A population inversion has occurred. 

D14.8 Spin-spin couplings in NMR are due to a polarization mechanism that is transmitted through 
bonds. The following description applies to the coupling between the protons in an H X -C~H Y 
group, as is typically found in organic compounds. See Figures 14.21-14.23 of the text. On H^, the 
Fermi contact interaction causes the spins of its proton and electron to be aligned antiparallel. 
The spin of the electron from C in the H^-C bond is then aligned antiparallel to the electron 
from due to the Pauli exclusion principle. The spin of the C electron in the bond with H y is 
then aligned parallel with the C electron from because of Hund's rule. Finally, the alignment is 
transmitted through the second bond in the same manner as the first. This progression of alignments 
(antiparallel x antiparallel x parallel x antiparallel x antiparallel) yields an overall energetically 
favourable parallel alignment of the two proton nuclear spins, therefore in this case the coupling 
constant, 2 / HH is negative in sign. 

The hyperfine structure in the ESR spectrum of an atomic or molecular system is a result of two 
interactions: an anisotropic dipolar coupling between the net spin of the unpaired electrons and the 
nuclear spins and also an isotropic coupling due to the Fermi contact interaction. In solution, only 
the Fermi contact interaction contributes to the splitting as the dipolar contribution averages to 
zero in a rapidly tumbling system. In the case of ji-electron radicals, such as C 6 Hg , no hyperfine 
interaction between the unpaired electron and the ring protons might have been expected. The 
protons lie in the nodal plane of the molecular orbital occupied by the unpaired electron, so any 
hyperfine structure cannot be explained by a simple Fermi contact interaction, which requires an 
unpaired electron density at the proton. However, an indirect spin polarization mechanism, similar 
to that used to explain spin-spin couplings in NMR, can account for the existence of proton hyper- 
fine interactions in the ESR spectra of these systems (refer to Figure 14.57 of the text). Because of 
Hund's rule, the unpaired electron and the first electron in the C-H bond (the one from the C atom), 
will tend to align parallel to each other. The second electron in the C-H bond (the one from H) will 
then align antiparallel to the first by the Pauli principle, and finally the Fermi contact interaction will 
align the proton and electron on H antiparallel. The net result (parallel x antiparallel x antiparallel) 
is that the spins of the unpaired electron and the proton are aligned parallel and effectively they 
have detected each other. 
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Solutions to exercises 

E1 4.1(b) We use eqn 14.9, but with y [Table 14.2] in place of y t . 

= 4.3 xlOV^ 



y<B Q „ Am 26.75 x 10 7 T-> s-' x LOT 
v L = — [14.9] = 



2n 



2% 



43 MHz 



E1 4.2(b) The relationship between angular velocity and angular displacement is 

co = 2nv = ^j- [see any general physics text.] 

In this case, v is the Larmor frequency, v L , calculated in Exercise 14.1(b), and AB is ti/2. Solving for 
t we obtain 



t = 



AO 



1 



1 



2jtv l 4v l 4x4.3x10V 



5.8xl0 9 s 



E14.3(b) For l9 F,g= 5.2567 



v = v, = — — with y = 



Hence, v = 



2k fi 

gjfi^ _ (5.2567) x (5.0508 x 10~ 27 J T -1 ) x (16.2 T) 
h ~ (6.626 xlO- 34 J s) 

= 6.49xl0 8 s" l = 



649 MHz 



E1 4.4(b) The energy separation between the two levels is 

y% (1 .93 x 10 7 T -1 s" 1 ) x (1 5.4 T) 



AE ~ hv, where v = 



2ji In 
= 4.73xl0 7 s" 1 = 



47.3 MHz 



E1 4.5(b) Because the value of the field given in the statement of the exercise is 14 T, we can assume it is a 
600-MHz NMR spectrometer. A 600-MHz NMR spectrometer means 600 MHz is the resonance 
frequency for protons for which the magnetic field is actually 14.1 T, as shown in Exercise 14.3a. 
In high-field NMR it is the field not the frequency that is fixed. 

A M N nucleus has three energy states in a magnetic field corresponding to m, = +l, 0, -1. But 
AE(+l ->0) = A£(0->-l) 

&E = E mi - E mi = -yh^m': - (-7^™/) 
= -yfi'B ( ,(m' } - rrij) = ~y%%Am I 

The allowed transitions correspond to Am, = ±1, hence 

AE = hv = yfi<B 0 = g,ju„!8b = (0.4036) x (5.05 1 x 10' 27 J T" 1 ) x (14. 1 T) 

^I2.88xl0- 26 J 
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We assume that the electron g value is equal to the free-electron g value, g c = 2.0023. Then, 
AE = hv = g eMB S 0 = (2.0023) x (9.274 x 10" 24 J T" 1 ) x (0.30 T) 



5.6xlO" 24 J 



COMMENT. The energy ievel separation for the free electron in an EPR spectrometer is far greater 



than that 

of nuclei in an NMR spectrometer, despite the fact that NMR spectrometers normally operate at much higher 
magnetic fields. 

E1 4.6(b) In all cases the selection rule Atm, = ±1 is applied, hence (Exercise 14.5b) 

hv 6.626xlO- M JHz-' v_ 
% ~ gito ~ 5.0508 x 10" 27 J T"' X g r 

(—) 

= (1.3119xl0- 7 )x-^-T 
Si 

= (0.13119) x^iT 
gi 

We can draw up the following table: 





Sp/T 


(a) 14 N 


(b) I9 F 


(c) 31 P 




gi 


0.40356 


5.2567 


2.2634 


(0 


300 MHz 


97.5 


7.49 


17.4 


(ii) 


750 MHz 


244 


18.7 


43.5 



COMMENT. Magnetic fields above 23 T have not yet been obtained for use in NMR spectrometers. As 
discussed in the solution to Exercise 14.5b, it is the field, not the frequency, that is fixed in high-field NMR 
spectrometers. Thus, an NMR spectrometer that is called a 300-MHz spectrometer refers to the resonance 
frequency for protons and has a magnetic field fixed at 7.05 T. 

E14.7(b) The relative population difference for spin \ nuclei is given by 



= N * Np « ^ = [Justification 14.1 and Exercise 14.7(a)] 



87Y 



N N„ + N K 2kT 



2kT 

1.405(5.05 x 10~ 27 J T"')S Q 
~ 2(1 .381 x 1 0- 23 J K" 1 ) x (298 K) 

= 8.62xlO- 7 (2J 0 /r) 



87V 



(a) For 0.50 T ^- = (8.62 x 10" 7 ) x (0.50) = 



4.3 x 10- 7 



87V I 

(b) For 2.5 T — = (8.62 x 10" 7 ) x (2.5) = 2.2 x 10" 6 
A'' 1 



(c) For 15.5 T ^ - (8.62 x 10" 7 ) x (15.5) = 
N 



1.34x10" 
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E14.8(b) ® nuc = ~ 3cos 2 6)m f [14.28] 

We use m, =\ and R = 100 pm = 1.00 x 10~ 10 m and substitute for the constants in the 
expression. We obtain 

-26.75 x 10 7 s-' T" 1 x 1 .055 x 10" 34 J s x 12.57 x 10~ 7 T 2 J -1 m 3 , , m 

<B nnP = . — - - (1-3 cos 2 9) 



2 nuc =-1.411 xl0- 3 Tx(l -3cos 2 0) 
(a) 8 = 0°, 2 nuc = 12.82 xl0" 3 T 



87i(1.00xlO- 10 m) 3 

(b) d = 90°,S nuc = |0 



E1 4.9(b) The ground state has 



m s = +~ = a spin, m s = —~ = P spin 
Hence, with 
8N=N P -N a 



bN = N P - N a = N P - N fi t~^ lkT 
N ~ N p + N a ~ N p + N p e- AE/kT 

_ 1 - e-*£' kT 1 - (1 - AE/kT) _ AE _ g e fi^% 
" i + e -A£ftr ~ 1+ 1 2kT ~ 2kT 

bN = 2.0023 x 9.274 x 10 24 J T 1 x 0.33 T = 0.2219 K 
N ~ 2xl.381xl0- 23 xT T 



[forAE«/t7] 



{a) 6N = 0.2219 K 
N 298 K 



7.45 x 10- 



bN 0.2219 K k 00 

(b) — = = 2.88 x 10~ 3 

N 77 K 1 



_ bN 1 

Thus, <* — 

N T 

(SAW)(298 K) (77) 



0.26 



(8AWX77 K) (298) 

This ratio is not dependent on the magnetic field as long as the approximation AE «: kT holds. 

E14.10(b) ^ = (1-<j)% 

|A2U = \(Ao)\ % - |[5(CH 3 )-5(CH 2 )]| x lO" 6 ^ 
= |1.16-3.36|xl0- 6 «o = 2.20xl0- 6 ® 0 



(a) ® 0 = 1 .9 T, I A3 !oe | = (2.20 x lO^ 6 ) x (1 .9 T) = 4.2 x 10~* T 



(b) % = 16.5 T, IAS,..! = (2.20 x 10" 6 ) x (16.5 T) = 3.63 x 10" 5 T 
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E14.11(b) v-v° = v°Sx 10-* 



iAv| = (v-v°)(CH 2 )-(v-v°)(CH 3 ) 
= v°[5(CH 2 ) - 5(CH 3 )] x 10- 6 
= (3.36 - 1.16) x 10^v° = 2.20 x 10" 6 v° 

(a) v° = 350 MHz | Av | = (2.20 x 10" 6 ) x (350 MHz) = 770 Hz [Figure. 14.1] 

(b) v° = 650 MHz | Av | = (2.20 x 10" 6 ) x (650 MHz) = 1 .43 kHz 



6.97 Hz 



770 Hz 



6.97 Hz 



at 350 MHz 



Figure 14.1 



At 650 MHz, the spin-spin splitting remains the same at 6.97 Hz, but as Av has increased to 
1 .43 kHz, the splitting appears narrower on the 3 scale. 

E14.12(b) See Section 14.6(b), Example 14.1 and Figures 14.16-14.19 for the approach to the solution to this 
exercise. Also, see Example 14.2 and Figures 14.55 and 14.56. That latter example and those figures 
are applied specifically to EPR spectra, but the process of determining the intensity pattern in the 
fine structure of an NMR spectrum is the same. See the table below for the version of Pascal's 
triangle for up to three spin-f nuclei. Each number in the table is the sum of the six (/= {, 21+ 1 = 6) 
numbers above it (three to the right and three to the left). 

































1 




















































1 




1 




1 




1 




1 

— 




1 
































1 




2 




3 




4 




5 




6 




5 




4 




3 




2 




1 












1 




3 




6 




10 




15 




21 




25 




27 




27 




25 




21 




15 




10 




6 




3 




1 



E1 4.1 3(b) t » ^— [ 1 4.29, with Sv written as Av] 
tfAv 

Av = v°(<5' - 6) x 10" 6 [Exercise 14. 1 3a] 



Then, x ~ 



«9.9xl0^s 



xv (l (6'-8)xlQr* (jt)x (350 x 10* Hz) x (5.5-4.2) x 10" 6 

Therefore, the signals merge when the lifetime of each isomer is less than about 
sponding to a conversion rate of about 1 .0 x 10 3 s _1 



0.99 ms 



, corre- 



E14.14(b) 



v = glfi ^ [solution to Exercise 14.3(a)] 



Hence, 



v( 31 P) _ g( 31 P) 
v('H) g('H) 
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or v( 31 P) = ^^x500MHz= 203 MHz 
V J 5.5857 



The proton resonance consists of two lines (2 x \ + 1) and the 31 P resonance of five lines 
[2 x (4 x y) + 1]. The intensities are in the ratio 1 :4:6:4: 1 (Pascal's triangle for four equivalent spin ~ 

5 5857 

nuclei, Section 14.6). The lines are spaced = 2.47 times greater in the phosphorus region 

than the proton region. The spectrum is sketched in Figure 14.2. 



Proton 
resonance 



Phosphorus 
resonance 



JL 



Figure 14.2 

E1 4.1 5(b) Look first at A and M, since they have the largest splitting. The A resonance will be split into a 
widely spaced triplet (by the two M protons); each peak of that triplet will be split into a less widely 
spaced sextet (by the five X protons). The M resonance will be split into a widely spaced triplet (by 
the two A protons); each peak of that triplet will be split into a narrowly spaced sextet (by the five 
X protons). The X resonance will be split into a less widely spaced triplet (by the two A protons); 
each peak of that triplet will be split into a narrowly spaced triplet (by the two M protons) (see 
Figure 14.3). Only the splitting of the central peak of Figure 14.3(a) is shown in Figure 14.3(b). 



A2M2X5 

A protons 



(a) 



(b) 



d 



— Am 



Jam > Ax > Aix 
M protons 

— t — Am 



X protons 

— Ax 



i. 



' Ax 



"~Jmx 



Jmx 



Figure 14.3 



E1 4.1 6(b) (a) Since all 7 H f are equal in this molecule (the CH 2 group is perpendicular to the CF 2 group), the 
H and F nuclei are both chemically and magnetically equivalent. 
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(b) Rapid rotation of the PH 3 groups about the Mo-P axes makes the P and H nuclei chemically 
and magnetically equivalent in both the cis and trans forms. 

E14.1 7(b) The effective transverse relaxation time is given by 



T* = 



1 



[14.34] = 



1 



7C X 12 S" 1 



0.027 s 



0.5312 



E1 4.1 8(b) The maximum enhancement is given by 

, = ^ [,4.37] = 26752 Xl °' V s ;' , [Table 14.2] = 
' 2xr i9F L J 2 x 25.177 x lO'T-'s- 1 L 1 

E1 4. 1 9(b) Precession in the rotating frame follows 

v L = ~z~ or a?, = yVi 
2n 

Since co is an angular frequency, the angle through which the magnetization vector rotates is 



SO <By = 



en 



(n) x (1.0546 x 1 0~ 34 J s) 



gjfi^t (5.586) x (5.0508 x 10 27 J T" 1 ) x (12.5 x 10" 6 s) 



9.40 x 10^t| 



a 90° pulse requires { x 12.5 \i& ~ 6.25 us 



hv 



he 



E1 4.20(b) % = 
E1 4.21 (b) The g factor is given by 



(6.626 x 10" 34 J s) x (2.998 x K^ms" 1 ) 



Se/^ (2.0023) x (9.274 x 10 24 J T" 1 ) x (8 x 10 3 m) 



1.3 T 



g = 



hv 



6.62608 xlO^ 34 J s 



Ufa' fig 9.2740 xlO" 24 J T-' 

71.4 48 mT GHz 1 x 9.2482 GHz 
330.02 mT 



= 7.1448 x 10"" T Hz- 1 = 71.448 mT GHz 1 



2.0022 



2.2 mT 



, the difference between adjacent lines 



E1 4.22(b) The hyperfine coupling constant for each proton is 
in the spectrum. The g value is given by 

hv (71.448 mT GHz- 1 ) x (9.332 GHz) = 
8 ~ n B $ 0 ~ 334.7 mT 

E 14.23(b) If the spectrometer has sufficient resolution, it will see a signal split into eight equal parts at ±1 .445, 
±1 .435, ±1.055 mT from the centre, namely 



1.992 



328.865, 330.975, 331.735, 331.755, 333.845, 333.865, 334.625 and 336.735 mT 
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If the spectrometer can only resolve to the nearest 0. 1 mT, then the spectrum will appear as a sextet 
with intensity ratios of 1:1:2:2:1:1. The four central peaks of the more highly resolved spectrum 
would be the two central peaks of the less-resolved spectrum. 

E14.24(b) (a) If the CH 2 protons have the larger splitting there will be a triplet (1:2:1) of quartets (1:3:3:1). 

Altogether, there will be 12 lines with relative intensities 1(4 lines), 2(2 lines), 3(4 lines), and 
6(2 lines). Their positions in the spectrum will be determined by the magnitudes of the two proton 
splittings, which are not given. 

(b) If the CD 2 deuterons have the larger splitting there will be a quintet (1:2:3:2:1) of septets 
(1:3:6:7:6:3:1). Altogether, there will be 35 lines with relative intensities 1(4 lines), 2(4 lines), 
3(6 lines), 6(8 lines), 7(2 lines), 9(2 lines), 12(4 lines), 14(2 lines), 18(2 lines), and 21(1 line). Their 
positions in the spectrum will determined by the magnitude of the two deuteron splittings, which 
are not given. 



E1 4.25(b) The g value is given by 



hv hv h ,„_ _„ TT , 
g = , so % = , — = 71.448 mT GHz- 1 

to% tog to 



(a) % = 

(b) % = 



(71.448 mT GHz" 1 ) x (9.312 GHz) 
2.0024 

(71.448 mT GHz' 1 ) x (33.88 GHz) 
2.0024 



332.3 mT 



1209 mT 



E1 4.26(b) Two nuclei of spin / = 1 give five lines in the intensity ratio 1 : 2: 3: 2:1 (Figure 14.4). 



First nucleus with 7=1 

second nucleus with / = 1 

1 2 3 2 1 
Figure 14,4 

E14.27(b) The X nucleus produces four lines of equal intensity. Three H nuclei split each into a 1:3:3:1 quar- 
tet. The three D nuclei split each line into a septet with relative intensities 1 :3:6:7:6:3: 1 (see Exercise 
14.24a and Figure 14.5). 



XH 3 



XD 3 
Figure 14.5 



I I 
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E14.28(b) We assume that the condition for the coalescence of two EPR lines is the same as the condition for 
the coalescence of two NMR lines, that is the coalescence time is given by t = — — [14.29]. Then, we 

7L0V 

need to calculate Sv corresponding to the frequency difference of the two EPR resonances, g n and 
g ± . We have hv = gn % % [14.39]. Solve for v. 

v = — £ 0 g, and then 
h 

11 0 974 v If) -24 T T - ' 

8v = ^%{8g) = " 3 T x 1.0 T x (2.023 - 2.022) = 1 .40 x 10' r> 

h 6.626 x 10 34 J s 



T = 



= 3.22xl0" 8 s 



n$v nxMxlO's" 1 
The tumbling rate is the inverse of this time, 



3.1xl0 7 s-' 



P14.2 



Solutions to problems 

Solutions to numerical problems 

When v = 60 MHz 

V2 V2 



T, = 



3 nSv kAv 7cx((5.2-4.0)xlO^)x(60xl0 6 Hz) 
~ 6.25 ms, corresponding to a jump rate of 160 s" 1 . 

When v = 300 MHz 



h = 



nSv itAv jt x ((5.2 - 4.0) xl0" 6 )x (300 x 10* Hz) 
~ 1.25 ms, corresponding to a jump rate of 8.0 x 10 2 s -1 . 

Assume an Arrhenius-like jumping process (Chapter 21) 



rate « 


Q -EJRT 




Then, In 


r rate(r)" 


_-E,(l 1) 


rate(r) j 


r [r t j 



and therefore = 



R\n{r'lr) 8.314 J K _, mol" 1 xlnjg- 



j i_ 

T T' 



1 1 

280 K 300 K 



56 kJ mol 



P14.4 The FID signals from the three nuclei are all of the form of eqn 14.30, which we will write as 
F{i) = X^o; cos{2nv LJ t)e~" T2J . For simplicity, we will assume that all T 2 values are the same at 1.0 s and 

j 

that the maximum signal intensity S 0j is the same for each nucleus. No information is given in the problem 
statement about the number of nuclei with the specific values of 5 given, so again for simplicity we will 
assume only one nucleus corresponds to each value of 6. The total FID can then be expressed as 

/ ? (0 = 5 0 £cos(2^v 1 ./)e-" 7 i 

j 
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The solution is contained in the following MathCad® worksheet and Figure 14.6. 



Definitions: 



Time domain: 

Relaxation time: 
Chemical shifts: 



m>0J..N-1 
W=1u-s 

T 2 :=1-s 



N:=2" 



m . 
t^ — t^ 



Spectrometer frequency: v 0 := 800 • MH Z 
Relative ihtensitjes: Si := 1 Sa := 1 



6^:= 3.2 o 2 :=4.1 03:= 5.0 
&,:=! 



Larmor frequencies: v. := 1 1 + ~ j • v, y. 



FID of signal 1: F 1(n ^=S 1 -cos(2-n-v 1 -t ITl )*®^ i 

-tin 

FID of signal 2: F 2m := S 2 • cos(2 - n ■ v 2 • tj :• e * 

-tm 

FID of signal 3: F 3ni > S 3 • cos(2 • n • v 3 • t m ) • e T * 
Total FID signal: F - F t + F 2 + F 3 




Figure 14.6(a) & (b) 
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The FIDs of the signal from this compound with the values of the chemical shifts given in this 
problem are just a jumble of lines with intensities decreasing with time; the FIDs themselves 
contain very little direct information about the compound. The desired information is extracted by 
Fourier transformation of the FIDs from the time domain to the frequency domain. Increasing the 
frequency of the spectrometer from 200 MHz to 800 MHz has no effect upon the chemical shift 
expressed as 5 values, but does increase the chemical shift expressed as (v L - v 0 ) values and that is 
the main reason for building spectrometers operating at higher and higher frequencies. Increasing 
the frequency (and hence the field) allows for greater resolution of spin-spin splittings in the 
spectrum as the chemical shift (v L - v 0 ) increases. That would not be obvious in this example because 
no information is given about spin-spin splittings. As an example of this problem in a real substance, 
ethanol, where spin-spin splittings occur, examine Figures 14.34 and 14.6 of the text. 

P1 4.6 It seems reasonable to assume that only staggered conformations can occur, therefore the equilibria 
are as shown in Figure 14.7. 



H H H 




Rj H R 2 Rj R4 R 2 Ri R 3 R 2 

Figure 14.7 



When R 3 = R 4 = H, all three of the above conformations occur with equal probability: 

Vhh (methyl) = \( 3 J t + 2 3 /g) [t = trans, g = gauche; CHR 3 R 4 = methyl] 
The first conformation in the figure is trans, the second two are gauche. 
Additional methyl groups will avoid being staggered between both R, and R 2 , therefore 

^(ethyl) = + V B ) [R 4 = H,R 3 = CH 3 ] 

V HH (isopropyl) = V, [R 3 = K,= CH 3 ] 
We then have three simultaneous equations in two unknowns J t and / g : 

j(V l+ 2V g ) = 7.3Hz (1) 

{(V t + 3 / g ) = 8.0 Hz (2) 

3 7 t =11.2Hz 

The two unknowns are overdetermined. The first two equations yield V, = 10.1, V B = 5.9. However, 
if we assume that 3 / t = 1 1.2 as measured directly in the isopropyl case then J / g = 5.4 (eqn 1) or 4.8 
(eqn 2), with an average value of 5.1. 

Using the original form of the Karplus equation 

3 / t = ,4 cos 2 (180°) + 5= 11.2 

V g = ^lcos 2 (60°) + B= 5.1 
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or 



11.2 = ^ + 5 
5.1 =0.25 ,4 + 5 

These simultaneous equations yield A = 6.8 Hz and B = 4.8 Hz. With these values of A and B, the 
original form of the Karplus equation fits the data exactly (at least to within the error in the values 
of V, and 3 7 ? and in the measured values reported). 

From the form of the Karplus equation in the text [14.27] we see that those values of A, B, and C 
cannot be determined from the data given, as there are three constants to be determined from only 
two values of J. However, if we use the values of A, B, and C given in the text, then 

/ t = 7 Hz+ 1 Hz(cos 180°) + 5 Hz(cos 360°) = 1 1 Hz 

J g = 7 Hz + 1 Hz(cos 60°) + 5 Hz(cos 120°) = 5 Hz 

The agreement with the modern form of the Karplus equation is excellent, but not better than the 



original version. Both fit the data equally well, but the modern version is preferred as it is more 
generally applicable. 



P14.8 The proton COSY spectrum of 1-nitropropane shows that (a) the C a -H resonance with 5 = 4.3 
shares a cross-peak with the C 6 -H resonance at 5 = 2.1 and (b) the C 6 -H resonance with 8 = 2.1 
shares a cross-peak with the C c -H resonance at 5 = 1.1. Off-diagonal peaks indicate coupling 
between Hs on various carbons. Thus peaks at (4,2) and (2,4) indicate that the Hs on the adjacent 
CH 2 units are coupled. The peaks at (1,2) and (2,1) indicate that the Hs on CH 3 and central CH 2 
units are coupled. See Figure 14.8. 

a b c 
N0 2 CH 2 CH 2 CH 3 



1- 



2- 



4- 




Figure 14.8 
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P14.10 



„ = _^Ln 4 , 91 _ (7-14478 xlO-->T)x(v/Hz) 
(7.14478 x 10 U T) x (9.302 x 10 9 ) 



8\\ 



0.66461 

0.6646T 
0.33364 



1.992 



g± = 



0.66461 
0.33194 



2.002 



P14.12 Construct the spectrum by taking into account first the two equivalent l4 N splitting (producing a 



1:2:3:2:1 quintet ) and then the splitting of each of these lines into a 1:4:6:4:1 quintet by the 



four equivalent protons. The resulting 25-line spectrum is shown in Figure 14.9. Note that Pascal's 
triangle does not apply to the intensities of the quintet due to l4 N, but does apply to the quintet due 
to the protons. 




Figure 14.9 



P14.14 For C 6 H 6 , a = Qp with Q = 2.25 mT [14.42], If we assume that the value of Q does not change from 
this value (a good assumption in view of the similarity of the anions), we may write 

a a 
P ~~Q ~ 2.25 mT 

Hence, we can construct the following maps 



N0 2 N0 2 N0 2 




N0 2 
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Solutions to theoretical problems 

P14.16 (a) The table displays experimental 13 C chemical shifts and computed* atomic charges on the 
carbon atom para to a number of substituents in substituted benzenes. Two sets of charges are 
shown, one derived by fitting the electrostatic potential and the other by Mulliken population 
analysis {see Figure 14. 10). 



Substituent 


OH 


CH 3 


H 


CF 3 


CN 


NO, 


8 


130.1 


128.4 


128.5 


128.9 


129.1 


129.4 


Electrostatic charge/e 


-0.1305 


-0.1273 


-0.0757 


-0.0227 


-0.0152 


-0.0541 


Mulliken charge/e 


-0.1175 


-0.1089 


-0.1021 


-0.0665 


-0.0805 


-0.0392 



* Semi-empirical, PM3 level, PC Spartan Pro™ 



0.00 
-0.02 
0.04 
g, -0.06 

re 

6 -0.08 
-0.10 
-0.12 

-0.14 
12* 
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• Mulliken 
O Electrostatic 



P14.18 



Figure 14.10 

(b) Neither set of charges correlates well to the chemical shifts. If one removes phenol from the 
data set, a correlation would be apparent, particularly for the Mulliken charges. 

(c) The diamagnetic local contribution to shielding is roughly proportional to the electron 
density on the atom. The extent to which the para carbon atom is affected by electron-donating or 
-withdrawing groups on the other side of the benzene ring is reflected in the net charge on the atom. 
If the diamagnetic local contribution dominated, then the more positive the atom, the greater the 
deshielding and the greater the chemical shift 5 would be. That no such correlation is observed leads 
to several possible hypotheses, for example the diamagnetic local contribution is not the dominant 
contribution in these molecules (or not in all of these molecules) or the computation is not suffi- 
ciently accurate to provide meaningful atomic charges. 



<2nud> = 



4tlR 3 



/""max 

(1- 

J 0 



3 cos 2 0)sin0d<9 



si 

J 0 



sin0d0 
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The denominator is the normalization constant, and ensures that the total probability of being 
between 0 and $ max is 1 . 



(1 - 3x 2 )dx 



4tlR 3 



~[ X max — COS ^mail 



OJC 



47ti? 3 



JC - 1 



(cos 2 8 max + cos8^) 



If, 0 max - ji(complete rotation), cos 0 max = -1 and <® nucl > = 0 
If, C = 30°, cos 2 6 max + cos 0 max = 1 .61 6, and 

(5.5857) x (5.0508 x 10~ 27 J T -1 ) x (4k x 1 0 7 T 2 J- J m 3 ) x (1.616) 



(®nucl> = 



(47t)x(1.58xl0- 10 m) 3 x(2) 



0.58 mT 



P14.20 We have seen (Problem 14. 19) that, if S(t) <* cos a> 0 t, then 1(a) 
a~a 0 . Therefore, if 

S(t) a cos a^t + b cos a 2 t 
we can anticipate that 

a b 



1 



[l + (a> 0 -<«)V] 



which peaks at 



l + (ffl,-t»)V l + (0) 2 - 0)) 2 Z 2 



and explicit calculation shows this to be so, therefore 1(a) consists of two absorption lines, one 
peaking at co ~ a x and the other at a ~ a 2 . 



Solution to applications 

P14.22 Methionine- 105 is in the vicinity of both tryptophan-28 and tyrosine-23 but the latter two residues 
are not in the vicinity of each other. The methionine residue may lie between them, as represented 
in Figure 14.1 1. 

P1 4.24 The desired result is the linear equation: 

[I] 0 = ^° Av - K, [Note: The intercept turns out to be -K, not K as K is defined in the problem 
Sv 

statement.] 
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methionine residue | 




tryptophan residue 



tyrosine residue 



Figurel4.il 



Our first task is to express quantities in terms of [I] 0 , [E] 0 , Av, Sv, and K, eliminating terms such as 
[I], [EI], [E], v,, v EI , and v. [Note: symbolic mathematical software is helpful here.] Begin with v. 



v = 



[I] 



[EI] 



_ [I]p - [EI] [EI] 

[I] + [EI] Vl + [I] + [EI] VE1= [I] 0 Vi+ [I] 0 Vei ' 



where we have used the fact that total I (i.e. free I plus bound I) is the same as initial I. Solve this so 
it must also be much greater than [EI]: 



[EI] = 



[H,(v-y,) = [i]ofr 
v PI - v, Av 



where in the second equality we notice that the frequency differences that appear are the ones 
defined in the problem. Now, take the equilibrium constant: 



K = 



[E][I] ([E] 0 -[EI]X[I] 0 -[EI]) {[E] 0 -[EI])[I] 0 



[EI] 



[EI] 



[EI] 



We have used the fact that total I is much greater than total E (from the condition that [I] 0 » [E] 0 ), 
so it must also be much greater than [EI], even if all E binds I. Now solve this for [E] 0 : 

[E]o = * + P]o [EI] = ( K + 1 1 ' "H" :I I "i ( K + i l l> )5v 



[I]o I [I]o J I Av ; Av 

The expression contains the desired terms and only those terms. Solving for [I] 0 yields: 



«5v 



which would result in a straight line with slope [EjoAv and v-intercept ~-K if one plots [I] 0 against 
M8v. 
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P14.26 When spin label molecules approach to within 800 pm, orbital overlap of the unpaired electrons 
and dipolar interactions between magnetic moments cause an exchange coupling interaction 
between the spins. The electron exchange process occurs at a rate that increases as concentration 
increases. Thus, the process has a lifetime that is too long at low concentrations to affect the 'pure' 
ESR signal. As the concentration increases, the linewidths increase until the triplet coalesces into a 
broad singlet. Further increase of the concentration decreases the exchange lifetime and therefore 
the linewidth of the singlet. (See Figure 14.12.) 

ESR spectrum of di-tert-butyl nitroxide 



Low 

concentration 



r 



r 



r 





When spin labels within biological membranes are highly mobile, they may approach closely and 
the exchange interaction may provide the ESR spectra with information that mimics the moderate 
and high concentration signals above. 
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P14.28 Assume that the radius of the disk is 1 unit. The volume of each slice is proportional to (length of 
slice x 6 x ) (Figure 14.13). 




Figure 14.13(a) 

length of slice at x = 2 sin 8 
x = cos 6 



S = arccos x 
ranges from -1 to+1 
length of slice at x = 2 sin(arccos x) 

2 I — ■ 

1.5 - / 

MRI / 
absorption / 
intensity 1 - / 

/(*) / 
0.5 ■/ 



0 I 1 1 1 1 

-1 -0.5 0 0.5 1 

x 

Figure 14.13(b) 

Plot f(x) = 2 sin(arccos jc) against x between the limits -1 and +1 . The plot is shown in Figure 14. 1 3(b). 
The volume at each value of x is proportional to f(x) and the intensity of the MRI signal is propor- 
tional to the volume, so Figure 14. 13(b) represents the absorption intensity for the MRI image of 
the disk. 



Statistical thermodynamics 
1 : the concepts 



Answers to discussion questions 

See Figures 15.8 and 15.10, the Brief Illustration in Section 15.3(a), and Self-test 15.6 for details. If 
the levels are non-degenerate, then both quantities increase from zero to a limiting value in a roughly 
sigmoidal shape. At very low temperatures, only the lower energy level is accessible, resulting in a 
highly ordered system at the energy of the lower level. At very high temperatures, the states are 
occupied practically equally, giving a highly disordered system whose mean energy is halfway 
between the two levels. 

Because this chapter focuses on the application of statistics to the distribution of physical states in 
systems that contain a large number of atoms or molecules, we begin with a statistical answer: the 
thermodynamic temperature is the one quantity that determines the most probable populations of 
those states in systems at thermal equilibrium, as explained in Section 15.1(b). As a consequence, 
the temperature provides a necessary condition for thermal equilibrium; a system is at thermal 
equilibrium only if all of its subsystems have the same temperature. Note that this is not a circular 
definition of temperature, for thermal equilibrium is not defined by uniformity of temperature: 
systems whose subsystems can exchange energy tend toward thermal equilibrium. In this context, 
subsystems can be different materials placed in contact (such as a block of copper in a beaker of 
water) or can be more abstract (such as rotational and vibrational modes of motion). 

Finally, the equipartition theorem allows us to connect the temperature of statistical thermo- 
dynamics to the empirical concept of temperature developed long beforehand. Temperature is a 
measure of the intensity of thermal energy, directly proportional to the mean energy for each quadratic 
contribution to the energy (provided that the temperature is sufficiently high). 

An ensemble is a set of a large number of imaginary replications of the actual system. These replica- 
tions are identical in some respects, but not in all respects. For example, in the canonical ensemble, 
all replications have the same number of particles, the same volume, and the same temperature, 
but need not have the same energy. Ensembles are useful in statistical thermodynamics because it 
is mathematically more tractable to perform an ensemble average to determine (time-averaged) 
thermodynamic properties than it is to perform an average over time to determine these properties. 
Recall that macroscopic thermodynamic properties are averages over the time-dependent proper- 
ties of the particles that compose the macroscopic system. In fact, it is taken as a fundamental 
principle of statistical thermodynamics that the (sufficiently long) time average of every physical 
observable is equal to its ensemble average. 
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Solutions to exercises 

E1 5.1 (b) The weight is given by 

Nl 21! 



NolNJNJ- 6!0!5!0!4!0!3!0!2!0!0!1! 



2.04 xlO 12 



E1 5.2(b) Apply eqn 1 5.7 to each level. For two non-degenerate levels, 

N 2 e"*2 q 
= x - — a ~£ 

Ni q e" 

Hence, as T approaches 0, the exponent becomes infinitely large and negative: 

That is, only the lower state would be populated. 
E15.3(b) For two non-degenerate levels, 

Ik = e -^*r [Exercise 15.2(b)] 

N 2 Ae . _ Ae 



so In — = — - — and T --- 



6.626 x lO" 34 J s x 2.998 x 10 10 cm s" 1 x 300 cm- 1 
Thus, T = 



623 K 



1.381xlO- 23 JK'xln(l/2) 

E1 5.4(b) In fact there are two upper states, but one upper level, and of course the answer is different if the 
question asks when 1 5% of the molecules are in the upper level, or if it asks when 1 5% of the 
molecules are in each upper state. The solution below assumes the former. 

If the levels were non-degenerate, then 

^ = [Exercise 15.2(b)] 
Because each state at a given level is equally likely, the population ratio of the levels is 



N 2 _&e-*» = g2_ e 



N x g,e-*> g x 
Assuming that other states (if any) are negligibly populated, 

m^ = In &-4l and T = - A£ 



N, g, kT k ^N lg , 



Thus, T = - 



6.626 x 10 34 J s x 2.998 x 10 10 cm s ! x 360 cm 1 



1.381xl0' 23 JK-'xln 



15x1 



(100 - 15) x 2 



213K 
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E1 5.5(b) (a) The thermal wavelength is 
h 



E15.6(b) 



E1 5.7(b) 



A = 



[15.19] 



(IxmkTy 12 

We need the molecular mass, not the molar mass: 
20.18 xlO" 3 kg mol" 1 



m = 



6.022 xl0 23 mol" 



So, A = 



= 3.351 xlO" 26 kg 



6.626 x 1 0" 34 J s 



(1% x 3.351 x 10~ 26 kg x 1.381 x 1 0 -23 J Kr 1 x T) 
3.886 xlO- 10 m 



1/2 



3.886 x 10-'°m 
(77K) 1/2 



(i) T = 300 K: A = 



(ii) T = 3000 K: A- 



(300) 1/2 

3.886 x!0- 10 m 
(3000) 1/2 



2.243 xl0~ n m = 22.43 pm 



7.094x 10 12 m 



7.094 pm 



(b) The translational partition function is 
q?= |- [15.19] 



(i) r = 300K: ? T = 

(ii) 7 , = 3000K: 9 T = 



t (1.00xl0- 2 m) 3 



(2.243 x 10-" m) 3 

(1.00xlQ- 2 m) 3 
(7.094 xlO^ 12 m) 3 



8.86 xlO 25 



2.80 x 10 27 



q T = [15.19] implying that ^ = 

A 5 4 



However, as A • 



so 



<?x e 



./"He 



1/2 y 



3/2 



5 = A:ln^ [15.27] 
so W - e m and 



4.003 m u J 



= ^87^ 



-illy ( e 5/2 "\ 

s = "* ln W [1539a] = "T"' + ta 



SO 



and 



as 



ainK 
8K 



3^ 



NR<W N'W 



nR 

V 



NR 
N A V 



NJcV 
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4.8 x 10 21 



AW AV _ pV AV _ (1 x 10 5 Pa) x (20 m 3 ) x (1 x 10" 5 ) _ 
ft> V ~ kT V (1.381 xlO-^JK-^x (300 K) 

Notice that the value of 'W'is much larger than that of AWlW. For example, at the conventional 
temperature the molar entropy of helium is 126 J K _1 mol -1 , therefore, 

c_ M e JpV\ (1 x 10 s Pa) x (20 m 3 ) x (126 J K" 1 mol- 1 ) _ , , 

S - nSm -[RT) S ™~ (8.3145 J K->mol->)x (298 K) ~ 102x10 JK 

S 1.02 x 10 s J K- 1 in27 
S ° I = 1.381xl0-^K- =7 - 36Xl0 

and W = e 5/ * = e 7 - 36xl ° 27 = 10 3 - 20 * 1027 

E1 5.8(b) The high- temperature expression for the rotational partition function of a linear molecule is 

kT h. 
? R = [16.15b], B = — — [12.7], / = tiR 2 [Table 12.1] 
ancB Qxcl 

Sn 2 kTI WkTjxR 1 
H enC e, , = = 

For N 2 , fi = |m(N) = { x 14.007w u = 7.00m u , and a = 2, therefore 

(8tt 2 ) x (1.381 x lO" 23 J K" 1 ) x (300 K) x (7.00 x 1.6605 x 10" 27 kg) x (1.0975 x 10- 10 m) 2 



? = 



(2)x(6.626xl0- 34 Js) 2 



52.2 



E1 5.9(b) The high-temperature expression for the rotational partition function of a non-linear molecule is 
Combining the universal constants yields 

,3/2 f 



1.381 xlO" 23 JK- 



.3/2 



Thus, q R = 



{ 6.626 x 10" 34 J s x 2.998 x 10 10 cm s* 1 
1.027 (77K) 3/2 1.027 x (77K) 3 ' 2 



o (ABC/cm-iy* 2 (27.877 x 14.512 x 9.285) i/2 
(a) At 25°C,? R = 0.01676 x(298) 3/2 = 



K m = 1.027 K- 3/2 cm- 3 ' 2 



= 0.01676 x(77K) 3/2 



86.2 



(b) At 25°C, 9 R = 0.01676 x(373) 3/2 = 121 



E1 5.1 0(b) The rotational partition function of a non-symmetrical linear molecule is 

? R = £(2/ + l)e-*^ +1 >'* r [16.13 with p = VkT] 

j 

hcB 6.626xl0- 34 Jsx2.998xl0 1 °cms- 1 x6.511cm- 1 

Use = = 9.366 K 

k 1.381 x 10~ 23 J K _1 
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so ? R =X(2/ + l)e- 9 - 365K ^- /+1 > /7 ' 



Use a spreadsheet or other mathematical software to evaluate the terms of the sum and to sum the 
terms until they converge. The high-temperature expression is 



kT 



hcB 9.366 K 



The explicit and high-temperature expressions are compared in Figure 15.1. The difference between 
the two expressions is very nearly constant after the first few degrees. That difference drops to 5% 

of the explicit sum at 62 K . As both expressions rise, their absolute difference becomes relatively 
smaller. 




Figure 15.1 

E1 5.1 1 (b) The rotational partition function of a spherical rotor molecule, ignoring nuclear statistics, is 
q*=%gje-$ lkT [\5.9] = J,(2J + l) 2 Q- h ' Sj ( J+i)/kT [12.8 and Section 12.4(d)]. 



Use 



j j 

hcB 6.626 x 10~ 34 J s x 2.998 x 10 !0 cm s" 1 x 0.0572 cm" 1 
k 



= 0.0823 K 



1.381 xlO-^JK" 1 

so q K = Y( 2J + l) 2 e-°- 0823,oa < /+1 > /r 
j 

Use a spreadsheet or other mathematical software to evaluate the terms of the sum and to sum the terms 
until they converge. The high-temperature expression is eqn 1 6. 14b, neglecting a and with A = B= C: 

\3/2 / _ \3/2 

hcB 



0.0823 K 



The explicit and high- temperature expressions are compared in Figure 1 5.2. The difference between 
the two expressions actually grows (albeit rather slowly) after the first few tenths of a degree. 
Because both expressions grow faster than does the difference between them, the relative difference 



drops; it reaches 5% of the explicit sum at 0.4 K 
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temperature \ 
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0.15 
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T/K 



0.6 



0.75 



Figure 15.2 



E1 5.12(b) The rotational partition function of a symmetric rotor molecule, ignoring nuclear statistics, is 

[12.12] 

) 

hcB 6.626 xl0- 34 Jsx2.998xl0 10 cms- 1 x 9.444 cm" 1 



<7 R = X gj,K^ tkT [1 5 .9] = X ( 2J + l)e-^ +l "* r 1 + 2X e-W-&* 2 "< T 
j.k J=o \ #=i 



Use 



= 13.585 K, and 



k 1.381 xlO" 23 J K" 1 

hc(A - B) _ 6.626x10-* J s x 2.998 x 10 10 cm s" 1 x (6J96 - 9.444) cm- 1 
k 

= -4.672 K 



1.381 xlO" 23 J K" 1 



so q R = X ( 2J + l)e- 13585Kx/(7+1)/T 1 + 2X e +4 - 672ICx * 2/7 " 



7=0 



Write a brief computer program or use other mathematical software to evaluate the terms of the 
sum and to sum the terms until they converge. Nested sums are straightforward to program in lan- 
guages such as BASIC or FORTRAN, whereas in spreadsheets they are more unwieldy. Compare 
the results of the direct sum with the high- temperature expression, eqn 1 6. 14b, with B = C: 



r 



/ n 1/2 / . N 3/2 _ 



The explicit and high-temperature expressions are compared in Figure 15.3. The difference between 
the two expressions actually grows (albeit rather slowly) after the first few degrees. Because both 
expressions grow faster than does the difference between them, the relative difference drops; it 



reaches 5% of the explicit sum at 55 K . 
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E1 5.1 3(b) The symmetry number is the order of the rotational subgroup of the group to which a molecule 
belongs (except for linear molecules, for which a = 2 if the molecule has inversion symmetry and 
1 otherwise). The rotational subgroup contains only rotational operations and the identity. 

(a) C0 2 : full group D Mh ; subgroup C 2 ; hence o = [2] 

(b) 0 3 : full group C 2v ; subgroup C 2 ; o = [2] 

(c) S0 3 : full group £ 3h ; subgroup {£, C 3 , C\, 3C 2 }; a = [e] 

(d) SF 6 : full group O h ; subgroup O; a = 



24 



(e) A1 2 C1 6 : full group P M ; subgroup A; o - = [4] 



E1 5.1 4(b) Pyridine belongs to the C 2v group, the same as water, so a = 2. The rotational partition function of 
a non-linear molecule is [Exercise 1 5.9(a)] 



1 .027 (77K) 3/2 1 .027 x (298. 1 5) 3 



a (ABChm-^y 2 2 x (0.2014 x 0.1936 x 0.0987) 



1/2 



4.26 x 10 4 



E1 5. 1 5(b) The partition function for a mode of molecular vibration is 

? v = £e-« r = l hcmT [16.19 with j3 = VkT] 
v 1 e 

hcv 6.626xl0- 34 Jsx2.998xl0 10 cms- I x214.5cm- 1 

Use = ■ = 305.5 K. 

k 1.381 xlO- 23 JK-' 

so ? v = ^ e -«r_ ! 



1 _ g-308.5K/T 

The high-temperature expression is 
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E1 5.1 6(b) The partition function for a mode of molecular vibration is 

ilo*= £e-*«w = \ cmT [16.19 with /J = VkT] 
v i e 

and the overall vibrational partition function is the product of the partition functions of the indi- 
vidual modes. (See Example 16.3.) We draw up the following table: 



Mode 


1 


2 


3 


4 


v/cm -5 


3311 


712 


712 


2097 


hcv/kT 


5.292 


1.138 


1.138 


3.352 


v 

(if mode 


1.005 


1.472 


1.472 


1.036 



The overall vibrational partition function is 
q v = 1 .005 x 1 .472 x 1 .472 x 1 .036 = 



2.256 



E15.1 7(b) The partition function for a mode of molecular vibration is 

dU=£e-* w "-= l hcmT [16.19 with p = 1/kT] 
v i e 

and the overall vibrational partition function is the product of the partition functions of the indi- 
vidual modes. (See Example 16.3.) We draw up the following table, including the degeneracy of 
each level: 
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Mode 


1 


2 


3 


4 


v/cm -1 


178 


90 


555 


125 


Smodt 


1 


2 


3 


3 


hcvlkT 


0.512 


0.259 


1.597 


0.360 


'i mode 


2.50 


4.38 


1.254 


3.31 



The overall vibrational partition function is 



q v = 2.50 x 4.38 2 x 1.254 3 x 3.31 3 = 3.43 x 10 3 



E1 5.1 8(b) q = X gjt-to [1 5.9] = X gf^ 1 " 1 = 2 + 3e- h ^ lhT + 2e~ h ^' kT 

Vj - = 7.192 xlO* 4 x (v/cm" 1 ) 



where 



levels levels 

Acv,- 6.626 x 10" 34 J s x 2.998 x 10 10 cm s" 1 x v. 



v_ _ 



1.381 xl0- 23 JK" l x 2000 K 



4.0061 



AT 
Therefore, 

q = 2 + 3e~ 7 !92xl0 " 4xl25 ° + 2e- 7192 * 10-4x1 300 = 2 + 3 x 0.4070 + 2 x 0.3926 = 

E15.19(b) U m - U m (0) = [15 - 24a fOF 1 m ° 1] 

hcv 

Use = /*cv/ = 7. 1 92 x 1 0'% [Exercise 15.1 8(b)] 

and q = 2 + 3e~^ + 2e-* c ^ = 4.0061 [Exercise 15.18(b)] 

/V he 

Thus, *7 m - C/ m (0) = -^-^(3v,e Jc ^+ 2v 2 e-* c ^) 

_ 6.022 x 10 23 mol- 1 x 6.626 x 1Q- 34 J s x 2.998 x 10 10 cm s" 1 

4.0061 

x (3 x 1250 cm" 1 x e - 7 - 192x,(r4; < 1350 + 2 x 1300 cm"' x e^ 92 * 10 ' 4 * 1300 ) 



= +7.61xl0 3 J = +7.61kJ 



E15.20(b) The energies of the states relative to the energy of the state with rrij = 0 are -rfi<B, 0, and +yh~<B. With 
respect to the lowest level they are 0, yft<B and 2yh% respectively. The partition function is 



where the energies are measured with respect to the lowest energy. 
The mean energy per electron is 



_ E ( T ) _ 1 d ? _ yftg(e- r * gff + 2e- 2 ^) 
{E} - N ""7d)3~ l + e -^+e-» 



7S®(1 + 2e-**fi) 



e r*s/J+l + e -i'S8p 



[15.22] 



Alternatively, if we measure energy with respect to zero magnetic field (rather than to ground-state 
energy), then 
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1 dq 



Y%<B 



1 + 2e-rN*v _ ^ 



Letting x = ytip% the partition function becomes 

q= 1 +e~- v + e~ 2 - T 

and the mean energy, scaled by the energy separation, becomes 

<e) = l + 2e-* 1 
yh<B ~ e x + 1 + e" x 

The functions are plotted in Figures 1 5.5(a) and (b). The effect of increasing the magnetic field is to 
concentrate population into the lower level. 

Partition function 




Figure 15.5(a) 



Mean energy 




Figure 15.5(b) 
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Expressions for the relative populations are given in Exercise 15.2(b). 
The relative populations are 

N * _ e -0A* = e -2rh*p = e -2x and = = Q _ x 



N_ 



where x = yfi'3p = 



yti<3 _ 1. 933 xlO^-'s-'xl. 0546 xlQ- 34 Jsx20.0T 

kT ~ (1.381 xlO" 23 J Kr 1 )! 1 

_ 2.95 x 1Q- 3 

r/K 



Because x is so small, the population ratios will be close to 1 , even at low temperature. Thus, it will 
be more informative to report the difference of the ratios from 1, using the series expansion of the 
exponentials: 

l--^=l-e- 2 * = 2x and l-^ = l-e~ 

M 

, x . N, . 2 x2.95xlQ- 3 

(a) l ~W_= 2x = To 



N_ 



= 5.9 x 10- 3 and 1 - ^ = 2.95 x 10" 3 



... , N + 2x2.95xl0~ 3 
(b) l -W_= 298 



= 2.0xl0" 5 and 1 - ^ = ^95^1 = 1.0 x 10 5 
N_ 298 



E1 5.21 (b) (a) The ratio of populations is given by the Boltzmann factor 
& = eX p[lM | = e -25.0K/r and th _ e -50.ox/r 



kT 



1.39 xlO" 11 



. « 3 f -50.0 K 



1.93 xlO" 22 



(2) At25.0K,^ = exp ! ' " : ' 



(3) Atl00K,^ = exp 



25.0 K 

-25.0 K 
100 K 



0.368 



« 3 | -50.0 K 



0.779 



Bad ^ = 6XP l 25.0 K 



«3 | -50.0 K 



0.135 



and — = exp. 

n x v \ 100 K 



0.607 



(b) The molecular partition function is 
q = £ C -W*r = 1 + e -25.o*/r + q-so.qk/t 



At 25.0 K, we note that e~ 25 0 m = e" 1 and e- 500 * /T = e" 2 
^=l+e- ! +e- 2 = 1.503 

(c) E(T) = --^ [15.22] 

So £ m (J) = -^(-25.0 Jt)k(e- 25QKiT + 2e- 500K/r ) 
f 
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At 25.0 K, E m = - (6 ° 22 X 1Q23mol "' ) X ( -f 5Q ° 3 K) X (1381 X 10 ' 23 J S x (e- + **) 



.3 J mol" 1 



(d) The molar heat capacity is 

= iST A (25.0K)A: x 25 -° 2 K ( e - 25 °*' r + 4 e - 500Ar/7 ') - -Lfc- 23 - 0 *' 1 " + 2 e - 50() * /r )— 



where = ^A^2s. Q kjt + 2e -5o.oK/T ) 



so 



„ _ 7V A (25.0 K) 2 £ 



T 2 q 



e -25.0 KIT + 4q-50.QKIT _ 



^ e -25.oicyT + 2e" 50 - 0K/r ) 2 ^ 



A.^rxv r - ( 6 - 022 x 1023 mo11 ) x ( 25Q K) 2 x (1.381 x IP 23 JK-') 
At 25.0 K, C Kjn - ________ 

( , , (e- 1 + 2e' 2 ) 2 



3.53JK- i mol 1 



(e) The molar entropy is 
U m -U m (0) 



S m = 



+ N A k Inq 



At 25.0 K, S m =^~~^- + (6.022 x 10 23 mol-') x (1.381 x 10 -23 J K -f ) In 1.503 



6.92 J K _1 mol" 



E15.22(b) ^ = gie " f '^ = g^ kT = 3e- 2A ^ fcr [12.10] 



Set ^- = - and solve for T. 
«o e 



. . 1 1 , , „ f -2hcB 



r = 



2/zc£ 



&(1 + In 3) 

_ 2 x (6.626 x 10 -34 J s) x 2.998 x 10'°cm s~' x 10.59 cm" 1 
1.381 x 10- 23 J K-'x (1 + 1.0986) 

where we used B = 10.59 cm -1 from Table 12.2, assuming 'H 35 C1. 



14.52 K 
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E1 5.23(b) The Sackur-Tetrode equation gives the statistical entropy; for 1 mole at standard pressure: 



SZ=R\n 



e 5lz kT 



p*A 3 



[15.39b], where A = 



(IxmkTy 



[15.19] 



(a) AtlOOK 
A = 



6.626 x 10" 34 J s 



{2^(131.3)(1.6605 x kgXl.381 x 1 0" 23 J K"')(100 K)} 



= 1.52xl0- n m 



1 S:=(8.3145JK 1 moH)ln 
(b) At 298.15 K 

A = 



e 5/2 (1.381 x 1Q- 23 J K-') x (100 K.) ] _ 
(10 5 Pa)x(1.52xlO- 11 m) 3 



6.626 x 10 34 J s 



147 J K" 1 mol" 1 



{2^(131.3X1-6605 x 10" 27 kgXl.381 x 10" 23 J K-'X298.15 K)} 
= 8.823 xl0- !2 m 



and 5 , * = (8.3145JK- 1 moH)ln 



e 5/2 (1.381 x 10~ 23 J K" 1 ) x (298.15 K) 
(10 5 Pa) x (8.823 xl0" 12 m) 3 



169.6 J Kr 1 moH 



E1 5.24(b) The entropy in terms of partition function is 

S{T) = U(T)-U(0) + Nk]nq [15 2g] = + Nlclnq [15.24b] 



1 - e"* 



[Example 15.2] = 



1 



and 



dln ? ^ _ 



= (1 - e~^) x 



J _ e -*4* 
-hcv<r hc F 



hcve' hcp9 



hcv 



(1 _ Q-ftcpy l _ e -hcl)v e hep9 _ 1 



, n (6.626 x 1 0 34 J s) x (2.998 x 1 0 10 cm s-')x (321cm-') 

hcBv - — - — 1 = 0.7696 

P (1.381 x 10" 23 J K _1 ) x (600 K) 



Therefore, q = 



1 



1-e" 



= 1.863 



and 



(6.626 x 10" 34 J s) x (2.998 x 10'° cm s' 1 ) x (321 cnr 1 ) 



= -5.503xl0" 2, J 



Hence, S m = (6.022 x 10 23 mol" 1 ) x 



-1 



5.503 x 10" 21 J 
600 K 



+ (1.381 xlO- 23 J K-')ln 1.863 



lOJOJK-'mol" 



E1 5.25(b) Inclusion of a factor of 1/Afl is necessary when considering indistinguishable particles. Because of 
their translational freedom, gases are collections of indistinguishable particles. The factor, then, 



must be included in calculations on (a) C0 2 gas 
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P15.2 



Solutions to problems 

Solutions to numerical problems 

Number of configurations of combined system, l W= ( n , ] W 2 



^=(10 20 )x(2xl0 20 ) = 



2X10 40 



5 = A: In W [15.27] = (1.381 x 10" 23 J K _1 ) x ln(2 x 10 40 ) = 
£, = /tin = (1.381 x 10- 23 J K -1 ) x ln(10 20 ) = 



1.282 x 10 -21 J K 



0.636 xlO" 21 J K- 1 



S 2 = /tin <W 2 = (1.381 x 10" 23 J K 1 ) x ln(2 x 10 20 ) = 



0.646 x 10" 21 J K^ 1 



These results are significant in that they show that the statistical-mechanical entropy is an additive 
property consistent with the thermodynamic result. That is, 

$ = s, + S 2 = (0.636 + 0.646) x 10" 21 J K" 1 = 1 .282 x 10" 21 J K 1 



P15.4 This problem can be carried out on a spreadsheet if care is taken with the layout. One may simply 
pick values of v; however, if one works in terms of the characteristic vibrational temperature, B v , 
one can employ more general dimensionless quantities, as described below. 

hcv 

8 y = [Section 1 6.2(c)] 

k 

We note that the energy levels of the Morse oscillator can be written as 

E v =(v + \)hcv -(v + {fx t hcv [l 2.38] 

= (v + \)kB w - (v + {) 2 x e ^ v = (v+ i)Arf v {l - (v + 

Thus, one can tabulate values of EJk6 v without having to select a wavenumber. Similarly, one can 
employ the dimensionless temperature 770 v . As noted in the problem, Boltzmann factors require 
energies measured with respect to the ground state, so the energies in the exponents of the Boltzmann 
factors must be E v - E 0 . The energy expression for the Morse oscillator eventually reaches a maxi- 
mum in v and then begins decreasing. Only the states up to and including the maximum energy are 
physically meaningful, so there are a finite number of Morse states. Thus, the partition function for 
a Morse oscillator is: 

q = ]Tcxpf E "~ E ° ) = Xcxpf Ev ~ E ° X ^ 
v=o \ kT J „ = q ^ kdy T j 

To choose meaningful values of the anharmonicity, x e , look up vibrational constants for some com- 
mon diatomic molecules. x e is about 0.03 for H 2 and about an order of magnitude smaller for I 2 . 

A plot of partition functions with various anharmonicities is shown in Figure 15.6. For small 
values of x e , the partition function closely resembles that of a harmonic oscillator [15.12]. This 
provides a check on the calculation, for a Morse oscillator in the limit of small x e is a harmonic 
oscillator. As x e increases, the partition function gradually increases compared to the harmonic 
oscillator. This reflects the fact that the Morse oscillator energy levels become more closely spaced 
with increasing energy, so more levels are accessible at a given temperature. Eventually, however, the 
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P15.6 
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Figure 15.6 



partition functions of highly anharmonic Morse oscillators fall below the harmonic curve at high 
temperatures. This reflects the fact that these Morse oscillators have a finite number of energy levels 
(indeed, a small number) so naturally a harmonic oscillator has more accessible levels at high 
temperature. 

If the electronic states were in thermal equilibrium with the translational states, then the tempera- 
ture would be the same for both. The ratio of electronic states at 300 K would be 



-^1 _ &l Q ei,kT = — x Q-tefcT — 2Q~ltcVlkT 

' ( 6.626 x 1Q- 34 J s) x (2.998 x 10'° cm s~') x (450 cnr 1 ) ^ 
(1.381 x 10 23 J K -1 ) x (300 K) 



= 2exp 



= 0.23 



0.30 



The observed ratio is — — = 0.43. Hence, the populations are not at equilibrium 



0.70 

(a) First, evaluate the partition function 
? = £s/e-*' [15.9] = 5>,e^' 

The degeneracy is given by 
g,= 2J+\ 

where J is the level of the term (displayed as the subscript in the term symbol). 

6.626 x 10 _34 J s x 2.998 x 10 10 cm s 1 



At3287°C = 3560K, hcp = - 



1.381xl0- 23 JK 1 x 3560K 



= 4.041 xlO" 4 cm 



q = 5 + 7 e H(4.04Ixl(r 4 cm}x{170ein- 1 )} + 9 e -{(4.04Ixl0- ,f cm)x(387cnrr 1 )} + 3 e -{(4.041xlQ- 4 cm)x(6557cm- 1 )} 

- 5 + 7 x (0.934) + 9 x (0.855) + 3 x (0.0707) = 19.444 
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P15.10 



P15.12 



The fractions of molecules in the various energy levels are 

gift*' grQ- 1 " 1 ^' 
pj = = [15.7, with degeneracy included] 

? 4 



19.444 



0.257 



(9) x (0.855) _ 
19.444 " 



0.396 



19.444 



19.444 



0.336 








0.011 



comment. T,p, = 1 . Note that the most highly populated level is not the lowest level. 

The partition function is 

q = X gift-*' [1 5.9] = £ gfi-W = £ goiter 
i i i 

The degeneracy is given by 
g,=2/+l 

where J is the level of the term (displayed as the subscript in the term symbol). 

™„ hcv, 6.626x1 0- M Jsx2.998xlO !0 cms" 1 xv, . M lft , v, 
At 298 K, -r=- — — — — ^tt^t — = 4.83 x 10~ 3 x 



kT 1 .381 x 10" 23 J K" 1 x (298 K) cm 

SO q = 1 + 3e _4 - 83xl0 " 35<557 1 + 5 e -4-83xlCr 3 xI410.0 + 5 e -4.83xl0- 3 x7I25.3 + £-4.83x1 0" 3 xl63«7.3 _ 

hcvj 6.626 x 10" 34 J s x 2.998 x 10 10 cm s" 1 x v, 



1.209 



At 1000 K, 



= 1.439xl0" 3 x 



kT 1.381 x 10~ 23 J K- 1 x (1000 K) cm 

SO q = 1 + 3e _1 439x10-3x557 1 + 5 e -l -439x1 0" 3 x 141 0.0 + 5g-].439xl0- 3 x7 125.3 + g-1.439xlQ- 3 xl 6367.3 _ 

(a) Total entropy: 5 = S, + S 2 = (5.69 + 1 1 .63) J K _1 = 17.32 J K 1 



3.004 



qtf _ e Slk [f rom 15.27] = e 17 32J K-'/LSSlxlO^JK" 1 _ gl^xlO 2 * _ 1 Q5.44xl0 2:i 



(b) Total entropy, S = 2 mol x (9.03 J K 1 mol" 1 ) = 18.06 J K" ! 

tytf — e Mfc _ glg.OfiJK-'/l.SSlxlO-^JK- 1 _ glJlxlO 24 _ 



10 



5.69xl0 23 



The final temperature is not the average because the molar heat capacity of graphite increases with 
temperature. At 298 K, it is 8.54 J K 1 mol' 1 , whereas at 498 K it is 14.64 J K 1 mol 1 . 

(c) At constant internal energy and volume the condition for spontaneity is AS uy > 0. Since 
w[b) > the process of part (b) is spontaneous . 



Solutions to theoretical problems 
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(b) We draw up the following table: 



0 


e 


2e 


3e 


4e 


5£ 


w= 


AH 


4 


0 


0 


0 


0 


1 


5 




3 


1 


0 


0 


1 


0 


20 




3 


0 


1 


1 


0 


0 


20 




2 


2 


0 


1 


0 


0 


30 




2 


1 


2 


0 


0 


0 


30 




1 


3 


1 


0 


0 


0 


20 




0 


5 


0 


0 


0 


0 


1 





The most probable configurations are {2,2,0,1,0,0} and {2,1,2,0,0,0} 



P1 5.1 6 (a) The probability of finding a molecule in state j is 

In the systems under consideration, e is both the mean energy and the energy difference between 
adjacent levels, so 

Pj = — 



which implies that 

-jpe = \nNj-\nN+\nq and In A 7 , = In TV" - ln# - jfie = 



q kT 



Thus, a plot of In Nj against j should be a straight line with slope -elkT. 
We draw up the following table using the information in Problem 15.15: 



j 


0 


1 


2 


3 




4 


2 


2 


1 




1.39 


0.69 


0.69 


0 



[most probable configuration] 



s 

These are points plotted in Figure 15.7 (full line). The slope is -0.416 and, since — = 50 cm 1 , the 
slope corresponds to a temperature 



T = 



(50 cm- 1 ) x (2.998 x 10 10 cm s" 1 ) x (6.626 x 10" 34 J s) 



(0.416) x (1.381 xI0- 23 JK- ! ) 



= 163 K 



(A better estimate, 104 K, represented by the dashed line in Figure 15.7, is found in Problem 
15.18.) 



STATISTICAL THERMODYNAMICS 1 : THE CONCEPTS 365 



1.6 




-0.4 



Figure 15.7 



(b) Choose one of the weight 2520 configurations and one of the weight 504 configurations, and 
draw up the following table: 





J 


0 


1 


2 


3 


4 


<W=2520 


*J 


4 


3 


1 


0 


1 




hi Nj 


1.39 


1.10 


0 


— oo 


0 


^=504 


*) 


6 


0 


1 


1 


1 




hxNj 


1.79 


— oo 


0 


0 


0 



Inspection confirms that these data give very crooked lines. 

P15.18 (a) ( £ )=^P- = --^ [15.22], with q = —L— [15.12] 

N a dp 1 - c pe 



so (e) - 



qdj3 

£ 

1-e-^ = e*-l 



= ae 



Hence, e" £ ~ implying that p" = - In 1 + — 
a e { a 



For a mean energy of a - 1 and , - . implying ,ha, 

£ 



T = 



k\n2 



= (50cm" 1 )x 



f— 1 



104 K 



(b) <r= 



1-e- 



a 
T+a 



\ + a 



366 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



P15.20 For a non-degenerate two-level system, the populations are 

1 . e-e* 



and 



[15.14] 



1 + e-* 1 + 

By hypothesis, p x > po, so e _/te > 1, which requires /J < 0 and in turn T< 0. 
(a) The partition function is 
9 =l+e-" E 

so the internal energy relative to that at zero temperature is 



U(T) - U(0) = -N 
and the entropy is 



31n# 



[15.24b] = 



eMr* eNe-< lkT 



h 



1 + e"* 1 + e- 



■etkT 



+ Nk]n(l + e- ElkT ) 



Expressing the entropy in molar units yields 

S m (T) = — + R m(l + e-« kT ) 

The partition function is plotted against elkT 'm. Figure 1 5.8(a) and against kTle in Figure 1 5.8(b). 
Note that the partition function is plotted on a logarithmic scale in both graphs. Notice that the 
partition function grows without bound as the temperature approaches zero from the negative side 
(i.e. as e/kT becomes large and negative; Figure 15.8(a)). The partition function cannot really be 
interpreted as a count of thermally accessible states if T< 0. 



100 000 



10 000 
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1000 





Figure 15.9(a) 
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Figure 15.9(b) 



Solutions to applications 



P15.22 Use the perfect gas law to relate a ratio of pressures to a ratio of amounts (moles), then apply the 
Boltzmann distribution to the ratio of amounts: 

_ n(h)RTIV _ n(h) _ e _ {UW _ £(/lo))Wtn= e -^(/,-/, o) /w 
p(h Q ) n(h 0 )RT/V n(h 0 ) 

Defining p(h = 0) = p 0 , we obtain the desired barometric formula: 

P( H ) = Q - mgMk T = L- Ug H,*T\ = ,^(*) 



Po 



Note that the result depends on the temperature, and it assumes that the temperature does not vary 
with height. To proceed, we must pick a temperature, so we use the standard temperature of 298 K, 
which is reasonable for the surface of the earth, but not for 8.0 km altitude. 

For oxygen at 8.0 km, 

M{Q 2 )gh = (0.0320 kg mol" 1 ) x (9.81 m s~ 2 ) x (8.0 x 10 3 m) _ j { 
RT (8.3145 J K 1 mol 1 ) x (298 K) 



0.363 



so M§^n) =e -,o 1 = 
For water, 



M(H 2 Q)gh = (0.0180 kg mol- 1 ) x (9.81 m s~ 2 ) x (8.0 x 10 3 m) = Q 5? 
RT (8.3145 J K M mol 1 ) x (298 K) 

^(8.0 km) 

*(0) " e " 



0.57 
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P15.24 (a) The electronic partition function, q E , of a perfect, atomic hydrogen gas consists of the elec- 
tronic energies E„ that can be written in the form: 



E = 



1 ) 

1-— hcRn, 0 = 1,2,3,...,°°, 



where we have used the state n = 1 as the zero of energy (in contrast to the usual zero being at infinite 
separation of the proton and electron). The degeneracy of each level is g„ = 2n 2 , where the n 1 factor 
is the orbital degeneracy of each shell and the factor of 2 accounts for spin degeneracy. 

where C=hcR H /kT photosphere = 27.301. q E , when written as an infinite sum, is infinitely large because 
lim« 2 e ^ ^ = limn 2 e~ c =e~ c lim« 2 = «>. 

The inclusion of partition function terms corresponding to large n values is clearly an error. 

(b) States corresponding to large n values have very large average radii and most certainly interact with 
other atoms, thereby blurring the distinct energy level of the state. Such interactions most likely occur 
during the collision between an atom in state n and an atom in the ground state « = 1 . (Even at high 
temperatures, the ground state is the most probable state.) Collisional lifetime broadening is given by 

where the last equality employs the collisional frequency (derived in Section 20. 1 (b)) rather than the 
collisional lifetime. The collisional frequency of the rath state of an atomic perfect gas is given by 

= ^ [20 .1 lb] = ^^[20.9] = 2 ' /2 ^ A 
kT kT M n 

The mean speed is 

c = (M^1 =i.i06xl0 4 ms- I [20.7] 

^ KM J 

The collisional cross-section is 

o n = nd 2 [Section 20. 1(b)] = n(r n + a 0 ) 2 

From Example 9.2, the mean radius of a hydrogen atom with principal quantum number n might 
be surmised to be 

- = 3 m 

" 2 

In fact, this is true of «s orbitals, which is good enough for this problem. So, the collisional cross- 
section is 

>2 



3n + 2 



Any quantum state within SE of the continuum of an isolated atom will have its energy blurred by 
collisions so as to be indistinguishable from the continuum. Only states having energies in the range 



370 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



0 <E<E„ - 5E will be a distinct atomic quantum state. The maximum term, n^, that should be 
retained in the partition function of a hydrogen atom is given by 



1- 



1* 
'max 



hcR H = hcR n - 



3j |( . . 



with p = 1 .99 x 10~ 4 kg m -3 and M H = 1 .01 x 10 -3 kg moH . Subtracting hcR H from both sides simplifies to 



hcR H 



3n„„ + 2 ^ _ 



cpN A h 



2"W H 



The root function of a calculator or mathematical software may be used to solve this equation for rc^: 



"max = 1 54 for atomic hydrogen of the photosphere 



Furthermore, examination of the partition function terms n = 2, 3, ... , « max indicates that they are 
negligibly small and may be discarded. The point is that very large n values should not be included 
in q E because they do not reflect reality. 

(c) The equilibrium probability of finding a hydrogen atom in energy level n is 

where T= 5780 K. (Note: The probability for each distinct state omits the factor of In 1 .) This func- 
tion is plotted in Figure 15.10. 




15.10 

Even at the high temperature of the Sun's photosphere only the ground electronic state is significantly 
populated. This leads us to expect that at more ordinary temperatures only the ground state of atoms 
and molecules are populated at equilibrium. It would be a mistake to thoughtlessly apply equilibrium 
populations to a study of the Sun's photosphere, however. It is bombarded with extremely high energy 
radiation from the direction of the Sun's core while radiating at a much lower energy. The photosphere 
may show significant deviations from equilibrium. See S. J. Strickler, J. Chem. Educ 43, 364 (1966). 



Statistical thermodynamics 
2: applications 



Answers to discussion questions 

D16.2 The symmetry number, a, is a correction factor to prevent the over-counting of rotational states 
when computing the high-temperature form of the rotational partition function. An elementary 
interpretation of a is that it recognizes that in a homonuclear diatomic molecule AA the orientations 
AA' and A'A are indistinguishable, and should not be counted twice, so the quantity q = kTlhcB is 
replaced by q = kTfohcB with a = 2. A more sophisticated interpretation is that the Pauli principle 
allows only certain rotational states to be occupied, and the symmetry factor adjusts the high- 
temperature form of the partition function (which is derived by taking a sum over all states), to 
account for this restriction. In either case, the symmetry number is equal to the number of indistin- 
guishable orientations of the molecule. More formally, it is equal to the order of the rotational 
subgroup of the molecule. (See Chapter 11.) 

D16.4 The temperature is always high enough for the mean translational energy to be \kT, the equiparti- 
tion value (provided the gas is above its condensation temperature), therefore the molar constant- 
volume heat capacity for translation is C£ m = \R. 

Translation is the only mode of motion for a monatomic gas, so for such a gas C Km = ~R = 12.47 J 
K 1 mol 1 . This result is very reliable: helium, for example has this value over a range of 2000 K. 

When the temperature is high enough for the rotations of the molecules to be highly excited (when 
jT» & k ), we can use the equipartition value AT for the mean rotational energy (for a linear rotor) to 
obtain C Vja = R. For non-linear molecules, the mean rotational energy rises to \kT , so the molar 
rotational heat capacity rises to f J? when T» 0 R . Only tne lowest rotational state is occupied when 
the temperature is very low, and then rotation does not contribute to the heat capacity. We can 
calculate the rotational heat capacity at intermediate temperatures by differentiating the equation 
for the mean rotational energy (eqn 16.26a for a linear molecule). The resulting expression is 
plotted in Figure 16.9 of the text. Because the translational contribution is always present, we can 
expect the molar heat capacity of a gas of diatomic molecules (C£ m + C£ m ) to change from \R to 
jR as the temperature is increased above 0 R . 

Molecular vibrations contribute to the heat capacity, but only when the temperature is high enough 
for them to be significantly excited. For each vibrational mode, the equipartition mean energy is kT, 
so the maximum contribution to the molar heat capacity is R. However, it is very unusual for the 
vibrations to be so highly excited that equipartition is valid, and it is more appropriate to use 
the full expression for the vibrational heat capacity, which is obtained by differentiating eqn 16.28. 
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The curve in Figure 1 6. 1 1 of the text shows how the vibrational heat capacity depends on temperature. 
Note that even when the temperature is only slightly above the vibrational temperature, the heat 
capacity is close to its equipartition value. 

The total heat capacity of a molecular substance is the sum of each contribution (Figure 16.12 
of the text). When equipartition is valid (when the temperature is well above the characteristic 
temperature of the mode T » 0 M ) we can estimate the heat capacity by counting the numbers of 
modes that are active. In gases, all three translational modes are always active and contribute }i? to 
the molar heat capacity. If we denote the number of active rotational modes by v£ (so for most 
molecules at normal temperatures v£ = 2 for linear molecules, and 3 for non-linear molecules), then 
the rotational contribution is jVrR. If the temperature is high enough for vibrational modes 
to be active the vibrational contribution to the molar heat capacity is v%R. In most cases v v = 0. 
It follows that the total molar heat capacity is 



D16.6 The expressions for q, U, and S that were derived in this chapter are applicable to T < 0 as well as 
T> 0. However, if we plot q and U against T, for example, in a two-level system and other systems 
as well, we find sharp discontinuities on passing through zero, and T = +0 (corresponding to all 
populations in the lower state) is quite distinct from T=~0, where all population is in the upper 
state. The entropy S is continuous at T- 0, but all these functions are continuous if we use /J = MkT 
as the independent variable that indicates that j3 <* l/T is a more natural variable than T. 
(See Further information 16.3 in the 8th edition of this text for a more complete discussion.) 



Solutions to exercises 

E16.1(b) The thermal wavelength is given by A = 



(InmkTy 12 

and 7c are substituted in this expression it becomes 



[15.19, 16.12]. When numerical values for h, k, 



A/pm = 



1749 



(T/K) ll2 (M/gmoVy n 
At 298. 1 5 K, with M = 64.06 g mol" 1 for S0 2 , we obtain 
1749 



A (298.15 X64.06) 1 ' 2 
E1 6.2(b) See Exercise 1 6. 1 (b). 



pm = 



12.66 pm = 12.66 x 10 12 m 



1.0 cm 3 x 



lm 3 



10 6 cm 3 



E1 6.3(b) 



a T = — fl6.121 = 

A 3 J (12.66 xl0- ,2 m) 3 



Q B = {(3 + v5 + 2v?)lC[16.35] 



4.9 xlO 26 



with a mode active if T> 0 M . 
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(a) 0 3 : C Km = j(3 + 3 + 0)R = 3R [experimental = 3.7R] 

(b) C 2 H 6 : C Km = \ (3 + 3 + 2 x \)R = 4R [experimental = 6.3R] 

(c) C0 2 : C K>m = {(3 + 2 + 0)R = {/? [experimental = 4.5*] 

Consultation of the book Herzberg (Molecular Spectra and Molecular Structure II) turns up only 
one vibrational mode among these molecules whose frequency is low enough to have a vibrational 
temperature near room temperature. That mode was in C 2 H 6 , corresponding to the 'internal rota- 
tion' of CH 3 groups. The discrepancies between the estimates and the experimental values suggest 
that there are vibrational modes in each molecule that contribute to the heat capacity— albeit not 
to the full equipartition value — that our estimates have classified as inactive. 

E1 6.4(b) The rotational temperature is given by 

e R = — [Section 1 6.2(b)], — = 1 .4388 cm K 5 0* = 1 .4388 cm K x B 

k k 



For 'H 2 : 0 R = 1.4388 cm K x 80.864 cm" 1 = 



1 16.35 K 



For 2 H 2 : 8 R = 1 .4388 cm K x 30.442 cm" 1 = 43.80 K 



E1 6.5(b) The rotational partition function of a linear molecule at high temperature (298 K) is (see Section 
16.2(b)) 



kT _ T 
ohcB (70 R 



hcB 

k 



Substituting values for the constants this may also be written as 



0.6950 77 K (0.6950) x (77K) 



a (5/cnr ] ) 2x1.4457 
(a) At25°C: (0.2404) x (298) = 



= 0.2404(77K) 



71.6 



(b) At250°C: q R = (0.2404) x (523) = 



126 



E1 6.6(b) The symmetry number is the order of the rotational subgroup of the group to which a molecule 
belongs (except for linear molecules, for which a = 2 if the molecule has inversion symmetry and 



1 otherwise). 






(a) 


C0 2 : full group £L h ; subgroup C 2 ; hence a = [2] 


(b) 


0 3 : full group C 2v ; subgroup C 2 ; a = 


@ 




(c) 


SOji full group D 3h ; subgroup {E, C 3 , C|, 3C 2 }; a = [6j 


(d) 


SF 6 : full group O h ; subgroup 0\ a = 


24 




(e) 


A1 2 C1 6 : full group D 2d ; subgroup D 2 ; 


£7 = 


a 
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E1 6.7(b) For non-linear molecules at high temperature, q R = — 

G 



he . 



■jgg] [Section 16.2b] 



After substituting values for the constants this becomes 

1.0270 x298 3/2 



R 1.0270 (77 K) 3 ' 2 
q R = = 



[a = 2]= 5837 



a (ABC/cm^y 12 (2) x (2.02736 x 0.3441 7 x 0.293535) 1/2 
The high-temperature approximation is valid if T> 0 R , where 

hc(ABC) m 
8r= jfc 

(6.626 x 1 0~ 34 J s) x (2.998 x 10 10 cm s" 1 ) x [2.02736 x 0.34417 x 0.293535 cnr 3 ] 1/3 

1.38xl0- 23 JK-' 



0.8479 K 



The high-temperature approximation is clearly valid. 

E1 6.8(b) q R = 5837 [Exercise 1 6.7(b)] 

All rotational modes of S0 2 are active at 25°C, therefore 
Ul-Ul(Q) = E K =iRT 



Sl = =jr + Rlng R = ±R + R ln(5837) = 1 84.57 J K-'mol-' 



E1 6.9(b) (a) The partition function is 



levels 



where g is the degeneracy of the level. For rotations of a symmetric rotor such as CH 3 CN, the 
energy levels are Ej = hc[BJ(J + 1 ) + (A - fyK 7 } and the degeneracies are g JK = 2(2 J + 1 ) if K * 0 and 
2J+ 1 if K= 0. The partition function, then, is 



g = \ + £(2/ + \)Q-{f<cBJ(J^)lkT\ l + 2£ Q-{hc(A-B)K 2 'kT) 



J=l 



K=l 



To evaluate this sum explicitly, we set up the following columns in a spreadsheet (values for A = 
5.28 cm- 1 , B = 0.307 cm" 1 , and T= 298.15 K) 



J 


/(/+ 1) 


27+1 


Q -hcBj(J+\)lkT 


/term 


Q-{hc(A-8)K 2 lkT) 


isf sum 


/sum 


0 


0 


1 


1 


1 


1 


1 


1 


1 


2 


3 


0.997 


8.832 


0.976 


2.953 


9.832 


2 


6 


5 


0.991 


23.64 


0.908 


4.770 


33.47 


3 


12 


7 


0.982 


43.88 


0.808 


6.381 


77.35 


82 


6806 


165 


4.18 xlO" 5 


0.079 


8xl0" 71 


11.442 


7498.95 


83 


6972 


167 


3.27 x lO^ 5 


0.062 


2xl0" 72 


11.442 


7499.01 
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The column labelled K sum is the term in large parentheses, which includes the inner summation. 
The / sum converges (to four significant figures) only at about J = 80; the K sum converges much 
more quickly, but the sum fails to take into account nuclear statistics, so it must be divided by the 

symmetry number (a = 3). At 298 K, q R = 2.50 x 10 3 . A similar computation at T= 500 K yields 



5.43 x 10 3 



(b) The rotational partition function of a non-linear molecule is 



cry he 



/ \ 1/2 

K 



ABC 



After substituting the values of the constants this becomes [with B = C } 
1.0270 (77K) 3/2 1.0270 (77K) 3 ' 2 



q*=- 



<7 (.45C7cm- 3 ) ,/2 3 (5.28 x 0.307 x 0.307) 1 ' 2 
At 298 K, q = 0.485 x298 3/2 = 



= 0.485 x (77K) 3/2 



2.50 x 10 3 



At 500 K, q = 0.485 x500 3/2 = 



5.43 xlO 3 



The high-temperature approximation is certainly valid here. 



E1 6.1 0(b) The rotational partition function of a non-linear molecule at high temperatures is (see the solution 
to El 6.9(b) above) 



_ 1.0270 (77K) 



1.0270 x(T/K) 3 



a (ABC/cm-') 112 (3.1752 x 0.3951 x0.3505) 1/2 v } 



(a) At25°C, q*= 1.549 x(298) 3/2 = 



7.97 x 10 3 



(b) Atl00°C, q K = 1.549 x(373) 3/2 = 1.12 x 10 4 



E1 6.1 1(b) The equipartition theorem would predict a contribution to molar heat capacity of jR for every 
translational and rotational degree of freedom and R for each vibrational mode. For an ideal gas, 
C p , m =R+C Km . So,forC0 2 

6.5 



with vibrations C V JR - 3(y) + 2(j) + (3 x 3- 6) = 5.5 and 7 = yj = 

3 5 

without vibrations C V JR = 3(j) + 2(j) = 2.5 and y = — = 



1.18 



2.5 



1.40 



experimental 7 = 



37.11 J mol-' K 



(37.1 1-8.3145) J mol 'K" 



1.29 



The experimental result is closer to that obtained by neglecting vibrations, but not so close that 
vibrations can be neglected entirely. 



E1 6. 12(b) The molar entropy of a collection of oscillators is given by 
S m = m T mK) +klnQ[ieA] = ^ + R\nq 
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where (e> = 



hcv 



= k- 



[16.28], q = 



1 



Qphcv_1 e fiv/r_l l J ' a l_ e - 

and 0 V is the vibrational temperature hcv/k. Thus, 
R(8 V /T) 



_J 

1 _ q-WT 



[16.19] 



--.Rlna-e-^) 



A plot of SJR versus 770 v is shown in Figure 16.1. 




Figure 16.1 

The vibrational entropy of ethyne is the sum of contributions of this form from each of its seven 
normal modes. The table below shows results from a spreadsheet programmed to compute SJR at 
a given temperature for the normal-mode wavenumbers of ethyne. 



v/cm" 1 


0 V /K 




r=298K 




T=500K 


770 v 


SJR 


270V 


SJR 


612 


880 


0.336 


0.216 


0.568 


0.554 


729 


1049 


0.284 


0.138 


0.479 


0.425 


1974 


2839 


0.105 


0.000766 


0.176 


0.0229 


3287 


4728 


0.0630 


0.00000217 


0.106 


0.000818 


3374 


4853 


0.0614 


0.00000146 


0.103 


0.000652 



The total vibrational entropy is obtained by summing the last column (twice for the first two entries, 
since they represent doubly degenerate modes). 



(a) At 298 K,S m = 0.708* = 

(b) At500K,,S n) =1.982 J R = 



S.SSJmoHK- 1 



E1 6.1 3(b) The contributions of rotational and vibrational modes of motion to the molar Gibbs energy depend 
on the molecular partition functions 



G m - G m (0) ~-RT\nq[l6.9; also see Comment to Exercise 16.8(a)] 
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The rotational partition function of a non-linear molecule is given by 



o{ he ) [ABC 



1.0270 
a 



f (77 K) 3 

K ABC fear 3 



1/2 



and the vibrational partition function for each vibrational mode is given by 



<7 V = 



] hcv 

- — , where 0 V = — = 1-4388 K x (v/cnr 1 ) 

l_ e -f V /r k 



At 298 K 4 R = 



1.0270 



298 3 



(3.553) x (0.4452) x (0.3948) 



= 3.35xl0 3 



and Gl- G*(0) = -(8.3 145 J mol"' K">) x (298 K)ln3.35 x 10 3 



= -20.1xI0 3 Jmol ' = 



-20.1 kJ mol" 1 



The vibrational partition functions are so small that we are better off taking 
lnq w = -ln(l - e-*v /r ) - q- 9v ' t 

\ngj = e -{!.4388(II10y298} = 4-7 Q x ^-3 

\nqy « e - ,, - 4388 ( 705 > Q98 > = 3.32 x 10" 2 

ln^ = e-" «88(1042V298) = 6 53 x jq-S 

so Gl- G£(0) = -(8.3145 J mol" 1 K _1 ) x (298 K) x (4.70 x 10" 3 + 3.32 x 10" 2 + 6.53 x 10" 3 ) 



= -110 J mol 1 = -0.1 10 kj mol 



E16.14(b) q = X^e-^, where g = (25 + l) x 



l for I states 

A, . . . states 



The 3 £ term is triply degenerate (from spin), and the 'A term is doubly (orbitally) degenerate. 
Hence, 

(a) At 500 K 

(1.4388 cm K) x (7918.1 cm"') _ „ ?§ 



500 K 



and 



q = 3.000 



(b) At 900 K 

a (1.4388 cm K)x (7918.1 cm" 1 ) 

be = = 12.66 

900 K 



and q = 3.000 
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E1 6.1 5(b) See the solution to Exercise 16. 14(b). q = 3 + 2e"* 



q {dp 



3 + 2e"* 



3C/ 
37 1 



3/J ) y (3 + 2e-^) 2 

Therefore, since at 400 K/Je = 28.48, 
(6)x(28.48) 2 x(e-2848) 



Cy, m /R - 



2.32 x 10" 



(3 + 2e- 2848 ) 2 

COMMENT. The electronic contribution is negligible at this temperature. 

E16.16(b) See the solution to Exercise 1 6. 14(b). At 400 K 

(1 .4388 cm K) x (79 1 8. 1 cnr ') _ 2g ^ g 
P£ 400 K 

Therefore, the contribution to G m is 

G m - GJ0) = -RT In q [1 6.9, also see the Comment to Exercise 1 6.8(a)] 

-RT In? = -(8.314 J K~ l mol" 1 ) x (400 K) x ln(3 + 2 x e~ 28 48 ) 



= -(8.314 J K ! mol 1 ) x (400 K) x On 3) = -3.65 kJ mol' 1 



COMMENT. The contribution of the excited state is negligible at this temperature. 

E1 6.1 7(b) The degeneracy of a species with S = f is 6. The electronic contribution to molar entropy is 

S m= ^*~^ m(0) + R\nq = R\nq 

(The term involving the internal energy is proportional to a temperature derivative of the partition 
function, which in turn depends on excited-state contributions to the partition function; those con- 
tributions are negligible.) 



S m = (8.3145 J mol" 1 K" l )ln6 = 14.9 J moHK 



E16.18(b) The Mayer /-function is /= e^ £ " - 1 . For the Lennard- Jones type [Section 17.6] of intermolecular 



potential of this exercise, namely E p = ~ e |^~^~ ~ ^JT j' we ^ ave: 

r = 0 E p = °° /=-! r<o E p >0 f<0 
r = o E p = 0 /=0 r>a E p <0 />0 
r = ~ £ p = 0 /=0 

The general shape of the /-function as a function of r can be visualized from these relationships. 
The potential energy is at a minimum at r - 2 m c [Section 17.6] and/ reaches its maximum at that 
value of r. In order to plot the /-function against r, we define x = rfo and then we write 
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£ p =-e 



J 1_ 

x 6 x 12 



and 



/ 



Let us assume that e^ — = kTox some multiple of AT. Define 6 = /ite. Then, 



/(;c,6) = e^ 6 ** 2 M 



Now, we can plot / (x,b) against x for various values of b. See Figure 16.2, in which/(x,i) is plotted 
for b = 1 , 2, and 3. 




JC = r/cr 



Figure 16.2 

E16.19(b) Use S m = R In s [16.50b] 

Draw up the following table: 



n: 


0 


1 




2 






3 






4 




5 


6 








o 


m 


/> 




b 


c 




m 


/> 






s 


1 


6 


6 


6 


3 


6 


6 


2 


6 


6 


3 


6 


1 


SJR 


0 


1.8 


1.8 


1.8 


1.1 


1.8 


1.8 


0.7 


1.8 


1.8 


1.1 


1.8 


0 



where a is the 1, 2, 3 isomer, b is the 1, 2, 4 isomer, and c is the 1, 3, 5 isomer. 



I E1 6.20(b) We need to calculate 



VUaJ ^( 79 Br 81 Br) 2 
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Each of these partition functions is a product 
with all q E = 1. 

The ratio of the translational partition functions is virtually 1 (because the masses nearly cancel; 
explicit calculation gives 0.999). The same is true of the vibrational partition functions. Although 
the moments of inertia cancel in the rotational partition functions, the two homonuclear species 
each have a - 2, so 

g R rBr 2 ) g R ( 81 Br 2 ) 
? R ( 79 Br 81 Br) 2 

The value of A r £ 0 is also very small compared with R T, so 



K ~ 0.25 



Solutions to problems 

Solutions to numerical problems 

P16.2 Ae = e = ^ B « 0 [14.39] 

q = 1 + er* 

2 —x 

CyJR = * C x , [Problem 16.1], x = 2^%p [g=2 for electrons] 
(1 + e x y 

Therefore, if S 0 = 5.0 T, 

_ (2) x (9.274 x 1Q- 24 J T" 1 ) x (5.0 T) _ 6.72 
X ~ (1.381xl0- 23 JK- 1 )x7 , ~ r/K 

(a) T = 50 K, x = 0.134, C v = 4.47 x 10" 3 jR, implying that C v = 3.7 x 10~ 2 J Kr 1 mol" 1 . Since 
the equipartition value is about 3i? [v£ = 3, v$ « 0], the field brings about a change of about |p.l%| 

(b) T~ 298 K, jc = 2.26 x 10 ~\ C v = 1 .3 x 10" 4 ^, implying that C v = 1.1 mJ K 1 mol" 1 , a change of 
about 



4 x 10- 3 % 



Question. What percentage change would a magnetic field of 1 kT cause? 

P16.4 q=\+5^ fe, = 2/+l] 

e = £(7 = 2) - £(/ = 0) = 6/ic5 [£ = /jcA/^ + 1 )] 
C/ - C/(0) 1 dq See-* 



/V ? 3^3 1 + 5e~* 

# J, 



[16.31a] 
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Km "(l + 5e-^) 2 ~ (l + 5e^) 2 



hcB 

~k~ 

Hence. 



= 1.4388 cm K x 60.864 cm" 1 = 87.571 K 



1.380 xlO 6 e - 525 - 4K/r 



(l + 5e- 525 ' 4K/r ) 2 x(77K) 2 
We draw up the following table: 



77K 50 
C V JR 0.02 



100 

0.68 



150 
1.40 



200 
1.35 



250 
1.04 



300 
0.76 



350 
0.56 



400 
0.42 



450 
0.32 



500 
0.26 



These points are plotted in Figure 16.3. 




Figure 16.3 



P16.6 



kT 



A = 



N A p*A> (27tmkT) in 
After substituting values for the constants we obtain 



22- = 2.561 x 10- 2 x (77K) 5 ' 2 x (Af/g moH) 
N A 

= (2.561 x lO" 2 ) x (298) s/2 x (28.02) 3/2 = 5.823 x 10 6 
kT T 



ahcB o$ R k 



After substituting values for the constants we obtain 



B 0.6950 77 K 
9 = x 



OB/cm ') 



0.6950 298 

x—— = 51.81 

2 1.9987 
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P16.8 



P16.10 



<7 V = 



1 

1 - e -*v/r 



„ hcv 6.626xlO- 34 Jsx2.998xl0 10 cms- 1 X2358CI11- 1 

where 0 V = ■ = 3392 K 

* 1.381 xlO" 23 J K" 1 



so q y ~ 



1 



1 _ g-3392K/298K 



= 1.00 



Therefore, 



I s - = (5.823 x 10 6 ) x (51.81) x (1.00) = 3.02 x 10 8 

U m -U m {0) = ±RT + RT = {RT [T^$M 
Hence, 



N A 



= jR + R{in3m x 10* + 1} = 23.03K = 



^l^JK-'moH 



The difference between the experimental and calculated values is negligible, indicating that the 
residual entropy is negligible. 

The vibrational temperature is defined by 
k6 v ~ hcv, 

so a vibration with 0 V less than 1000 K has a wavenumber less than 



&0y_ _ (1.381 x 10~ 23 J K~') x (1000 K) 
V ~ he ~(6.626xl0- 34 Js)x(2.998xl0 10 cms-') 



= 695.2 cm- 1 



There are seven such wavenumbers listed among those for C^: two T w , a T 2u , a G u> and three H u . 
The number of modes involved, v v> must take into account the degeneracy of these vibrational 
energies: 



v$ = 2(3) + 1(3) + 1(4) + 3(5) = 



28 



The molar heat capacity of a molecule is roughly 

Q m = }(3 + v£ + 2v$)i? [1 .35] = {(3 + 3 + 2 x 28)72 = 31* = 31 (8.3 145 J mol" 1 K _l ) 



258JmoHK" 



The second virial coefficient is given by B = -2nN A fr 2 dr [16.42], where / is the Mayer 
/-function: ■* 0 

f = e~^ -1 [16.42] 



STATISTICAL THERMODYNAMICS 2: APPLICATIONS 383 



The intermolecular potential given in this problem, namely E p = -e ^~6~ ~ * s a ^ ennar< ^"J° nes 

type [Section 17.6, eqn 1 7.33] of intermolecular potential. Note, however, that e in E ? as given in the 
problem is four times the value of e of eqn 17.33 and is four times the values found in Table 17.4. 
a in E p can be identified with r Q in eqn 17.33 and Table 17.4. In order to be consistent with the 
standard form of the Lennard- Jones potential we prefer to add the factor of 4. Then, 

Let us first solve for B in terms of dimensionless variables. We define the reduced variables z = — and 

o~ 



kT 

t = , and the reduced second virial coefficient b £ 

e 



B 



3 A 



. These transformations to reduced 



variables, which are used in the following MathCad calculation of the reduced second virial 
coefficient, are consistent with the definitions in Hirschfelder, Curtis, and Bird, Molecular Theory 
of Gases and Liquids, the standard reference on second virial coefficients. With these transforma- 
tions eqn 16.42 becomes 



4fr-»-z-«) 



b(t) 



-0 



The reduced second virial coefficient is plotted against the reduced temperature in Figure 16.4(a). 
The values in this plot are consistent with the calculated classical curve in Figure 3.6-1 on page 164 
of Hirschfelder et al. The plot shows the dependence of the second virial coefficient on temperature 
and the transformation shows that B is proportional to cr 3 . 



Ht) 




Figure 16.4(a) 



We may also determine B itself for a particular gas and this is done in the following MathCad calcu- 
lation for Argon. Lennard- Jones parameters are from Table 17.4. 
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o:=3.623-10- 10 -m k := 1 .38065 • 1 0 -23 • J; K _1 

i:=1,2.. 40 T,:=M0K e:= 4k-111.84K N A := 6.022 14 1 CP -moM 



f(z,i)-= 



-1 jB,^-2-T?N A %o 8 - 



f(z,i).-z2dz 




400 



Figure 16.4(b) 



K 



Comparison of the values of B for argon in this plot with the data in Table 1 .4 show a very close 
match. For example, the calculated value at 100 K is -1 .848 m 3 mol -1 and the experimental value is 
-1.87 m 3 mol" 1 . 



H 2 0 + DCl^HDO + HCl 
$*(HDO) 9 *(HCl) _ 



K = 



**(H 2 0)f*(DCl) 



Q-ftA r Eo [16.52; with A,E 0 here defined as the molecular, not molar, 
energy difference; N x factors cancel] 



Use partition function expressions from the checklist of key equations, Chapters 15 and 16. The 
ratio of translational partition functions is 



ql(BDO)ql(HCl) 



M(HDO)M (HC1) ] _( 19.02x36.46 
M(H 2 0)Af(DCl) J "[ 18.02x37.46 



= 1.041 



ql$liO)ql(pa) 

The ratio of rotational partition functions is 

g R (HDO)g R (HCl) q(H 2 Q) (J'(H 2 0)^(H 2 0)C(H 2 0)/cm- 3 ) t/2 ^(DCl)/cm- 1 

(^(HDO)5(HDO)C(HDO)/cm- 3 ) ,/2 5(HCl)/cm- 1 



^(H 2 0)</ R (DC1) 



1 



_ (27.88 x 14.51 x 9.29) 112 x 5.449 _ l 



(23.38 x 9.102 x 6.417) 1 ' 2 x 10.59 
(cr = 2 for H 2 0; a = 1 for the other molecules). 
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The ratio of vibrational partition functions (call it Q) is 

? v (HDO)g v (HCl) g(2726.7)g(1402,2)g(3707.5)g(2991) = Q 
? V (H 2 C% V (DC1) ~ ?(3656.7)?(1594.8)?(3755.8)?(2145) ~ Q 
i 

where q(x) = 



\ _ e -t.4388x/<77K) 



A 1 E 1 = 1 
he 2 



= j{(2726.7 + 1402.2 + 3707.5 + 2991) - (3656.7 + 1594.8 + 3755.8 + 2145)} cm" 1 
= -162 cm" 1 



So, the exponent in the energy term is 

\E 0 he A T E 0 1 1.4388 x (-162) _ , 233 

— pA, r,t\ — = X X — — ■ — t ■ — 

H r 0 kT k he T r/K 77K 
Therefore, K= 1 .041 x 1 .707 xQx e™ 1 ™ = 1 .777£e 233/ < r/K > 
We then draw up the following table (using a computer): 

r/K 100 200 300 400 500 600 700 800 900 1000 

K 18.3 5.70 3.87 3.19 2.85 2.65 2.51 2.41 2.34 2.29 



and specifically K = 3.89 at (a) 298 K and 2.41 at(b)800K. 



Solutions to theoretical problems 

P1 6.1 4 (a) 6 V and 0 R are the constant factors in the numerators of the negative exponents in the sums that 
are the partition functions for vibration and rotation. They have the dimensions of temperature, 
which occurs in the denominator of the exponents. So high temperature means T» 0 V or 0 R and only 
then does the exponential become substantial. Thus, 0 V and $ K are measures of the temperature at 
which higher vibrational and rotational states, respectively, become significantly populated. 



hcB _ (2.998 x 10'° cm s- 1 ) x (6.626 x 10~ 34 J s ) x (60.864 cm- 1 ) 
R "~F~ (1.381 x 10" 23 J K _1 ) 

hev (6.626 x lO^ 34 J s) x (4400.39 cm" 1 ) x (2.998 x 10 10 cms-') 



87.55 K 



and 0 V = = — „ ' , v -= 6330 K 

v k (1.381 xlO- 23 J K"') 1 1 

(b) and (c) These parts of the solution were performed with Mathcad and are reproduced on the 
following pages. 

Objective: To calculate the equilibrium constant K(T) and C P (T) for dihydrogen at high temperature 
for a system made with n mol H 2 at 1 bar. 

H 2 (g)==2H(g) 

At equilibrium, the degree of dissociation, a, and the equilibrium amounts of H 2 and atomic hydro- 
gen are related by the expressions 

n Hl = (1 - a)n and « H = 2an 



386 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



The equilibrium mole fractions are 

x n , a)n/{(l - a)n + 2an} = (1 - a) /(I + «) 

x H = 2an/{(l - a)n + 2an} = 2a/(l + a) 
The partial pressures are 

pu 2 = (1- a)p/(l + a) and p H = 2apf(l + a) 
The equilibrium constant is 

KCT) = = 4«> = where p = f = 1 bar 

The above equation is easily solved for a 



a = (Kt{K + 4)) l/2 



The heat capacity at constant volume for the equilibrium mixture is 
C v (mixture) = «„C Kni (H) + n H2 C yjD (H 2 ) 

The heat capacity at constant volume per mole of dihydrogen used to prepare the equilibrium 
mixture is 

C v - C K (mixture)/n = {« H C Km (H) + n H2 Cy tm (H 2 )}fn 



2aC Km (H) + (\-a)C Km (H 2 ) 



The formula for the heat capacity at constant pressure per mole of dihydrogen used to prepare the 
equilibrium mixture (C p ) can be deduced from the molar relationship 

C p = {%C,,JH) + n Hi C,, ro (H 2 )}/« 

= — {Q m (H) + *} + ^MCV, m (H 2 ) + 
n n 

= n n C Km (H)+n H2 C v>m (H 2 ) | J ^h+Wh. 



= C y + R(l + a) 

Calculations 

J = joule 

mol = mole 

/i = 6.62608 xlO" 34 J s 

R = 8.31451 J K-' mol" 1 



s = second 
g = gram 

c = 2.9979 x K^ms" 1 
N A = 6.02214 xlO 23 mol 1 



kJ = 1000J 
bar=lxl0 5 Pa 
fc=1.38066xl0- 23 JKr' 
/?*=lbar 



Molecular properties of H 2 

v = 4400.39 cm- 1 B = 60.864 cm" 1 D = 432. 1 kj mol" 
_ 1 g mol 1 



m H = 



w H2 = 2m H 
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Vy - —— » R - — — 

Computation of K{T) and a(F) 

JV = 200 i = 0,...,N T i =50QK + 



i x 5500 K 
N 



1 7] 



9v,= 



a:. 



See Figures 16.5(a) and (b). 



(a) 1 



S 0.5 " 




(b) 100 




1000 



Figure 16.5(a) & (b) 



2000 



3000 4000 
71/K 



5000 6000 



Heat capacity at constant volume per mole of dihydrogen used to prepare the equilibrium mixture 
is (see Figure 16.6(a)) 
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6000 



Figure 16.6(a) 



CV(H)= 1.5R 



C Vi (H 2 ) = 



2.5R + 



By e-^v /2r '> 
jf X i _ e ev/r ; 



C Vt = 2a,Q(H) + (1 - a, )C K (H 2( ) 



The heat capacity at constant pressure per mole of dihydrogen used to prepare the equilibrium 
mixture is (see Figure 16.6(b)) 

C p =C Vi + R(l + a,) 




5000 6000 



Figure 16.6(b) 
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P16.16 The contribution to the heat capacity from this system of states is 

c,.-».(f)„« !l „.(f 

- "-"-"(^i-Tdi^'^ii), 

We need to evaluate q for the energy levels of the Morse potential given by eqn 12.38: 

E,= (v + \)hcv - (v + \) 2 hcvx e [12.38] 
Relative to £0 = 0 the energy expression can be written as E v = vhcv[[ -(v+ l)x e ]. 
Let hcv = u. Then, E,. = uv[\ - (v + l)xj. The partition function becomes 

''max l 'max ''max 

y max is the maximum value of v for the Morse oscillator before dissociation occurs. It can be 
2D 1 

calculated from tw» = — 1 .See the solution to Problem 12.24 for a derivation of this formula. 

v 2 

Since specific values of x„ v, and D e are required to solve this problem we will choose the case of 
HCl(g). Values of D„ v, and x e may be obtained from Table 12.2 and Problem 12.12. The value of 

x e can also be calculated from jc e = [12.38]. The heat capacity is calculated in the following 

MathCad worksheet and Figure 16.7. 

In this problem we will compare the heat capacity at constant volume of a Morse oscillator with the heat 
capacity of a harmonic osciHator for the case that is characterized by the following parameters for HCI: 

Depth of potential minimum: D 0 := 43.0 * TO 3 ■ cm- 1 

Fundamental frequency: v := 2989.7 cnv 1 

Anharmonicity constant: x, := 0.01 736 

Maximum quantum number of harmonic oscillator v^ := 29 

Maximum quantum number of Morse oscillator: Vm^^IKJ 

Constants: h := 6.6260693 - 1 0" 34 • jouie - sec c := 299792458;-™- • 

■ sec 

N A := 6.0221 41 5 - 1 0 23 • mole" 1 k := 1 .3806505 • 1 0" 23 • 

Energy levels: G(v,x) :=[(v + .5) v e -(v + .5) 2 -x-vJ-h-c sjtf := G(0,x) 
Energy levels relative to zero for the lowest energy: 

G4v,x):=G(v,x)-e JS (t v. ' 

Molecular partition function: ; ; ; " ; : •;*.■". 
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Mean eofpgyrli &24]s 



k-T 2 



T:=5K,25-K,.2000-k 



P16.18 



Cy(T .x^TMorse) 




2000 



Note the slight difference between the vibrational heat capacities of the harmonic-oscillator 
approximation and the Morse-oscillator approximation. Also note that for HCl(g) at room tem- 
perature the vibrational energy levels make essentially no contribution to the overall heat capacity 
of 29.12 J K _1 moK This is a result of the large spacing between the HC1 energy levels. 

(a) Ethene belongs to the D 2h point group, whose rotational subgroup includes E and three C 2 
elements around different axes, so a = 4. The rotational partition function of a non-linear molecule is 



R — __ 



1 ( kT 



<j[ he 



ABC 



After substituting for the constants this becomes 

1.0270 (77K) 3 ' 2 1.0270 x 298.15 3 ' 2 



9 * = 



<r (ABC/cm' 3 ) 112 (4) x (4.828 x 1 .0012 x 0.8282) ,/2 
(b) Pyridine belongs to the group, the same as water, so a = 2. 
1.0270 (77K) 3 ' 2 1.0270 x 298. 15 3 ' 2 



660.6 



a (ABC/cm-y 2 (2) X (0.2014 x 0.1936 x 0.0987) 1 ' 2 



4.26 x 10 4 
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P1 6.20 The partition function of a system with energy levels e(J) and degeneracies g(J) is 

j 

The contribution of the heat capacity from this system of states is 
dU 



f 

Cy = ~kp 2 



[Bp 



[16.31a 

'V 

■ 

where U~U(0) = -N 



d\nq) __N_(dq 



Express these quantities in terms of sums over energy levels 



V - C/(0) = -^-£ g (/) e (/)e-w> j 



q j 



and 



-I^)e 2 (^)e-^ ) - -2sCW)e-* lJ) ^ (1) 



= --XgU)e 2 C/)e- WJ) + ^X^W^'X^ 

Finally, a double sum appears, one that has some resemblance to the terms in £(/3). The fact that £(/3) 
is a double sum encourages us to try to express the single sum in C v as a double sum. We can do so 

by multiplying it by one in the form — , so 

q|r = -^X^)£V)e-^ 

Now, collect terms within each double sum and divide both sides by -N: 



Clearly the two sums could be combined, but it pays to make one observation before doing so. The 
first sum contains a term £ 2 (J), but all the other factors in that sum are related to J and J' in the 
same way. Thus, the first sum would not be changed by writing e 2 (/0 instead of e 2 (J); furthermore, 
if we add the sum with e V) to the sum with e 2 (J\ we would have twice the original sum, therefore 
we can write (finally combining the sums): 

= wit ^ J ^ r ^~ mJ ^^ + e2 < 7 '> - w)i 

Recognizing that e 2 (J) + e\J') - 2e(J)e(J') - [e(J) - e(J')f, we arrive at 
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For a linear rotor, the degeneracies are g(J) = 2J+l. The energies are 

= hcBJ(J+ 1) = 6 K kJ(J+ 1) 
so p£(J) = e K J(J+\)lT 

The total heat capacity and the contributions of several transitions are plotted in Figure 16.8. 
One can evaluate C Vt JR using the following expression, derivable from eqn (1) above. It has the 
advantage of using single sums rather than double sums. 

%- = -Ig(W)e" w/) - 4fl^)W) e ~H 
K q } q \ j J 



1.2 



0.8 



5 0.6 



0.4 



0,2 





Total 








0,1 




















\ 0,2 














1,3 






1,2 









0,3 



2 3 
Temperature, T/Q R 



Figure 16.8 



COMMENT. C(£) is defined in such a way that J and J' each run independently from 0 to infinity. Thus, identi- 
cal terms appear twice. (For example, Poth (0,1) and (1 ,0) terms appear with identical values in ftp). In the 
plot, however, the (0,1) curve represents both terms.) One could redefine the double sum with an inner sum 
over J' running from 0 to J - 1 and an outer sum over J running from 0 to infinity. In that case, each term 
appears only once, and the overall factor of \ in C v would have to be removed. 

P16.22 Eqn 1 6.42 relates the second virial coefficient to the pairwise intermolecular potential energy: 
B = —2nN A fr 2 dr, where / = e"^ - 1 

J 0 

In order to relate the pairwise potential to the van der Waals equation, we must express that equa- 
tion as a virial series. The equations are 

t __ , RT a ... RT ( B 

van der Waals /> = ———-—; virial p = -—\\ + — + ... 

m ^ m til \ m 
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Expand the van der Waals equation as a power series in l/V a 



P = 



RT a RT 

V m (l-bIVJ Vi~ V m 



r m 



V 2 



RT 



Thus, the second virial coefficient in terms of van der Waals parameters is 

B = b- — 
RT 

The pairwise potential and Mayer /-function are: 

forO<r<r, £ P ->oo e ^ £p = 0 /=-l 

for r : <r<r 2 £ P ->-e t~^ = t !k f=e~* e ~l>0 

for r 2 <r £ P ->0 e -^ = l f=0 



So, 



B 



-2xN* 



fr 2 dr = -\ r 2 
o Jo 



dr + (e" £ -l)[ 
J t 



,2 dr=: _^ + ( e^_i)|^_Zl 



3 A 



Expand the exponential because e <k kT , so /te «: 1 



Comparing this result to the virial coefficient from the van der Waals equation, we identify 



b = 



2nN x r\ 



and a = 



2xN K e m {r\-r\) 



where e m is e expressed as a molar quantity. Thus, the van der Waals b is proportional to the volume 
of the hard-sphere (repulsive) part of the potential. The a parameter is more complicated, but it is 
where the attractive part of the potential appears, including both the depth of the attractive well 
and the range of distances over which it operates. 

Use eqn 16.45 to compute the limiting isothermal Joule-Thomson coefficient: 
dB 

hmfi T = B-T — 
/>->° d7" 



2aN A 
3 

2nN, 



eir\-r\)\ ^2nN A \ e{r\- r]) 



kT 

2e(rj-r?) 
kT 



-T 



= b- 



kT 2 



2a 
~RT 



The Joule-Thomson coefficient itself is [2.53] 



Hr _ 2nN A \ 2e{rl-r\) 
C 3C„ I kT 





( 

b 


2a s 






RT 






C > J 
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P16.24 All partition functions other than the electronic partition function of atomic I are unaffected by a 
magnetic field, hence the relative change in K is due to the relative change in q B : 

Mj 

Since g/i B /J#«: 1 for normally attainable fields, we can expand the exponentials 

Mj { I 



= 4 



Mj 



This partition function appears squared in the numerator of the equilibrium constant expression. 
(See solution to Exercise 16.20(a).) Therefore, if Kis the actual equilibrium constant and K° is its 
value when <B= 0, we write 



K_ 



10 



20 



i+— (v B pvy -i+— a4/w 



For a shift of 1%, we require 

f juij3 2 « 2 =0.01, or ^ Bj S® = 0.067 
Hence, 

0.067fcr (0.067) x (1 .38 1 x 10" 23 J K ') x (1000 K) 



9.274 xl0" 24 JT- 



100 T 



Solutions to applications 

P16.26 S = k\n W[\5.21] 

so S = k\n4 N = Nk\n4 

= (5 x 10 8 ) x (1.38 x 10- 23 J K" 1 ) x ln4 



9.57xl0" 15 JK- 



Question. Is this a large residual entropy? The answer depends on what comparison is made. Multi- 
ply the answer by Avogadro's number to obtain the molar residual entropy, 5.76 x 10 9 J K _1 mol 1 , 
surely a large number — but then DNA is a macromolecule. The residual entropy per mole of 
base pairs may be a more reasonable quantity to compare to molar residual entropies of small 
molecules. To obtain that answer, divide the molecule's entropy by the number of base pairs before 
multiplying by 7V A . The result is 11.5 J K" 1 mol -1 , a quantity more in line with examples discussed in 
Section 16.7. 
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P16.28 The standard molar Gibbs energy is given by 

Gl-Gl(0) = RT]n^, where ^ = ^<?W [16.51] 
N A N A N A 

Translation: (See the solution to Problem 16.6 for all partition functions.) 

^2- = 2.561 x 10" 2 (r/K) 5/2 (M/g mol" 1 ) 3 ' 2 
N A 

= (2.561 x lO" 2 ) x (2000) 5/2 x (38.90) 3 ' 2 = 1.111 x 10 9 

Rotation of a linear molecule: 

„ kT 0.6950 77 K 
q R = ~ x 



chcB a 5/cm" 1 
The rotational constant is 

4ttc/ 4ncm t $R 2 

where 00.81) x (28.09) 10* k, mol- 

* m B +m si 10.81 + 28.09 6.022 x 10 23 mol 1 B 

~ 1.0546 x 1 0- 34 J s 

B = = 0.5952 cm 1 

4*(2.998 x 10 10 cm s' 1 ) x (1.296 x 10" 26 kg) x (190.5 x 10~ 12 m) 2 

. 0.6950 2000 

so q R = x = 2335 

H 1 0.5952 

Vibration: 

q v = 1 = ! = l - = 2.467 

l _ Q -hcMT f-1.4388(v/cm- 1 ) > l , ( -1 .4388(772) N 



1 - exp 



1 - exp 



J 



2000 



r/K 

The Boltzmann factor for the lowest-lying electronic excited state is 
' -(1 .4388) x (8000)^ 



exp 



2000 



= 3.2 x 10- 3 



The degeneracy of the ground level is 4 (spin degeneracy = 4, orbital degeneracy =1), and that of 
the excited level is also 4 (spin degeneracy = 2, orbital degeneracy = 2), so 

q E = 4(1 + 3.2 xl0" 3 ) = 4.013 

Putting it all together yields 

Gl- G*(0) = (8.3145 J mol" 1 K" 1 ) x (2000 K) 

x ln[(l.ll 1 x 10 9 ) x (2335) x (2.467) x (4.013)] 



= 5.135 x 10 5 J mol _1 = 



513.5 kJ mol" 1 
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P16.30 The standard molar Gibbs energy is given by 

Gl-GZ(0) = RT\n^ where = ^q R q v q E [16.51] 

See Problem 16.28 above for partition function expressions. First, at 10.00 K 

Translation: = 2.561 x 10- 2 (77K) 5/2 (M/g mol' 1 ) 3 ' 2 

= (2.561 x 10" 2 ) x(10.00) 5/2 x(36.033) 3/2 = 1752 
Rotation of a non-linear molecule: 

q R = if Y' 2 f _JL_1' /2 = im10 x (^ /K ) 3/2 



o-^/ieJ {ABC) o (ABC/car 3 ) 112 

The rotational constants are 
h 

B = , so ABC - 



4#c/ { 4?tc J / a /bA 

3 



~~- f 1.0546 x 1 0" 34 J s > 
^4^(2.998 xlO 10 cms"') j 



(10 ,0 Am-') 6 



(39.340) x (39.032) x (0.3082) x (m u A 2 ) 3 x (1.66054 x 10" 27 kg u" 1 ) 3 
= 101.2 cm" 3 



so q*=—^* \„ =1-614 



1. 0270 (10.00) 
2 X (101.2) 

Vibration: for each mode 

^ = 1 = ! = — 1 = 1.0001 

l-e-* rfftr f-1.4388(v7cnr 1 ) > | , (-1.4388(63.4) 



1 - exp 



77K 



1-exp 



10.00 



Even the lowest-frequency mode has a vibrational partition function of 1, so the stiffer vibrations 
have q y even closer to 1. The degeneracy of the electronic ground state is 1, so q E = 1. Putting it all 
together yields 

Gl - G*(0) = (8.3145 J mol 1 K 1 ) x (10.00 K)ln[(1752) x (1.614) x (1) x (1)] 
= 660.8 J mol- 1 
Now, at 1000 K 

Translation: ^- = (2.561 x 10" 2 ) x (1000) 5 ' 2 x (36.033) 3 ' 2 = 1.752 x 10 8 



1.0270 (1000) 3/ 2 
(101.2) 1 



Rotation: 9 R = i^ x i^L_ = i 6 i4 
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Vibration: q\ = 



\ 

(].4388)x(63.4)' 



= 11.47 



= 1.207 



<?3 = 



1 



= 1.056 



l-exp(- ^g^ ) 
4 V = (1 1 .47) x (1 .207) x (1 .056) = 14.62 
Putting it all together yields 

G*(0) = (8.3145 J mol" 1 K _1 ) x (1000 K) x ln[(1.752 x 10 8 ) x (1614) x (14.62) x (1)] 
= 2.415 x 10 5 J mol" 1 = 1241.5 kJ moT 




Molecular interactions 



Answers to discussion questions 



D17.2 When the applied field changes direction slowly, the permanent dipole moment has time to 



reorientate — the whole molecule rotates into a new direction — and follows the field. However, 
when the frequency of the field is high, a molecule cannot change direction fast enough to follow 
the change in direction of the applied field and the dipole moment then makes no contribution to 
the polarization of the sample. Because a molecule takes about 1 ps to turn through about 1 radian 
in a fluid, the loss of this contribution to the polarization occurs when measurements are made 
at frequencies greater than about 10" Hz (in the microwave region). We say that the orientation 
polarization, the polarization arising from the permanent dipole moments, is lost at such high 
frequencies. 

The next contribution to the polarization to be lost as the frequency is raised is the distortion polar- 
ization, the polarization that arises from the distortion of the positions of the nuclei by the applied 
field. The molecule is bent and stretched by the applied field, and the molecular dipole moment 
changes accordingly. The time taken for a molecule to bend is approximately the inverse of the 
molecular vibrational frequency, so the distortion polarization disappears when the frequency of 
the radiation is increased through the infrared. The disappearance of polarization occurs in stages: 
as shown in Justification 17.3, each successive stage occurs as the incident frequency rises above the 
frequency of a particular mode of vibration. 

At even higher frequencies, in the visible region, only the electrons are mobile enough to respond to 
the rapidly changing direction of the applied field. The polarization that remains is now due entirely 
to the distortion of the electron distribution, and the surviving contribution to the molecular polar- 
izability is called the electronic polarizability. 



Fis the potential energy of interaction between a point dipole ii, and the point charge Q 2 at the 
separation r. The point charge lies on the axis of the dipole and the separation r is much larger than 
the separation of charge within the dipole so that the partial charges of the dipole seem to merge 
and cancel to create the so-called point dipole. 



D17.4 



(a) V = - 



4rce 0 r 2 



[17.18] 



(b) V = - 



Q 2 ii x cosfl 
47i£ 0 r 2 
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Kis the potential energy of interaction between a point dipole /i, and the point charge Q 2 at the 
separation r. The point charge lies at an angle S to the axis of the dipole and the separation r is much 
larger than the separation of charge within the dipole so that the partial charges of the dipole seem 
to merge and cancel. 

( C ) v= tofhf(Q)^ where = i _ 3 C os 2 0 [17.22] 
4n£ 0 r 3 

Vis the potential energy of interaction between the two point dipoles /i, and fi 2 at the separation r. 
The dipoles are parallel and the separation distance is at angle $ to the dipoles. The separation r 
is much larger than the separation of charge within the dipoles so that the partial charges of the 
dipoles seem to merge and cancel. 

D1 7.6 There are three van der Waals type interactions that depend on distance as 1/r 6 ; they are the Keesom 
interaction between rotating permanent dipoles, the permanent-dipole-induced-dipole interaction, 
and the induced-dipole-induced-dipole, or London dispersion, interaction. In each case, we can 
visualize the distance dependence of the potential energy as arising from the 1/r 3 dependence of the 
field (and hence the magnitude of the induced dipole) and the 1/r 3 dependence of the potential 
energy of interaction of the dipoles (either permanent or induced). 

D17.8 The increase in entropy of a solution when hydrophobic molecules or groups of molecules cluster 
together and reduce their structural demands on the solvent (water) is the origin of the hydrophobic 
interaction that tends to stabilize clustering of hydrophobic groups in solution. A manifestation of 
the hydrophobic interaction is the clustering together of hydrophobic groups in biological macro- 
molecules. For example, the side chains of amino acids that are used to form the polypeptide chains 
of proteins are hydrophobic, and the hydrophobic interaction is a major contributor to the tertiary 
structure of polypeptides. At first thought, this clustering would seem to be a non-spontaneous 
process as the clustering of the solute results in a decrease in entropy of the solute. However, the 
clustering of the solute results in greater freedom of movement of the solvent molecules and an 
accompanying increase in disorder and entropy of the solvent. The total entropy of the system has 
increased and the process is spontaneous. 

D17.10 A molecular beam is a narrow stream of molecules with a narrow spread of velocities and, in some 
cases, in specific internal states or orientations. Molecular beam studies of non-reactive collisions 
are used to explore the details of intermolecular interactions with a view to determining the shape 
of the intermolecular potential. 

The primary experimental information from a molecular beam experiment is the fraction of the 
molecules in the incident beam that are scattered into a particular direction. The fraction is nor- 
mally expressed in terms of d/, the rate at which molecules are scattered into a cone that represents 
the area covered by the 'eye' of the detector (Figure 17.15 of the text). This rate is reported as the 
differential scattering cross-section, a, the constant of proportionality between the value of dl and 
the intensity / of the incident beam, the number density of target molecules, 9i, and the infinitesimal 
path length dx through the sample: 

dI=oI*Cdx [17.35] 

The value of a (which has the dimensions of area) depends on the impact parameter, b, the initial 
perpendicular separation of the paths of the colliding molecules (text Figure 17.16), and the details 
of the intermolecular potential. 
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The scattering pattern of real molecules, which are not hard spheres, depends on the details of the 
intermolecular potential, including the anisotropy that is present when the molecules are non- 
spherical. The scattering also depends on the relative speed of approach of the two particles: a very 
fast particle might pass through the interaction region without much deflection, whereas a slower 
one on the same path might be temporarily captured and undergo considerable deflection (text 
Figure 17.18). The variation of the scattering cross-section with the relative speed of approach 
therefore gives information about the strength and range of the intermolecular potential. 

Another phenomenon that can occur in certain beams is the capturing of one species by another. 
The vibrational temperature in supersonic beams is so low that van der Waals molecules may be 
formed, which are complexes of the form AB in which A and B are held together by van der Waals 
forces or hydrogen bonds. Large numbers of such molecules have been studied spectroscopically, 
including ArHCl, (HC1) 2 , ArC0 2 , and (H 2 0) 2 . More recently, van der Waals clusters of water 
molecules have been pursued as far as (H 2 0) 6 . The study of their spectroscopic properties gives 
detailed information about the intermolecular potentials involved. 

Solutions to exercises 



E1 7.1(b) A molecule that has a centre of symmetry cannot be polar. S0 3 , which has a trigonal planar 
structure (£> 3h ), and XeF 4 , which is square planar ( D 4h ), cannot be polar. |SF 4 | (see-saw, C 2v ) may be 
polar. 



E1 7.3(b) it = ^Q,r, = 4e(0)-2er 2 -2er 3 , where r 2 = ix 2 and r 3 = ix 3 +jv 3 

i 

x 2 = +162 pm 

x 3 = r 3 cos30° = (+143 pm) x (0.866) = 124 pm 
y 3 = r 3 sin 30° = (143 pm) x (0.500) = 7 1 .5 pm 
The components of the vector sum are the sums of the components. 
fi x = -2ex 2 - 2ex 3 = -2e x {(162) + (124)} pm = -e x (572 run) 
Hy - -2eyi = -2e x (71.5 pm) = -ex (143 pm) 



E1 7.2(b) 



A- = 0*f + + tolh cos0)" 2 [1 7.2a] 

= [(2.5) 2 + (0.50) 2 + (2) x (2.5) x (0.50) x (cosl20°)] 1/2 D = 




H = (fil+H 2 y r [17.3b] 
= e x {(572 pm) 2 + (143 pm) 2 } l/2 = (1.602 x 10 19 C) x (590 x 10" 12 m) 




The angle that pL makes with the x-axis is given by 
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E1 7.4{b) The H-Cl bond length of a hydrogen chloride molecule is 127.45 pm and the Mg + cation is 300 pm 
from the dipole centre. Because these lengths are comparable, a calculation based on the assump- 
tion that the hydrogen chloride dipole acts like a point dipole with a dipole length much shorter 
than the dipole-ion distance is unlikely to provide an accurate value of the dipole-ion interaction 
energy. However, such a calculation does provide an 'order-of-magnitude' estimate. The minimum 
value of the dipole-ion interaction occurs with the dipole pointing toward the cation. 

t/ ~ A*HCi(?Mg> rn 1P1 _ 2u HC1 e 
V ™» -"4^ [17 - 18] -"W 

2 x (1.08 D) x (3.336 x lO^CmP-') x (1.602 x 1Q-' 9 C) 
(1.113xl0 10 J- 1 C 2 m- 1 )x(300xl0- 12 m) 2 
~-1.15xlO- |9 J 

The interaction potential becomes a maximum on flipping the dipole. This effectively changes the 
sign of the dipole in the previous calculation, giving 

K_~1.15xl0^J 

The work w required to flip the dipole is the difference V max - V^: 

W ~V - V =2 30x 10" 18 J 

w 'max ' mm ^ 1 " J 



Wm=wN*~ 1.39xl0 3 kJmol- 



E1 7.5(b) The induced dipole moment of NH 3 is 

/i£ H3 = ct<E [17.4] = 4jEe 0 a^ 3 £ [17.5] 

= 4n x (8.854 x 10" 12 J-' C 2 m 1 ) x (2.22 x 10" 30 m 3 ) x (15.0 x 10 3 V nr 1 ) [1 J = 1 C V] 

ID 



= (3.71xl0- 36 Cm)x 



3.33564 xlO- 30 Cm 



1.00 |iD 



Thus, we see that the induced dipole is much smaller than the permanent dipole moment of NH 3 
(1.47 D). 



E1 7.6(b) Polarizability a, dipole moment //, and molar polarization P m are related by 

In order to solve for a, it is first necessary to obtain fi from the temperature variation of P n 
3£nP m 



a + 



IkT N A 



Therefore, — - 
[3k) 



_L__L 

T ~ T 



3e, ^ 



A J 



x(P m -rj [i^at^^atr] 
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and hence, 



2 9e 0 kx(P m -P' m ) 
V = — 



-. 1 1 

N, x — - — 



T V 

_ 9 x (8.854 x 1Q-' 2 J- 1 C 2 m-') x (1.381 x 10~ 23 J K~') x (75.74 - 71 .43) x lQ- 6 m 3 mol- 1 

( 1 1 

(6.022 xlO 23 mol" 1 ) x 



320.0 K 421.7 K 



= 1.045 xlO- 59 C 2 m 2 
/i = 3.23x!0- 30 Cmx 



ID 



3.33564 xlO" 30 Cm 



0.968 D 



_ 3g 0 P m ft 2 _ 3 x (8.854 x 1Q- 12 J-'C'nr 1 ) x (75.74 x lQ- 6 m 3 mol-') 
a ~ N A 3kT~ 6.022 xlO 23 mol" 1 

1.045 xlO 59 C 2 m 2 



3 x (1 .381 x 10 23 J K- 1 ) x (320.0 K) 



2.56xl0" 39 J- 1 C 2 m 2 



Corresponding to a' = [17.5] = 2.29 x 10" 29 m 3 

4tc£ 0 1 



E1 7.7(b) M= 85.0 g mol" 1 

pPr* 



e r -l = -^-fx( £r + 2) [17.14] 
M 



e r = 1 + 



2pP m 



E1 7.8(b) 



M + 2pP m 85.0gmol- ! + 2x(1.92gcm- 3 )x(32.16cm 3 mol- 1 ) _ 
£ — = = 5.9/ 

M-pP m 85.0 g mol" 1 -(1 .92 g cm" 3 ) x (32. 16 cm 3 mol" 1 ) 
n r = (f r ) ,/2 [17.17] and -^^ = ^^[17.16] 



e, + 2 3Me 0 



Therefore, 



_ Me J n 2 T -\ } _ 3 x (65.5 g mol-') x (8.854 x 10~ 12 J-' C 2 m~ l ) ( 1.622 2 -P 
a ~ P N A (n 2 + 2J~ (2.99 x 1 0 6 g nr 3 ) x (6.022 xlO 23 mol 1 ) *[l.622 2 +2 ; 



3.40xlO- 40 J- 1 C 2 m 2 



E1 7.9(b) 



a' = — [17.5] 
4tk 0 



a = 4x£ 0 a' = (l.l 1265 x lO"' 0 J - ' C 2 m" 1 ) x (2.2 x 10" 30 m 3 ) = 2.45 x 10" 40 J -1 C 2 m 2 
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Let 



E1 7.1 0(b) 



E1 7.1 1(b) 



P N K a = (865 x 10 s g nr 3 ) x (6.022 x 10 23 moL 1 ) x (2.45 x 1Q- 40 J" 1 C 2 m 2 ) _^ , 
~ 3Me 0 " 3x(72.3gmol- 1 )x(8.85419xl0- 12 J-'C 2 m- 1 ) 

and solve the Clausius-Mossotti eqn [1 7.16] for e r with which we calculate the refractive index, 
e - 1 

= C [17.16, the Clausius-Mossotti eqn] 



e T + 2 

1 + 2C 1 + 2 x (0.0665) 



l-C 



1-0.0665 



=^ = 1.2137 



« r = e^[17.17] = (1.2137) 1/2 = 



1.10 



- 5. 1 7 x 10" 30 C m for bromobenzene (1 57.00 g mol" 1 ) 
a = 4jk 0 a' [1 7.5] = (1 .1 1265 x 10" 10 J -1 C 2 nr 1 ) x (1 .5 x 10~ 29 m 3 ) = 1 .67 x 10" 39 J" 1 C 2 m 2 

= Nj h 2 ) n? 151= 6.022 xlO 23 mol- 1 
m 3e 0 [ a+ 3kT) [ ' J 3x(8.85419xl0- ,2 J-'C 2 ra- 1 ) 



x (1.67 xlO- 39 J- 1 C 2 m 2 ) + 



(5.17xl0- 30 Cm) 2 



3 x (1.3807 x 10 _23 J K" ! ) x (298.15 K) ) 



= 8.69 xl0- 5 m 3 mol- 



Let 



P P m _ (1 .491 x 10* g m- 3 ) x (8.69 x 10~ 5 m 3 mol-') _ ? 
M 157.00 g mol" 1 

and solve the Debye eqn [17.14] for e r 
= C [17.14, the Debye eqn] 

e r + 2 

1 + 2C 1 + 2 x (0.825) 



l-C 1-0.825 



15 



[17.25] = - 



2(/ Ar+ / Ar )r 6 4r« 

3 x (1.66 x 10- 30 m 3 ) 2 x (1520.4 kJ mol-') 
4x(L0xl0- 9 m) 6 



3.1 J moH 



E1 7.1 2(b) Using the partial charge presented in Table 17.2, we estimate the partial charge on each hydrogen 
atom of a water molecule to be Q H = 5e where 5 = 0.42. The electroneutrality of an H 2 0 molecule 
implies that the estimated partial charge on the oxygen atom is Q Q = -28e. With a hydrogen bond 
length of 170 pm, the point charge model of the hydrogen bond in a continuum of water estimates 
the potential of interaction to be 
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v = 



[17. 1 2b] 



4ner 4jie r e 0 r 

2(0.42 x 1.60 xl0 19 C) 2 

4jt(80) x (8.85 x 10-' 2 J" 1 C 2 m" 1 ) x (170 x 10" 12 m) 

The molar energy required to break these bonds is 



= -6.0xl0- 21 J 



E m = -NaV = -(6.022 x lO^mol- 1 ) x (-6.0 x 10" 21 J) = 



3.6 kJ mol 



E1 7.1 3(b) 



The model of point charges embedded within a continuum of water yields an estimate of the hydro- 
gen bond strength that is well below the experimental value of about 20 kJ mol 1 . The excessively 
low estimate has been caused by the assumption that water around the point charges behaves as a 
continuum of matter. This significantly overestimates the ability of the surrounding water mole- 
cules to modulate the point-charge interaction. 

M = .8.02 g mol-' 
p 0.9940 g cm- 3 

p = p * Q 2yv m nyrRT [i7.5i ? the Kelvin eqn] 

2 x (72.75 x 10" 3 N m" 1 ) x (18.13 x 10- 6 m 3 mol-') 



= (5.623 kPa) x exp 



(20.0 x 10" 9 m) x (8.3145 J K' ] moH) x (308.15 K) 



= 5.92 kPa 



E1 7.1 4(b) y = \pgrh [17.40] 



= \ x (995.6 kg m" 3 ) x (9.80665 m s^ 2 ) x (0.320 x 10" 3 m) x (9.1 1 x 10" 2 m) 



= 0.1423 kg s" 2 = 142 mN m 



2r ri _ , T , , 2x(22.39xl0- 3 Nm-') 
E17.15(b) p- m - p out = -L [17.38, the Laplace eqn] = 2 20xl0- 9 m 



= 2.04 x 10 s Nm- 2 = 



204 kPa 



Pressure differentials for small droplets are quite large. 



P17.2 



Solutions to problems 

Solutions to numerical problems 

Refer to Figure 17.1 of the text, and add moments vectorially using fi = 2/i, cos \% [17.2b]. 

(a) /7-xylene: the resultant is zero, so u = [o] 

(b) o-xylene: ju = (2) x (0.4 D) x cos 30° = 



0.7 D 



(c) w-xylene // = (2) x (0.4 D) x cos60° = 



0.4 D 



The />-xylene molecule belongs to the group Z> 2h , and so it is necessarily non-polar. 
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P17.4 The energy of the dipole is -ju,*£in the electric field £. To flip it over requires a change in energy of 
2 J u 1 £. This will occur when the energy of interaction of the dipole with the induced dipole of the 
Ar atom equals 2 J u 1 E. The magnitude of the dipole-induced-dipole interaction is 



\V\ = 



4n£ 0 r 6 



r 6 = 



[17.24] = 2^,£ [after flipping over] 

(6.17 x 10- 30 C m) x (L66 x 10- 30 m 3 ) 



87t£ 0 £ (8jc) x (8.854 x 10" 12 J" 1 C 2 nr 1 ) x (1.0 x 10 3 V nr 1 ) 
r = 1.9xl0- 9 m = 



= 4.6xl0" 53 m 6 



1.9 nm 



COMMENT. This distance is about 1 1 times the radius of the Ar atom. 



P17.6 /> = — X 



f F - 1 ^ 4ji N* u 2 

1 [17.14] and P m = — N A a' + — [17.15, with a = 4%e 0 a'] 



p {e T +2j 3 9e 0 kT 

Eqn 17.15 indicates that, when the permanent dipole moment jj. contributes to the molar polariza- 
tion in a manner that is consistent with thermal averaging of the electric dipole moment in the 
presence of the applied field (i.e. free rotation), a plot of P m against \IT should be linear with an 

4* dP m N A fi 2 

intercept at 1/7"= 0 equal to — N A a' and a constant slope for which equals ~^~~r- Eqn 17.15 

3 o.(l/T) 9eq/c 

4ji 

is replaced by the Clausius-Mossotti expression, P m = — N A cc' [17.16], in the case for which either 

the molecules are non-polar or because the frequency of the applied field is so high that the 
molecules cannot orientate quickly enough to follow the change in direction of the field. 

To examine the possibility that either solid or liquid methanol exhibits the characteristics of eqn 
17.14 or eqn 17.16, we draw up the following table and prepare the Figure 17.1 plot of P m against 
1/r. The molar polarization P m is calculated with eqn 17.14 at all temperatures and, since the data 
have been corrected for the variation in methanol density, we use p = 0.791 g cm -3 for all entries and 
Af=32.0gmol" 1 . 



0/°C 


-185 


-170 


-150 


-140 


-110 


-80 


-50 


-20 


0 


20 


77K 


88 


103 


123 


133 


163 


193 


223 


253 


273 


293 


1000 






















T/K 


11.3 


9.69 


8.12 


7.51 


6.13 


5.18 


4.48 


3.95 


3.66 


3.41 


E r 


3.2 


3.6 


4 


5.1 


67 


57 


49 


43 


38 


34 




0.42 


0.46 


0.50 


0.58 


0.957 


0.949 


0.941 


0.933 


0.925 


0.917 


£ r +2 






















P m /(cm i mol- 1 ) 


17.1 


18.8 


20.2 


23.4 


38.7 


38.4 


38.1 


37.7 


37.4 


37.1 



Inspection of Figure 17.1 reveals that the molar polarization P m is not a linear function of l/TTor 
either the solid or liquid phase of methanol, nor is it a constant for either phase. Thus, we conclude 
that the conditions of eqns 17.15 and 17.16 are not applicable and it is not possible to extract 
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reliable values for either the polarizability volume or the dipole moment from this data. The data 
do provide valuable conceptual information about molecular motion in the condensed phases. 



P17.8 



40 -i 



35 - 



30 - 



~- 25 - 



^ 20 



15 



j • 






Liquid phase ! 


Solid phase 




Melting point 
_| . r i — f 


• 

• 

• 

i i - 


• 



10 



12 



1000 K/T 



Figure 17.1 



Figure 17.1 indicates that, as the temperature of liquid methanol is reduced, P m increases less 
rapidly than would be expected for the linear case of thermal equilibrium of the dipole with the 
applied field. The progression toward lower temperatures appears to have a negative second-order 
component, which extends into the solid phase. The second-order regression fit for B < -1 10°C 
reflects this significant non-linearity: 

PJcm 3 mol- 1 = 3 1 .246 + 2.3788 x (10 3 K/T) - 0.1904 x (10 3 K/T)\ with R 2 = 0.9914 

This indicates that hydrogen bonding between methanol molecules is hindering molecular rotation 
and reducing the orientation polarization. The effect extends below the melting point with the 
-1 10°C data point exhibiting liquid-like, hindered rotation. The large decline of P m below -1 10°C 
is interpreted as corresponding to a stronger hindrance of the dipole moment rotation but the 
non-constancy of P m seems to indicate that rotational excitation is never completely eliminated. 

P m = y N K a' + [1 7. 1 5, with a = 4™ 0 a'] 



di> m 



to 



Eqn 17.15 indicates that a plot of P m against 1/7" should be linear with a slope, ~^yfj> equal 

Na/i 2 4jc 

and a l/r= 0 intercept that equals — N A a r . Therefore, we draw up the following table and 

prepare a plot f P m against l/T. If it is linear, we perform a linear least-squares regression fit of the 
plot so as to acquire the slope and intercept from which we calculate a' and fi. A suitable plot is 
shown in Figure 17.2. 



77K 


384.3 


420.1 


444.7 


484.1 


522.0 


1000 
77 K 

/V(cm 3 mol" 1 ) 


2.602 
57.4 


2.380 
53.5 


2.249 
50.1 


2.066 
46.8 


1.916 
43.1 
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1.9 2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 
1000 K 



Figure 17.2 

The plot of P m against l/Tis linear with a regression fit that gives an intercept of 3.44 cm 3 mol -1 (not 
shown in the figure), and the slope is such that dPJd(l/T) = 2.08 x 10 4 cm 3 mol 1 K. It follows that 



3P m (at intercept) = 3 x (3.44 cm 3 mol-) = | 136xl0 - 2W | 
4tiA^ a 4tc x (6.022 xlO 23 mol" 1 ) 1 1 



H 2 = 



9e 0 k dP m 
N A d(l/T) 



9 x (8.85419 x lO" 12 J 1 C 2 m- 1 x (1.3807 xlO' 23 J K-'l ^ A0 lft , , . 

-— — ' v , , > x (2.08 x 1 0" 2 m 3 mol" 1 K) 

6.022 xlO 23 moH J 



= 3.80xl0" 59 C 2 m 2 



P17.12 



^ = (3.80xl0" 59 C 2 m 2 ) 1/2 x 



ID 



3.33564 xlO" 30 Cm 



1.85 D 



P1 7.10 Let the partial charge on the carbon atom equal 8e and the N-to-C distance equal /. Then, 



u = 5el [17.3a] or 6 = — 
el 



8 = 



(1.77 D) x (3.3356 x 1Q- 30 C m D 1 ) _ 
(1.602 x 10" l9 C) x (299 x 10" 12 m) ~ 



0.123 



A plot of surface tension y against surfactant concentration [A] is shown in Figure 17.3. It is linear 
and the regression fit, summarized in the figure, gives a slope equal to -25.657 x 10~ 6 N m 2 mol -1 . 
Solving eqn 17.50 for the surface excess T [A] indicates that the surface excess is proportional to the 
bulk concentration. 



r »'=-$ISj [17 - 501 =- 

= (1.05 xlO" 5 mol m" 2 )x 



(-25.657 xlQ- 3 Nm-') 
(8.31447 J K-mol 1 ) x (293.15 K) 



[A] 



mol dm 



[A] 



mol dm" 



) 
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Solutions to theoretical problems 

P17.14 Since the refractive index n T and, therefore, the relative permittivity £ r are close to 1, we infer that 
the dipole moment does not contribute to the molar polarization because either the gas-phase 
molecules are non-polar or the molecular rotational frequency is much lower than the frequency of 
the applied electric field, which is the case for infrared, visible, and ultraviolet radiation . Furthermore, 

e - 1 

the observation that the ratio C = — must be much less than 1 greatly simplifies mathematical 

e r + 2 

manipulations. 

£i~_L = £*!*EL [n.16, Clausius-Mossotti eqn] = [p = Mp/RT, perfect gas] = C 

e r + 2 3Afe 0 l£ Q kT 

Solving the Clausius-Mossotti eqn for e T gives 

1 + 2C ap 
e,= , where C = 



I - C 3e Q kT 

= (1 + 2C) x (1 - C + C 2 - C 3 + • • ■) [Taylor series expansion of (1 - C)~ ] for C « 1] 

- 1 + C [second- order and higher powers are insignificantly small and may be discarded] 

« r =(l + C)" 2 [17.17] 
-\ + \C [Taylor expansion, discard higher -order terms] 

= 1 + -— — p 
6e 0 kT 

Thus, n T is linear in pressure p with an intercept equal to 1, which corresponds to a vacuum. The 
, is so small (-10" 4 bar -1 ) that we normally consider the refractive index of a gas to be 



slope. 



a 



6£f,kT 



1 .00. Very sensitive measurements of the refractive index as a function of pressure may be used to 
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find the polarizability. Solving the above equation for a gives the computational equation using 
measured values of temperature, pressure, and refractive index: 

a = 6£ 0 kTx (« r - X)lp 

The polarizability volume is calculated with 

a' = a/47t£ 0 [17.5] 



P1 7.1 6 Consider a single molecule surrounded by N- 1 (= N) others in a container of volume V. The number 

N 

of molecules in a spherical shell of thickness dR is 4nR 2 x —dR. Molecules cannot approach more 
closely than the molecular diameter d so R > d and therefore the pair interaction energy is 



-r. 



4-A >: : I — t > 



R 6 



dR = 



r dR_( 4kNCA (j. 



-4kNC 6 
3Vd' 



The mutual pairwise interaction energy of all AT molecules is U = \ Nu (the y appears because each 
pair must be counted only once, i.e. A with B but not A with B and B with A). Therefore, 



U = 



3Vd> 



, „, - - ~ , 3t/ 1 2kN 2 C 6 

For a van der Waals gas, = = 

5 ' v 2 \dVj 3V 2 d 3 



and therefore a ~ 



2nN 2 C 6 
3d' 



[N~nN A ]. 



P1 7.18 The number of molecules in a volume element dr is %tdz where fl£ is the number density. The energy 
of interaction of these molecules with one at a distance r is V(r)C\Cdr, where V{f) is the pair inter- 
action energy, not the volume. The total interaction energy of all molecules with the one at the centre, 
taking into account an isotropic distribution around a centre molecule so that dz = 4nr 2 dr, is there- 
fore 9i | V(r)dz = 4n$i^ V(r)r 2 dr, where d is the radius of a molecule. The total cohesive energy 

density U, which is defined to be a positive property, is j^C multiplied by the negative of the total 
interaction energy of a single molecule with the factor of \ assuring that the interaction of molecule 
A with molecule B is not counted twice. Thus, 



L" 



U = -2%9i 2 V(r)dr 



For V{r) = -C 6 /r 6 the total energy density becomes 



1 7J 2k91 2 C { 

d 



r 6 3 



1 



2n*C 2 C 6 



3d' 

However, the number density is related to density p and molar mass M by the expression 



*C=N A p/M 
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SO 



2%( N A p] 2 C 6 
3( M ) cP 



P1 7.20 As in Problem 1 7. 1 9, we can write 



n - 2arcsin 
0 



R { + R 2 (v) 



b<Ri + R 2 (v) 



b>Ri + R 2 (v) 

where R 2 (v) = R 2 e~ v ' v *. Furthermore, jRj = \R 2 and b = \R 2 . 



(a) 8(v) = n~ 2arcsin 



1 



(J + 2e _i ^j 

(The restriction b<R^ + R 2 {v) transforms into \R 2 < \R 2 + -^e - "' 1 '*, which is valid for all v.) This 
function is plotted as curve a in Figure 17.4. 




0 2 4 6 8 

(a) v/v* and (b) E/E* 

Figure 17.4 

(b) The kinetic energy of approach is E = \mv \ and so 

1 



8(E) = ti - 2arcsin 



This function is plotted as curve b in Figure 17.4 



> k 1 
, where E* = -m(v*f 



Solutions to applications: biochemistry 

P17.22 (a) The energy of induced-dipole-induced-dipole interactions can be approximated by the 
London formula (eqn 17.25): 

C 3afa IJ 2 3a' 2 I 
~~r 6 ~ 2r 6 I x +I 2 ~ 4r 6 
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P17.24 



where the second equality uses the fact that the interaction is between two of the same molecule. 
For two phenyl groups, we have: 



V = - 



3(1.04 x 10- 29 m 3 ) 2 x (5.0 eV) x (1.602 x 1Q- 19 J eV- 1 ) 
4x(4.0xl0" 9 m) 6 



= -1.8xlO" 26 J 



or 



-0.0096 J mol" 



COMMENT. A distance of 0.40 nm yields V = -9.6 kJ mol" 1 . 

(b) The potential energy is everywhere negative. We can obtain the distance dependence of the 
force by taking 

_dF __6C 
dr " r 1 

This force is everywhere attractive (i.e. it works against increasing the distance between interacting 



groups). The force approaches zero as the distance becomes very large ; there is no finite distance 



at which the dispersion force is zero. (Of course, if one takes into account repulsive forces, then the 
net force is zero at a distance at which the attractive and repulsive forces balance.) 

(a) The dipole moment computed for /ra«s-N-methylacetamide is 
fi = (3.092 D) x (3.336 x 10" 30 C m D' 1 ) = 



1.031 xlO" 29 Cm 



(semi-empirical, PM3 level, PC Spartan Pro™). The dipole is oriented mainly along the carbonyl 
group. The interaction energy of two parallel dipoles is given by eqn 1 7.22: 

V = where f{6) = 1 - 3 cos 2 0 

47ue 0 r 3 

and r is the distance between the dipoles and 8 the angle between the direction of the dipoles and 
the line that joins them. The angular dependence is shown in Figure 17.5. Note that V(9) is at a 
minimum for 8-0° and 180*, while it is at a maximum for 90° and 270°. 




-40 - 



150 200 
0/deg 



Figure 17.5 
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P17.26 



(b) If the dipoles are separated by 3.0 nm, then the maximum energy of interaction is: 
(1.031xlO- 29 Cm) 2 



3.55 x 10~ 23 J 



Kmax 47t(8.854 x 10-' 2 J" 1 C 2 m-') x (3.0 x 10 9 m) 5 
In molar units 

= (3.55 x 10 23 J) x (6.022 x 10 23 mol" 1 ) = 21 J mol^ 1 = 2.1 x 10" 2 kJ mol"' 



Thus, dipole-dipole interactions at this distance are dwarfed by hydrogen-bonding interactions 



However, the typical hydrogen bond length is much shorter, so this may not be a fair comparison. 
Here is a solution using MathCad. 



(a) 



(7.36 8.37 8.3 7.47 7.25 6.73 8.52 7.87 7.53 ^ 
3.53 4.24 4.09 3.45 2.96 2.89 4.39 4.03 3.80 
10Q..1.8O 1.35 _4'i6©.. 1.60 r1 55 1.60, 1.60, 



tog A := (Data T )<°> S := (pate T )« W «= (Data 1 )* 2 : 
int©i% regress (Mxy, log A, 1|Ji b := subHrftf^nfo,3s 0) b = 



Mxy := augment(S, W) 

"0.957") bo 
^.362 b-, - 
,3.59 J b 2 



W := 1 .5 Estimate for Given/Find Solve Block 

S:=4.84 :togA:=7.60^; 

Given logArbo + brS + bj'W W:=Find{W) W = 1.362 



• 
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Materials 1 : 
macromolecules 
and self-assembly 



Answers to discussion questions 

The freely jointed random-coil model of a polymer chain of 'units' or 'residues' gives the simplest 
possibility for the conformation of the polymer that is not capable of forming hydrogen bonds or 
any other type of non-linkage bond. In this model, a bond that links adjacent units in the chain is 
free to make any angle with respect to the preceding one (see text Figures 18.3 and 1 8.4). We assume 
that the residues occupy zero volume, so different parts of the chain can occupy the same region of 
space. We also assume in the derivation of the expression for the probability of the ends of the chain 
being a distance nl apart, that the chain is compact in the sense that n<s:N. This model is obviously 
an oversimplification because a bond is actually constrained to a cone of angles around a direction 
defined by its neighbour and it is impossible for one section of a chain to overlap with another. 
Constrained angles and self-avoidance tend to swell the coil, so it is better to regard the R^ and R B 
values of a random coil as lower bounds to the actual values. 

The freely jointed chain is improved by constraining each successive individual bond to a single 
cone of angle 8 relative to its neighbour. This constrained chain reduces R^ and R s values of a 
freely jointed random coil by a factor of F: 



The random-coil model also ignores the role of the solvent: a poor solvent will tend to cause the coil 
to tighten; a good solvent does the opposite. Therefore, calculations based on this model are best 
regarded as lower bounds to the dimensions of a polymer in a good solvent and as an upper bound 
for a polymer in a poor solvent. The model is most reliable for a polymer in a bulk solid sample, 
where the coil is likely to have its natural dimensions. 

The number-average molar mass is the value obtained by weighting each molar mass by the number 
of molecules with that mass (eqn 18.19). 



In this expression, N { is the number of molecules of molar mass M ( and N is the total number of 
molecules. Measurements of the osmotic pressures of macromolecular solutions yield the number- 
average molar mass. 




1/2 



M n =~2,N,M,= (M)[l8A9) 
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The weight-average molar mass is the value obtained by weighting each molar mass by the mass of 
each one present (eqn 18.20a). 

M w = -I^-M,. = -J— — = ±—l [18.20a, 18.20b] 

i 

In this expression, w, is the total mass of molecules with molar mass Afj and m is the total mass of 
the sample. Light-scattering experiments give the weight-average molar mass. 

The Z-average molar mass is denned through the formula (eqn 18.20c). 
- ^ N ' M ' <M'> 

i 

The Z-average molar mass is obtained from sedimentation equilibria experiments. 

The viscosity-average molar mass is the value obtained from measurements of the intrinsic viscosi- 
ties [77] of solutions of the macromolecule. It is obtained from the Mark-Kuhn-Houwink-Sakurada 
equation (18.37), where AT and a are empirical values: 



[r}] = KM y a [18.37], so M v = 



K 



In fact, the viscosity average is also a weighted average of individual molar masses: 



m 



In terms of this equation, the weight-average molar mass corresponds to a = 1 and the number- 
average molar mass to a = -1 . Experimentally, a is found to be in the range 0.5-1 .0. Therefore, M v 
is closer to Ml than to W a . 

D18.6 The protein-folding problem involves discovery of the mechanisms for the rapidity (sometimes as 
short as a millisecond) and reliability by which a newly synthesized chain of amino acids folds into 
a three-dimensional native structure that is biologically active. The problem is three or four decades 
old, with recent evidence suggesting that local, secondary structures assemble first via attractive 
forces discussed in Chapter 17 (hydrogen bonds, London interactions, ionic interactions, disulfide 
links) thereafter the local structures direct optimization of the global structure. The importance of 
the problem is recognized by consideration of the high selectivity of a native enzymatic active site 
for specific substrates, which are rapidly and repetitively converted to needed products, and the 
need to develop health-restoring drugs that inhibit specific enzymes. Further encouragement for 
research in this field is provided by recent evidence that a dysfunction in protein folding contributes 
to nerve cell death in Alzheimer's disease. 

The secondary, tertiary, and quaternary native protein structures presumably yield a global Gibbs 
energy minimum and therein lays the difficulty to resolving a protein-folding problem. The great 
flexibility of the peptide backbone means that from the equilibrium thermodynamic view there are a 
great many conformations that correspond to local minima in the space of all possible conformations. 
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This is illustrated in Figure 18.1. Many thermally accessible conformations may have similar Gibbs 
energy but very different associations between sections of the chain, with each set of associations 
leading to very different three-dimensional structures, most of which are not the native shape. The 
computational difficulty in predicting the native shape is complicated by the energy of interaction 
between the polymer chain and surrounding solvent molecules. In the aqueous environment 
of biological cells, the outer surface of a protein molecule is covered by a mobile sheath of water 
molecules, and its interior contains pockets of water molecules. These water molecules play an 
important role in determining the conformation that the chain adopts through hydrophobic inter- 
actions and hydrogen bonding to amino acids in the chain. 



Local minima 




Parameter representing conformation 
Figure 18.1 



Solutions to exercises 

E18.1(b) R^N 112 ! [18.4] = (1200) 1/2 x (1.125 nm) = 



38.97 nm 



E1 8.2(b) The repeating monomer unit of polypropylene is (-CH(CH 5 ) -CH 2 -), which has a molar mass of 
42.1 g mol -1 . The number of repeating units, N, is therefore 

y _ ^polymer _ 1 74 kg mol' 1 

M 42.1 xlO" 3 kg mol" 1 



/ = 2R(C-C) [add half a bond length on either side of monomer] 



7? C =M[18.3] = 2 x(4.13 x 10 3 ) x (1.54 x 10 ,0 m) = 1.27 urn 



R m = N ]f2 l [18.4] = 2 x (4.13 x 10 3 ) 1/2 x (1.54 x 10- ,0 m) = 



19.8 nm 



E1 8.3(b) For a random coil, the radius of gyration is 



— /[IS. 6]. so V 



V 



= 6x 



18.9 nm 
0.450 nm 



1.06xl0 4 
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E1 8.4(b) The repeating monomer unit of polyethylene is (~CH 2 -CH 2 -), which has a molar mass of 
28 g mol~'. The number of repeating units, N, is therefore 



N = 



85 000 g mol" 



^monomer 28 g mol" 1 



= 3.04 x 10 3 



/= 2i?(C-C) = 2 x 1 54 pm = 308 pm [add half a bond length on either side of monomer] 
In units of / the polymer ends are separated by the distance 
15xl0" 9 m 15xl0- 9 m 



n = 



I 



Thus, 



'-f-f' 



308 xl0- ,2 m 

*»/» [18.1] 
xl/2 



= 48.7 



;rx3.04x!0 3 J 



e -{48.7) 2 /{2x(3.04xI0 3 )} 



9.8 xlO 3 



E18.5(b) We obtain (see Exercise 18.4b) N= 3.04 x 10 3 and /= 308 pm. Thus, 



a = 



3 ^ 



2NP 



[18.2] 



2 x (3.04 x 10 3 ) x (308 x 10" 12 m) 2 



= 7.21 xl0 7 m- 



The 15.00-15. 10 nm range of distances between the polymer ends is very small, so we estimate that 
the distribution function f(r) is the constant given by/(r) =/(15.05 nm). The probability that the 
polymer ends are in this range is 



P = f(r)Ar = 4ff|^-| r 2 e"^ 2 Ar [18.2] 



= 4n 



{ 7.21 xl0 7 m- 



x (15.05 xl0" 9 m) 2 



x e -(7.21xl07 m -l)2 ( 15.05xlO-9m)2 x (JJJ _ J5 QQ) X 10" 9 m 



= 5.9 x 10- 3 



E1 8.6(b) We obtain (see Exercise 18.4a) N = 3.04 x 10 3 and / = 308 pm. In units of / the polymer ends are 
moved apart by the distance 

- 2.0xlQ- 9 m _ 2.0xlQ- 9 m _ - 
"~ / ~ 308 xl0- 12 m~ ' 
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Thus, the molar change in conformational entropy arising from the stretch is 



AS = -±RN ln{(l + v) ,+ '(l - v) 1 -} [18.7] with v = nIN = 6.49/3.04 x 10 3 = 2.13 x 10" 3 
= x (8.3145 J moH K" 1 ) x (3.04 x 10 3 ) x ln{(l .002 13)' 00215 x (0.99787) 0 " 787 } 



-57 mJ mol"' K" 



E1 8.7(b) The radius of gyration for a constrained chain that has successive individual bonds constrained to 

i=_r 



a single cone of angle & = 120° (i.e. cos S = -\) is 

■ h F - ( l - cos9 \ 

■/^.constrained coU — -Kg.random coil Willi r —I j + CQg g I 



[18.8] = 



' 1 + 4- ^ 



V 1 2 ) 



The percentage change in the radius of gyration on application of the constraint is 



K 



constrained coil Jv g,random coi] 



-^g,random < 



J 



x!00% = 



-3m 



.constrained coil 



-^g,random coil 

= (V5 - 1) x 100% = 



-1 1x100% = (F-l)x 100% 



+73.21% 



The percentage change in the volume on application of the constraint is 



( v -V x 

' constrained coil ' random coil 



random coil 



(»3 _ D3 

J v g.constrained coil ■* v g 
■^g.random coii 



g, random coil 
coil 



x 100% 



.constrained coil 



\_ -^g.random coil 

= (3 3/2 -l)xl00% = 



-1 x 100% = (F 3 - 1) x 100% 



+419.6% 



E18.8(b) R™=K^^^F=N*HF\\%.\\\ where F = [^-l 



Thus, the percentage increase in the root-mean-square separation when the polymer persistence 
length is changed from / to 0.025/^, with constant contour length given by the expression 

^nns- ^rms.random coil \ ^ jq^ = ^ms yl x 1()0 o /o = ( F _ !) x 1Q 0% 

^ -^rms.random coil J \ -^rms.random coil J 



-i xl00%= 2x (°-^'-ll _l[xl00% 



= | 2x (0.025 xM) _ 1 j _j xlwA 
= {(0.50A r -l)" 2 -l}xlOO% 



= +2.13 x 10'% when N = 1000 
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The percentage change in the volume as determined by the root-mean-square separation is 



^ ^rms.random coil 



^ ( ff 3 - A? 3 

X 100% — ! Tn$ ma janooin coil 



^ "rms.randomcoil j 



ff 3 

* v rms,random coil J 



xl00% = CF 3 -l)xl00% 



H 

' J 



M [xl00% = ][l^|^-ll ~-lixl00% 



^ 2x(0.025xJW) _ 1 ^_ 1 xlQ0% 



= {(0.050iV - l) 3/2 -l} x 100% = 



+3.42 x 10 4 % when TV = 1000 



E1 8.9(b) In analogy to eqn 1 8 . 1 1 we have 



-"g - fv g,randoincoil i 



Solving for L gives 



— | IF, where F = 
I 6 



2/ n ^ 
p _ j 



1/2 



- 1 [ 6R l + il _ 164 pm f 6 x (3000 pm) 2 1 = 
"~2[iW 2+ J 2 [1500 x (164 pm) 2 + J " 



1.8 xlO 4 pm 



E18.1 0(b) Each polyethene chain bond has a length / = 1 54 pm = 0. 1 54 nm and the number N of chain bonds 
is the polymer molar mass divided by the molar mass of the repeating CH 2 unit: 

N g M polymer _ 85 000 g mol- 1 _ 6 Ql x 1Q3 
M CH , 14 g mol -1 

The restoring force of a freely jointed chain is 
kT. ( 1 + v 



5 = In 



v = n/N [18.12a] 



2/ l^l-v 

« is the displacement from equilibrium in units of / so 
n (2.0nm)/(0.154nm) 



V N 



= 2.1xl0" 3 



6.07 x 10 3 

Since v<s. 1, we use the simplified form of eqn 18. 12a: 

_ nkT (13.0) x (1.381 x 10~ 23 J K' 1 ) x (298.15 K) 

^ ~ Nl ] ~ (6.07 xl0 3 )x (154 x 10" 12 m) 



5.7xlO" 14 N 



E1 8. 11(b) Equal amounts imply equal numbers of molecules. Hence, the number-average is (eqn 18.19) 

— JVjMj + N 2 M 2 n x M x + n 2 M 2 

M a = = 

N n 



= }(3 x 62 + 2 x 78) kg mol" 1 = 68 kg mol 
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and the weight average is (eqns 18.20a, 18.20b) 

— m l M ] +m z M 2 n x M]+n 2 M\ 3x62 2 +2x78 2 



m 



n } M x + rijMj 3 x 62 + 2 x 78 



kg mol" 1 = 69 kg mol" 



E1 8.12(b) (a) Osmometry gives the number-average molar mass, so 



N,\f l + N 2 M 2 [lg 19] = 



M = 



n x M x + n 2 M 2 



M,+ 



M 7 



M 7 



N [+ N 2 



Bj+ n 2 



(Mi 



M, 



m 2 
Ml 



100 g 



25 g 



22 kg mol' 



\ f 
+ 



75 g 



[assume 100 g of solution] = 8.8 kg mol 1 



7.33 kg mol" 1 

(b) Light scattering gives the mass-average molar mass, so 
m,M, + m 2 M 2 (25) x (22) + (75) x (7.33) 



M = 



100 



kg mol -1 = 1 1 kg mol 



E1 8.13(b) Since the two spherical particles have different radii and different densities, their buoyancy b must 
be considered. The buoyancy is 

b=\~pv s [18.27] = l-p/p s 

where p and p s are solution and solute particle densities, respectively. 

Their effective masses are proportional to both b and the particle mass. The solute particle mass 
equals its volume multiplied by its density p s so, since the solute particle has radius a, the particle 
mass is proportional to a 3 p s . Therefore, 

m efr oc ba 3 Ps 

According to eqn 18.31, the Stoke's frictional coefficient is proportional to a and eqn 18.28 indi- 
cates that the sedimentation rate s is proportional to the effective mass and inversely proportional 
to the frictional coefficient. Thus, 

ba 3 p % , _ , . , 

s ~ = ba 2 p s « (ft - p)a 2 

a 

The constant of proportionality cancels when taking ratios, so the relative rates of sedimentation 
of the two different particles are 



Pl~P 



£2 

S] ^ pi - P ) 



a 2 
a x J 



1.10-0.794 
1.18-0.794 



x (8.4) 2 = 



56 



E1 8.14(b) 



--^-[18.30] = ^[18.27] 
1 - pv s 



Assuming that the solution density equals that of water at 298 K (0.9969 g cm 3 ) and substitution 
of the Stokes- Einstein relationship,/ = kTID [20.51], gives 
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M = 



SRT 
(l-pv s )D 

(7.46 Sv) x (10 13 s Sv-')(8.3145 J mol" 1 K" 1 ) x (298.15 K) 
{1 - (996.9 kg m- 3 ) x (8.01 x I0" 4 m 3 kg 1 )} * (7.72 x 10 n m^ 1 ) 



= 119kgmol- 



E1 8.1 5(b) The net force acting on the settling particle equals zero because of the balance between the gravita- 
tion pull, m efr g, and the frictional force, fs, where s is the drift speed and the frictional coefficient, is 
given by Stokes's relationship / = 6nar\ [18.3 1] for a particle of radius a. Thus, 



fs = m efr g 

w eff g _ bmg _ (l-p/p 5 )x{(ffta 3 )x A }g 



s = 



[18.27 and 18.31] 



/ / $nar\ 
2(p s -p)a 2 g 

2 x (1250 kg m- 3 - 1000 kg nr 3 ) x (15.5 x lQ- 6 m) 2 x (9.8067 ms' 2 ) 
9x(8.9xl0" 4 kg m-'s- 1 ) 



= 0.15 mm s 



E1 8.1 6(b) 



M = 



S/Na [18.30] = -^-[18.27] 



b u l-pu s 
Substitution of the Stokes- Einstein relationship,/ = kTID [20.51], gives 
w _ SRT 

_ (5.1 Sv) x (10 13 sSv- 1 )(8.3145 J mol-' K-') x (293.15 K) 
" {1 - (0.997 gem 3 ) x (0.721 cm 3 g-')} x(7.9 x lO^inV) 



56 kg mol" 



E18.l7(b) The number of solute molecules with potential energy E is proportional to e- £lkT , hence 

c N « e~ ElkT , where E = \ m^ar 

Therefore, c « t Mbailrll2RT [w etr = bm, M= mNp] and 

Mbco 2 r 2 rL , 
In c = const. + — [b = l~pv s ] 

This expression indicates that the slope of a plot of lnc against r 2 is equal to Mbco 2 /2RT. 
Therefore, 



M = 



2RT x slope _ 2 x (8.3145 J K^mol' 1 ) x (293 K) x (821 x 10 4 nr 2 ) 
b(o 2 ~ {1 - (997 kg nr 3 ) x (7.2 x 10- 4 m 3 kg- ! )} x (2n x 1080 s" 1 ) 2 



= 3.1 x 10 3 kgmol" 
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Solutions to problems 

Solutions to numerical problems 

P18.2 S = -^- [18.29] 

rar 

dr s 1 dr dlnr 

Since s = — , - = = 

di r r dt dt 

and if we plot In r against t, the slope gives S through 

„ 1 dlnr 
© 2 dt 

The data are as follows: 



f/min 


15.5 


29.1 


36.4 


58.2 


r/cm 


5.05 


5.09 


5.12 


5.19 


ln(r/cm) 


1.619 


1.627 


1.633 


1.647 



The points are plotted in Figure 18.2. 




1.60 



20 40 
r/min 



60 



Figure 18.2 

The least-squares slope is 6.62 x 10 -4 min -1 , so 



S = 



(6.62xl0- 4 rnin-')xfi^ 
6.62 xlO- 4 min" 1 I 60s 



2% x 



4.5 x 10 4 
60s 



= 4.97 x 10" ,3 sor 5.0 Sv 
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P18.4 



M = 



2RT 



[18.33] = 



2RT 



In— [03 = 2kv] 



{r\ - r])b<a 2 ' c, 1 J (rj - r\)b{2%vf c, 
Solving for the squared rotational frequency v and substitution of b = 1 - pv s [18.27] gives 
RT\n(c 2 fCi) 



V 2 = 



27c 2 M w x(l-p Vs )x(rl-rf) 

(8.3145 J K-' mol- 1 ) x (298 K) x ln5 

= 2k 2 x (1 x 10 2 kg mol" 1 ) x (1 - 0.75) x (7.0 2 - 5.0 2 ) x 10" 4 m 2 
= 3367 s- 2 



v = (58 s- 1 ) x (60 s min" 1 ) = 3500 r.p.m. 



P18.6 We need to determine the intrinsic viscosity, [77], from a plot of ((7)/%) - l)/(c/(g dm -3 )) against c, 
extrapolated to c = 0 as in Example 18.5. Then, from the relationship [77] = KM v a [18.37] or 



cm 3 g _1 ^crc^g- 1 . 



K 



\ 

x 



in conventional units with Xand a from Table 1 8.4, the viscosity 



g mol - ' 

average molar mass W„ may be calculated. 77/7)0 values are determined from the times of flow using 
the relationship 

A = -L X JU-1 [18 .36] 
*h ^ Pa *o 

noting that in the limit as c approaches 0 the approximation becomes exact. 

As explored in Self-test 1 8. 5, [77] can also be determined from the limit of (l/c)In(rj/i7 0 ) as c approaches 
0. To see this, we note that, when 77 = 770, 



T7o 



ln JL = ln [i + "-^ 



7?0 



The above relationship is exact in the limit that 77 coincides with 77 0 , which is true when c = 0. Hence, 
[77] can also be defined as the limit of (l/c)ln(J7/ffo) as c -> 0. We use both methods to determine the 
intrinsic viscosity, and thus show that they give identical results. 

We draw up the following table and plot the points as shown in Figure 18.3. 



clg dm -3 


0.000 


2.22 


5.00 


8.00 


10.00 


tls 


208.2 


248.1 


303.4 


371.8 


421.3 






1.192 


1.457 


1.786 


2.024 


100[(77/77o)-l] 
c/g dm -3 




8.63 


9.15 


9.82 


10.24 


ln(77/77o) 




0.1753 


0.3766 


0.5799 


0.7048 


100 ln(n/77o) 
cl% dm -3 




7.89 


7.52 


7.24 


7.05 
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4 6 
c/(gdm- 3 ) 



Figure 18.3 



The intercept of Figure 18.3 as determined from the simultaneous extrapolation of both plots is 
8.22. Hence, 



[rj\ = 8.22 x (0.01 dm 3 g" 1 ) x (10 cm dm" 1 ) 3 = 82.2 cm 3 g" 1 

J/0.74 

InM i X7 7 mv a' 



K 



82.2 cm 3 g~ 



9.5xl0" 3 cm 3 g- 1 



gmol" l = 2.1 xlO s gmol- 



P18.8 The Mark-Kuhn Houwink-Sakurada equation (eqn 18.37) between [vf\ and M v can be trans- 
formed into a linear one: 

ln([77]/cm 3 g _1 ) = ln(A7cm 3 g -1 ) + a ln(M v /g mol -1 ) [conventional units] 
= In^/cm'gr 1 ) + a. ln(10 3 ) + a ln(M^/kg mol" 1 ) 
= InClO'-X/cm'g- 1 ) + a ln(A/^/kg mol- 1 ) 

so a plot of ln([r7]/cm 3 g -1 ) versus ln(M v /kg mol -1 ) will have a slope of a and a ^-intercept of 
ln(10 3a AYcm 3 g -1 ). The transformed data and plot are shown below (Figure 18.4). 



M v /kg mol -1 


10.0 


19.8 


106 


249 


359 


860 


1800 


5470 


9720 


56 800 


[?7]/cm 3 g" 1 


8.90 


11.9 


28.1 


44.0 


51.2 


77.6 


113.9 


195 


275 


667 


ln(A£/kg mol" 1 ) 


2.30 


2.99 


4.66 


5.52 


5.88 


6.76 


7.509 


8.61 


9.18 


10.90 


ln([T7]/cm 3 g •) 


2.19 


2.48 


3.34 


3.78 


3.94 


4.35 


4.749 


5.27 


5.62 


6.500 



Thus, a = 



0.500 



K = 10- 3a e 10028 cm 3 g- 1 = 8.62 x lO'Wg" 1 
lving for W v in t 
— ( |>7]/cm 3 g _1 



Solving for M v in the case for which [n] = 100 cm 3 g -1 yields 

I/a s \2 

[K/cm 3 g- 



g mol -1 = 



100 
8.62 x 10- 



gmol-'= 1.3xl0 3 kgmol" 1 
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T 
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E 
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rt 2 = l.Q00 
















i i _i 1 i 1 



10 



12 



In(JW v /kgmol _1 ) 



Figure 18.4 



comment. A solvent in which the Gibbs energy of solvent-solvent, solvent-polymer, and polymer-polymer 
interactions are identical is called a theta {&} solvent, a = for theta solvents. 



n RT L D c 
P18.10 — = = \l + B w + 

C Mr, [ M n 



J 



[see Section 5.5(e), Example 5.4; IJ = pgh and M = M a 



A plot of Tile against c is has an intercept equal to RTfM~ n at c = 0 and the slope at the intercept 
equals BRT/M~ n 2 . Thus, M~ a = RTIintercept and B = slope x M a 2 /RT. We draw up the following table 
and prepare the requisite plot shown in Figure 18.5. 



c/g dm -3 


1.21 


2.72 


5.08 


6.60 


JT/c/Pa g" 1 dm 3 


111 


118 


129 


136 




The plot of Figure 18.5 appears to be linear with a linear regression lit that gives an intercept of 
105.4 Pa g _1 dm 3 and a slope of 4.64 Pa g -2 dm 6 . It follows that 
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— (8.3145 J K- 1 mol 1 ) x (293 K) 
M = — 



B = 



105.4 Pa kg 'm 3 

(23.1 kg mol- 1 ) 2 x (4.64 Pa kg- 2 m 6 ) 
(8.3145 J K l moH)x (293 K) 



23.1 kg mol 



1.02m 3 mol- 



P18.12 



P18.14 



Solutions to theoretical problems 

The fundamental vibrational frequency v is related to the harmonic-oscillator force constant fc force 
by the expression 



v = 



1 f k. 



2k I m 



1/2 / U/2 

[7.58] = -J- — [7.57] 



2k 1 mx 



where J is the restoring force caused by displacement x. Substitution ofx=nl into the random coil 
model for the restoring force gives 

;T = — [18.12b, n/N« l] = ^ 
Nl 1 Nl 2 

Thus, with the presumption that the effective mass of Hooke's law is m ~ MN' X N^ we find that 



2id{Nm ) 



2k1 



RT 
M 



For the case in which / = 154 pm, M = 65 kg mol 1 , and 7= 293 K the fundamental vibrational 
frequency is 



v = 



1 



(8.3145 J K-' mol- 1 ) x (293 K) ] 
2rcx(154xl0- ,2 m) [ 65 kg mol" 1 J 



6.3 GHz 



The fundamental vibrational frequency has a T m dependence on temperature that reflects the 
thermal energy needed to establish a displacement from equilibrium. The Mr m dependence indi- 
cates that a larger chain mass requires more thermal energy to establish the same displacement. 

dN ~ Kt^ M ~ M)1 ' 2r dM, where K is the constant of proportionality for the distribution. 

Evaluate Kby requiring that|diV=M 

Let M- M=(2y) 1/2 x, so dM= (2y) i/2 dx 

M 



and N=\ KQ~ iM ~ M ^dM ^ K(2 7 f 2 \ e~ x2 dx, where a = 



(2 7 y 



Note that the point x ~ 0 represents M= M, and x = -a represents M- 0. In a narrow distribution, 
the number of molecules with masses much different from the mean falls off rapidly as one moves 
away from the mean, therefore dN = 0 at M < 0 (that is, at x < -a). Therefore, 



N = K(2 r y 12 e-* 2 dx = K(2r) m n l 
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Hence, K = 



N 



(2ny) 



1/2 



It then follows from turning eqn 18.19 into an integral that 



MdN - 



(2rcy)" 2 



MQ -{M-M)V2r dM 



(2ny) 112 J 



[(2yf 2 x + M]e-* 2 (2y) U2 dx = 



2y 



, M ^ 
xq- x + — —e~ x - 
(2r)" 2 j 



dx 



Once again, extending the lower limit of integration to -<» adds neghgibly to the integral, so 



M + 2 -L 



P1 8.1 6 The probability that the ends of a three-dimensional freely jointed chain lie in the range r to r + dr 
is/(r)dr, where 



fix) = 4tc 



a 



re 



a = 



2NP 



[18.2] 



The mean nth power of the end-to-end separation is 



(r"}= \ r"f(r)dr 
o 



(r 2 ) 



= J r 2 /(r)dr = 4jt 
J o 



re 



2r2 dr 



= 471 



y 2 J 2a 5 



2M 2 



, where r(f) = |rc 1/2 [standard integral] 



~2a 2 ~ 2^ 3 ) 





Nl 1 


) 





Note: The general form of the above standard integral is 



r m t - 



2^ _ T[(m + l)/2] w ^ QTe r is the gamma f unc tion found in math handbooks 

2a m+l 



P18.1 8 R s is the radius of rotation of a point mass that has the same mass m and moment of inertia / as the 
object of interest. For an object that has a continuum of mass within its macroscopic boundaries: 

/ = mR\, where 1 = j pR z dt and R is the distance from the axis of rotation 

For a homogeneous object p = ra/Kso 

Rj = y~ l j R 2 dv (The integrand is the square distance from the axis of rotation.) 
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(a) For a solid thin disk of radius a and thickness h there are two moments of inertia, one about 
the disk axis (R sS , R = r) and another about the axis along the disk diameter (R a , R = y\ 



Rl ± = (TW 2 h)- ] \r 2 dr = (na 2 hy 







-2k 




2=0 J 


8=0 



r 3 d0dzdr [cylindrical coordinates] 



= (na 2 h)- ] 



a rh r2n 

r 3 dr x dz x dB 
o Jo Jo 



Jr=0 



T" 2 



R<r I — 



-a 




r 


J r=0 . 


z=0 J 


0=0 



/£„ = (Ka 2 h)- 1 jj 2 dr = {™ 2 h) 

fa rh [2k 

= (7ca 2 /i)-' r 3 drx dz x sin 2 0d0 
Jo Jo Jo 

= (Ka 2 h)- i 



(rsin0) 2 x rdtfdzdr [cylindrical coordinates] 



r 



x A x 



0 sin 20 
2 4 



i" 2 



= -t a 



R<j ii — 



a/2 



(b) For a solid rod of radius a and length / there are two moments of inertia, one about the axis 
of its length (R gP R~r) and another about the axis that is perpendicular to its length (i? g l , R ~ z). 

•a rl rln 

R 2 M = (Tta 2 /)" 1 | r 2 dr = (tm 2 /)-' [ j j r 3 d0dzdr [cylindrical coordinates] 



= (na 



[r 2 dT = (7W 2 /)- 1 [ [ [ 

J J r=0 J z=oJ 8 

lyinli r 3 dr 

J 0 



=i" 2 



R g,\\- 



ra rlfl r2n 

g*^ - (na 2 !)' 1 J z 2 dr = (tig 2 /) -1 | z 2 rd0dzdr [cylindrical coordinates] = 

J r=0 J i=-//2 J 0=0 



12 ' 
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(c) For a solid sphere of radius a: V = { rca 3 , dr = r 2 sin0drd0d0, and R z =x 2 + y 1 . 

r2% rit ra 

R 2 g V= | (x 2 + y 2 )r 2 sin9 drdedQ 

J h> J e=o J r=o 

J 0=0 J 0=0 . 



r=0 

2fl /* it /* <3 



J^=o J, 



(r 2 sin 2 0cos 2 0 + r 2 sin 2 0sin 2 0)r 2 sin0drd0d0 



r 4 sin 3 0drd0d0 = 



e=o J r=o 



= 2kx {-cos0 + }cos 3 0}| 
15V " 15x(-|7ia 3 )~ $a 



e=o 




sin 3 0d0 



r 4 dr 



x — 



COMMENT. A common error involves using r 2 in place of the squared distance from the axis of rotation, 
which is actually equal to x 2 + y 2 not to x 2 +y 2 + z 2 = r 2 . The common error gives the result ^/f a . 

P18.20 The probability that the end separation is nl is [see Further Information 18.1(a)]: 



P = 



number of polymers with N R bonds to the right 

total number of arrangements of bonds 
N}/N R \(N-N K )\ N\ 



2 N 



{\{N + n)}\{\{N~n)}\2 N 



The factorials are substituted with Stirling's formula: In x\ « ln(27t) 1/2 + \{2x + l)In x - x 

kiP = In AH - ln{{(AT + «)}! - ln{{(iV - n)}\ - \n2 N 
= ln(27t) 1/2 + \{2N + l)\nN- N - ln2* 

- {ln(2n) 1/2 +±(N + n + l)\n{±(N + «)} - ±(N + n)} 

- {ln(2it) 1/2 +\{N-n + l)ln{y<W -ny)-\(N- n)} 

= -ln(2n) 1/2 - \n2 N + \{2N + \)\nN - N + j(N + n) + y(JV - n) 

-±(N + n + l)ln{{(AT + «)} - ±(N - n + l)\n{\(N - n)} 
= -ln(2K) 1/2 - In2* + \(2N + l)ln7\T -l(N + n+ l)ln{{} - ±(N - n + l)ln{{} 

- ~(N + n + i)ln{N + n}-±(N-n + l)ln{N - n} 
= -ln(2;i) 1/2 - In 2" + \(2N + l)\nN -(N + l)ln{{} 

-l( N + n + i)ln{AT(l + f)} -\{N-n + l)ln{JV(l - £)} 
= ln© 1/2 + ±(2N + l)lnJV -±(N + n + l)\nN - ±(N - n + l)\nN 

- ±(N + n + l)ln{l + j 7 }-\(N-n + l)ln{l - f] 
= ln(|)" 2 - j\nN - j(N + n + l)ln{l + f) - \(N - n + l)ln{l - f } 
= ln 4) 1/2 " j(N + n + l)ln{l + j F }-\(N-n + l)ln{l - f } 
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The final expression above for In P confirms eqn 1 8.39. For a compact coil {nlN<s: 1) the expression 
simplifies using the relationship ln{l + —} = jf - j(jf) 2 where third- and higher-order terms are 
discarded as they are negligibly small. 

InP = In©" 2 - iln N -\(N + n + 1){£ - j(^) 2 } - \(N - n + 1){-^ - j(^) 2 } 
= ln(f )" 2 - ±(tf + R + l){f } + \(N - n + lKf} 
+ {(JV + n + 1){-^) 2 } + 1(JV - ii + ty^) 2 } 

Since N » 1, the third term is negligibly small compared to the second term and the expression 
becomes 

mP = ln(^) I/2 ~^ or p^yn^ns 
confirming eqns 18.1 and 18.40. 



P18.22 Refer to Figure 18.6. 




Figure 18.6 



The definition of radius of gyration is 

i (\ Y' 2 _ * n 



TV 2 - tf 



.=1 y=l 



The scalar quantity can be written as the dot product R tj ■ R tJ . If we refer all our measurements 
to a common origin (which we will later specify as the centre of mass), the interatomic vectors R {j 
can be expressed in terms of vectors from the origin: R^= Rj - R^ (If this is not apparent, note that 
/?, + R i} = Rj.) Therefore, 

Look at the sums over the squared terms: 

XX*;=XX* 2 =^X^ 2 

' j i J J 

Hence, R\= ^R*-±^R r R j= ^R*- X*; 
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If we choose the origin of our coordinate system to be the centre of mass, then 
I*, = X*, = 0 and Rl=±I,R] 

i j ly J 

for the centre of mass is the point in the centre of the distribution such that all vectors from that 
point to identical individual masses sum to zero. 



P18.24 Write t = aT, then 



— | = a and, using the result of Problem 18.23 



Thus, the internal energy is independent of the extension. Therefore, 

[Problem 18.23] 



t = a T = T 



and the tension is proportional to the variation of entropy with extension. Extension reduces the 
disorder of the chains, and they tend to revert to their disorderly (non-extended) state. 



Solutions to applications: biochemistry and technology 
P18.26 With concentration c in g dm -3 the osmotic pressure equation can be written in the form 

n=RT{ — + 5xf— ) + 

where B is the osmotic virial coefficient in dm 3 mol~'. The osmotic virial coefficient arises largely 
from the effect of excluded volume. If we imagine a solution of a macromolecule being built by the 
successive addition of macromolecules of effective radius a to the solvent, each one being excluded 
by the ones that preceded it, then B is the excluded volume per mole of molecules. The volume of a 
molecule is y mol = jfttf 3 but the excluded volume is determined by the smallest distance possible 
between centres of two molecules, which is 2«, so the excluded volume is |-7c(2a) 3 = 8y mol for a pair 
of molecules. The volume excluded per molecule is one-half this volume or 4y mol . Thus, the osmotic 
virial coefficient is 

B = 4N A v mol =— N A a' 

The osmotic pressure of an ideal solution is TV = RTclM and the percentage deviation from ideality is 

n ~ n ° x 100% = — x 100% 
n° M 

For the bushy stunt virus: 

5 = !^jV A (14.0xlO- 9 m) 3 = 



27.7 m 3 mol" 1 



n-IT (27.7 m'moH)* (10.0 kg m-3) x 100 o /o . 2.59% 

n° 1.07xl0 4 kgmoH 
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For haemoglobin: 



0.33 m 3 mol" 1 



5 = ^JV A (3.2xlO- 9 m) 3 = 

n - /T x 10Q% = (0.33 mW')x (10.0 kg m- 3 ) x m% = ^ % 



77 c 



65.5 kg mol" 



When the structure factor, P(8), is included in eqn 18.23, the Rayleigh ratio for ideal solutions 
becomes 

R(8) = KP(8)c ? M^ [18.23] 

To take deviations from ideality into account, it is common to rewrite eqn 19.23 as 



Kc 



p_ _ 



l = + 2 -^ or m - ± mc > M « 



R(9) P(0)M w M w 2 



M w + 2BP(8)c ? 

where B is an empirical constant analogous to the osmotic virial coefficient and indicative of the 
effect of excluded volume. Thus, the percentage deviation of the Rayleigh ratio from the ideal is 
given by 

R W - *W x 100o/ 0 = M W + 2BP(0 K x 100% 



R°(8) 



KP{6)c 9 M v 



M w + 2BP(8)c p 

_-2BP(8)c p 
M; + 2BP(8)c p ) 

_^2Bc p 
AC + 2Bc n 



x 100% 



x!00% 



x 100% [using P(8) = \] 



We estimate that the osmotic virial coefficient, calculated above, approximates B within the Rayleigh 
ratio relationship. 



For the bushy stunt virus: 
R(8) - R°(9) 



R°(8) 



x 100% = 



-2(27.7 m 3 mol-') x (10.0 kg nr 3 ) 



1.07 x 10 4 kg mol" 1 + (27.7 m 3 mol" 1 ) x (10.0 kg nr 3 ) 



x 100% 



-5.05% 



For haemoglobin 
R(6) - R°(8) 



R°(8) 



x 100% = 



-2(0.33 m 3 mol- 1 ) x (10.0 kg nr 3 ) 
65.5 kg mol 1 + (0.33 m 3 moH) x (10.0 kg nr 3 ) 



x 100% 



-9.6% 
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P18.28 (a) We seek an expression for a ratio of scattering intensities of a macromolecule in two different 
conformations, a rigid rod or a closed circle. The dependence on scattering angle B is contained in 
the Rayleigh ratioi?(0). The definition of this quantity, in eqn 18.22(a), gives an expression for the 
scattering intensity at scattering angle 6 

r 2 

where <p is an angle between the plane of polarization of the incident beam and the plane defined by 
the incident and scattered beams (see text Figure 1 8.30). /„ is the intensity of incident light and r the 
distance between sample and detector. Thus, for any given scattering angle, the ratio of scattered 
intensity of two conformations is the same as the ratio of their Rayleigh ratios: 

T R P 

1 cc ■ rv cc 1 cc 

The last equality stems from eqn 1 8.23 with the inclusion of the structure factor P(9) of eqn 1 8.25, 
which relates the Rayleigh ratios to a number of angle-independent factors that would be the same 
for both conformations, and the structure factor that depends on both conformation and scattering 
angle. Finally, eqn 18.25 gives an approximate value of the structure factor as a function of the 
macromolecule's radius of gyration R s , the wavelength of light, and the scattering angle: 

, lfrt 2 i?isin 2 ({0) 3A 3 -167t 2 ^sin 2 ({r3) 
W)-J ^ = ^ 

The radius of gyration of a rod of length / is 

R BS = ^ I [see Problem 18.3(b)] 

For a closed circle, the radius of gyration, which is the rms distance from the centre of mass [Problem 
18.22], is simply the radius of a circle whose circumference is /: 

! = 2kR^ so *cc = -^. 

The intensity ratio is: 

/ rod _ 3A 2 -|7i 2 / 2 sin 2 ({e) 
4, 3A 2 -4/ 2 sin 2 (j0) 

Putting the numbers in yields: 

er 20 45 90 

/ r od/4 0.976 0.876 0.514 

(b) I would work at a detection angle at which the ratio is smallest, i.e. most different from unity, 
provided I had sufficient intensity to make accurate measurements. Of the angles considered in 



part (a), 90° is the best choice. With the help of a spreadsheet or symbolic mathematical program, 



the ratio can be computed for a large range of scattering angles and plotted (Figure 18.7). 
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0.0 
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P18.30 



P18.32 



-0.5 



Figure 18.7 



45 



90 

or 



135 



180 



A look at the results of such a calculation shows that both the intensity ratio and the intensities 
themselves decrease with increasing scattering angle from 0° through 180°, that of the closed circle 
conformation changing much more slowly than that of the rod. 

Note: The approximation used above yields negative numbers for P cod at large scattering angles. This 
is because the approximation, which depends on the molecule being much smaller than the wave- 
length, is shaky at best, particularly at large angles. 



M = M n and eqn 18.30 gives 
M = 



S/Na [18.30] = -§^[18.27] 



b 1 - pv s 

Substitution of the Stokes-Einstein relationship,/ = kTID [20.5 1], gives 
SRT 



M = 



(l-pv,)D 

(4.5 Sv) x(10- 13 sSv-'X8.3145 J mol-'K- 1 ) x (293.15 K) 
{1 - (998 kg nr 3 ) x (0.75 x 10 3 m 3 kg" 1 )} x (6.3 x 10" 11 m 2 s 1 ) 



69 kg mol" 1 



The Stoke's relationship,/ = 6nar] [18.31], and the Stokes-Einstein frictional coefficient,/ = RT/D, 
are equated when estimating the effective radius a. 

/stokE's ~ ./Einstein-Stokes 

6naj] = kT/D 
kT 



a = 



3.4 nm 



6kDtj 

(1.381xlQ- 23 JK-')x(293.15K) 
6% x (6.3 x 10- 11 m 2 s" 1 ) x (1.00 x 10" 3 kg m" 1 s" 1 ) 



The isoelectric point is the pH at which the protein has no charge. At that point, then, its drift speed 
under electrophoresis, s, vanishes. Plot the drift speed against pH and extrapolate the line to s = 0. 
The plot is shown in Figure 18.8. 
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P18.34 



-0.1 - 



-0.2- 



-0.3- 



-0.4 















s/(Mm/sj = -D.17pH + 0.655 ! 
ff 2 = 0.9797 













3.5 



Figure 18.8 



4.5 



5.5 



PH 



Isoelectric pH is the x-intercept on the graph, that is, the value of x at which v = 0. One can find this 
by solving the fit equation: 

j/Oim/s) = -0.1 7 pH + 0.655 = 0 

P H = 



3.85 



One could obtain the result to about ± 0.05 pH by reading the value directly from the graph. 

(a) The data are plotted in Figure 18.9. Both samples give rise to tolerably linear curves, so we 
estimate the melting point by interpolation using the best-fit straight line. 



375 
370 
365 
360 
355 
350 
345 
340 
335 



y = 39.707* + 324.08: 




0.3 



— i 
0.4 



• 0.01 
a 0.15 
Linear (0.01) 



0.5 0.6 
/ 



0.7 



0.8 



Figure 18.9 

The best-fit equation has the form TJK. = mf+b, and we want T m when / = 0.40: 
Csait = 1 0 x 10~ 2 mol dm" 3 : T m = (39.7 x 0.40 + 324) K = 
^, = 0.15 mol dm" 3 : T m = (39.7 x 0.40 + 344) K = 1 360 K I 



340 K 
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(b) The slopes are the same for both samples. The different concentrations of dissolved salt simply 
offset the melting temperatures by a constant amount with an increase in the concentration causing 
a higher the melting point. This behaviour is not what is typically observed with small molecules, 
where the presence of dissolved impurities disrupts freezing and depresses the freezing point. 
However, the effect of dissolved ions on DNA can be explained by considering that ions can inter- 
act with charged regions of the macromolecule, thereby reducing otherwise unfavourable intra- 
molecular interactions. For example, if two regions bearing negative charge would have to approach 
each other in the absence of dissolved salts, the incorporation of a cation very close to each region 
and an anion in between them would turn an unfavourable interaction into a favourable one and a 
higher melting point. See Figure 18.10. 




Figure 18.10 



The melting points are greater at both larger fractions of G-C base pairs and at larger salt concen- 
trations, T m increases with the number of G-C base pairs because this pair is held together with 
three hydrogen bonds in the double-helical structure, whereas the A-T pair is held with two hydro- 
gen bonds (see Section 18.5(b)). The AH m contribution is greater for the G-C pair. Low salt concen- 
trations destabilize the double helix by inadequately contributing to the attractive forces between 
the solution and the sugar-phosphate backbone of the double helix. This makes it easier for a base 
to rotate out from the centre of the double helix. 

P1 8.36 The peaks are separated by 1 04 g moi" 1 , so this is the molar mass of the repeating unit of the polymer. 

This peak separation is consistent with the identification of the polymer as polystyrene, for the repeat- 
ing group of CH 2 CH(C 6 H 5 ) (8 C atoms and 8 H atoms) has a molar mass of 8 x (12 + 1) g mol -1 
= 104 g mol -1 . A consistent difference between peaks suggests a pure system and points away from 
different numbers of subunits of different molecular weight (such as the /-butyl initiators) being 
incorporated into the polymer molecules. The most intense peak has a molar mass equal to that of 
n repeating groups plus that of a silver cation plus that of terminal groups: 

M(peak) = «M(repeat) + M(Ag*) + M(terminal) 

If both ends of the polymer have terminal /-butyl groups, then 

^(terminal) = 2M(r-butyl) = 2(4 x 12 + 9) g mol" 1 = 1 14 g mol" 1 . 

and M(peak) - M(Ag+) - M(terminal) = 25 578 - 108 - 114 = 

aD "~ M(repeat) ~ 104 I 

P1 8.38 The empirical Mark-Kuhn-Houwink-Sakurada equation [ 1 8 . 37] is 
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or, explicitly showing units, 

fo] ( K W A/, 



cm 3 g" 1 



cm 3 g" 



10 3 " 1 /: 



gmol" 1 J I cmV 1 



M 



kg mol -1 j 



We fit the data to the above equation and obtain K and a from a regression power fitting procedure. 
The plot is shown in Figure 18.1 1 and, because of its linear appearance, both the linear and power 

regression fits are reported. The power fit indicates that 
of 1 of a linear fit. The value of isTis 



a = 0.96 



, which is very close to the value 



cm 3 g l 



= 1.75 



K = 1 .75 x 10-w 551 ) cm 3 g" 1 = 2.4 x 10- 3 cm 3 g 



The value of K is significantly smaller than the value for polystyrene in benzene reported in 
Table 18.4 and to the value found in Problem 18.9 for polystyrene in tetrahydrofuran. The value 
of a is considerably larger for poly(3-hexylthiophene). The differences may indicate that P3HT in 
tetrahydrofuran is a stiffer polymer chain as a result of 7c-orbital interactions between heterocyclic 
rings. 




M v /kg mol 1 



Figure 18.11 




Solids 



Answers to discussion questions 

D19.2 A lattice plane is labelled by its Miller indices (hkl) where h, k, and / refer, respectively, to the 
reciprocals of the intersection distances (in units of the side lengths of the unit cell, a, b, and c) of 
the plane with axes that lie along the sides of a unit cell. If the reciprocal results in a fraction, the 
fraction is cleared by multiplication by the lowest common denominator. The notation (hkl) denotes 
an individual plane and the notation {hkl} denotes a set of parallel planes. 

D19.4 A systematic absence is an accidently forbidden reflection in the powder diffraction pattern of a 
lattice. The absence is caused by destructive interference due to the positions of atoms or ions giving 
a structure factor, and an overall amplitude of a diffracted wave, equal to zero. When the phase 
difference between adjacent planes in the set of planes {hkl} is k, destructive interference between 
the waves diffracted from the planes can occur and this diminishes the intensity of the diffracted 
wave. This is illustrated in text Figure 19.21. The overall intensity of a diffracted wave from planes 
{hkl } is determined from a calculation of the structure factor, F hkh which is a function of the posi- 
tions (hence, of the Miller indices) and of the scattering factors of the atoms in the crystal (see eqns 
19.6 and 1 9.7). If F hk! is zero for {hkl } , that reflection is absent in the diffraction pattern (see Example 
19.2). Recognition of systematic absences in a powder spectrum allows rapid identification a lattice 
structure. As summarized in Figure 19.23, a face-centred cubic lattice has a diffraction pattern for 
which h, k, and / are all even or all odd; other combinations are absent. A body-centred cubic lattice 
has systematic absences when the sum of h, k, and / is odd. Absences for which (2a/X) x sin# = l m 
or 15 l/2 are characteristically absent in the pattern of a cubic P lattice (see Section 19.3(b)). 

D19.6 The atomic scattering factor,/, describes the dependence of the magnitude of an atom's scattering 

( sin kr A-% 
of X-rays on the scattering angle B: f ~4n\ p(r)— — r 2 dr, where k = — sin0 [19.6], 

) 0 kr X 

The dependence on the electron density distribution in the atom, p(r), means that heavy atoms give 
rise to stronger scattering than light atoms. Furthermore, since the electron distribution used to 
calculate the scattering factor shows no angular dependence, the scattering factor is a spherical 
distribution estimate that ignores the influence on scattering of partially filled valence p and d sub- 
shells. It is shown in Justification 19.1 that the scattering factor equals the total number of atomic, 
or ionic, electrons in the forward direction of scattering (i.e. B = 0). It is smaller in non-forward 
directions. When comparing isoelectronic atoms and ions, the less diffuse species (greater p(r)) 
exhibits greater scattering. 
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D19.8 The majority of metals crystallize in structures that can be interpreted as the closest-packing 
arrangements of hard spheres. These are the cubic close-packed (ccp) and hexagonal close-packed 
(hep) structures in which each atom has a coordination number of 12. In these models, 74% of the 
volume of the unit cell is occupied by the atoms, giving a packing fraction is 0.74 in the hard-sphere 
model. As indicated in Table 19.2 most of the remaining metallic elements crystallize in the 
body-centered cubic (cubic-I or bec, coordination number of 8) arrangement, which is not too 
much different from the close-packed structures in terms of the efficiency of the use of space. The 
bec packing fraction is 0.68. Polonium is an exception as a-Po has the cubic-P (primitive cubic, 
coordination number of 6) lattice structure, which has a packing fraction of 0.52. (See the solution 
to Exercise 19.21a for a derivation of the packing fractions in cubic systems.) 

If atoms were truly hard spheres, we would expect that all metals would crystallize in either the ccp 
or hep close-packed structures. The fact that a significant number crystallize in other structures is 
evidence for interactions between the atoms. For elemental metallic solids the effect of ionic and 
covalent character in bonding between atoms may prevent close packing by directing non-close 
packing bond angles and lengths. Bonding draws atoms together and in doing so. reduces the 
coordination number below the 12 of close packing by squeezing out non-bonded atoms of 
neighbouring layers. 

D19.10 Semiconductors generally have lower electrical conductivity than most metals. Additionally, the 
conductivity of semiconductors increases as the temperature is raised, whereas that of metals 
decreases. The difference occurs because of the relative balance between the excitation of electrons 
into electrical conductance and the scattering of electrons off the conductance path by collisions 
with vibrating atoms. The scattering process predominates with increasing temperature of a metal 
The excitation process predominates for the semiconductor. 

The electronic structure of solids consists of allowed energy bands. The highest energy band of a 
metal is partially filled. Being approximately filled to the Fermi level only, there is no gap of forbid- 
den energies for excitation. It is easy to promote electrons from the filled level in which all random 
vector momentums are occupied to levels in which there is a preferred vector momentum. This 
provides high electrical conductivity. The energy difference between the top of the band and the 
Fermi level helps to explain their appearance. If sufficiently wide, all incident visible light can be 
both absorbed and emitted. This gives many metals their shiny, 'silver' luster. A narrow width may 
result in colour as a range of visible frequencies are preferentially emitted. An example is the 
reddish colour of copper. 

Semiconductors have a band gap, E g , between a filled valence band and an approximately unfilled 
conductance band above it. Significant energy is needed to promote electrons to the conductance 
band. The energy may be provided thermally with the application of higher temperature, with 
electromagnetic radiation of frequency above = E g /h, or with an applied voltage. The visual 
appearance of a semiconductor is approximated with v^. For example, electromagnetic radiation 
with more energy than green fight is absorbed by cadmium sulfide, so the yellow, orange, and red 
visible light are predominately reflected and seen as a yellow-orange colour by an observer. See the 
Brief illustration in Section 19.10(b). 

D19.12 The Davydov splitting in the exciton bands of a crystal can be understood by considering the 
allowed transitions of interacting dipoles of neighbouring molecules. As shown in text Figure 19.58, 
the parallel alignment of transition dipoles is energetically unfavourable, and the exciton absorption 
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is shifted to higher energy (blue shifted) than in the isolated molecules. However, a head-to-tail 
alignment is energetically favourable, and the transition occurs at a lower frequency (red shifted) 
than in the isolated molecules. Transition dipoles are rarely in a single parallel or head-to-tail 
alignment. As shown in text Figure 19.59, transition moments may often be either energetically 
favoured or energetically unfavoured. These crystals exhibit both the blue shifted and the red shifted 
band and the separation of the bands is the Davydov or exciton splitting. 



Solutions to exercises 



E19.1 (b) (|,0,{) is the midpoint of a face. All face midpoints are alike, including (j,j,0) and (0, y,^) . There 



are six faces to each cube, but each face is shared by two cubes. So other face midpoints can be 
described by one of these three sets of coordinates on an adjacent unit cell. 

E1 9.2(b) Taking reciprocals of the coordinates yields (l,j,-l) and (y,y,{), respectively. Clearing the 



fractions yields the Miller indices (313) and (643) 



E1 9.3(b) The distance between planes in a cubic lattice is d m = 



(h 2 +k 2 +l 2 ) m 



[19.2]. 



^121 = 

d 22 i = 

d 24 4 = 



523 pm 



12r (l 2 +2 2 +l 2 ) 1 ' 2 

523 pm 
(2 2 +2 2 +l) 1/2 ~ 

523 pm 
(2 2 + 4 2 +4 2 ) 1/2 



214 pm 



174 pm 



87.2 pm 



E1 9.4(b) 



A = 2d sin 6 [19.5] = 2 x (128.2 pm) x sin 19.76° = 86.7 pm 



E1 9.5(b) Combining the Bragg law with Miller indices yields, for a cubic cell 



sin^=— (h 2 +k 2 + ! 2 y» 

In a face-centred cubic lattice, h, k, and / must be all odd or all even (see Figure 19.23 of text). 
So the first three reflections would be from the (1 1 1), (200), and (220) planes. In an fee cell, the 
face diagonal of the cube is 4R, where R is the atomic radius. The relationship of the side of the unit 
cell to R is therefore 



(4R) 2 = a 2 + a 2 = 2a\ so a = 



4R 

12 



Now, we evaluate 

A X 154 pm 

2a ~ 4-JlR~ 44l (144 pm) 



= 0.189 
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We set up the following table: 



hkl 


sin 8 


61° 


2BI° 


111 


0.327 


19.1 


38.2 


200 


0.378 


22.2 


44.4 


220 


0.535 


32.3 


64.6 



E1 9.6(b) In a circular camera, the distance between adjacent lines is D = RA(2B), where R is the radius of the 
camera (distance from sample to film) and 6 is the diffraction angle in radians. Combining these 
quantities with the Bragg law (A = 2rfsin 6, relating the glancing angle to the wavelength and separa- 
tion of planes), we get 



E19.8(b) 



D = 2RAB = 2RA\ sin" 1 — 
2d 



= 2(5.74 cm) x 



. , 96.035 pm 
sin -1 sirr 



2(82.3 pm) 



95.401 pm 
2(82.3 pm) 



0.054 cm 



E1 9.7(b) Justification 9. 1 demonstrates that the scattering factor in the forward direction equals the number 



of electrons in the atom or simple ion. Consequently, f Mg2 * = 10 



The volume of a hexagonal unit cell is given by V- hA, where h is the height of the cell and A is the 
area of the hexagonal face, which is shown in Figure 19.1. A equals 12 times the right triangular 
area, shown in the figure, defined by the hexagonal face of segment length a. 

A = \2{{rx (a/2)} = 3ar = 3ax (a cos 30°) = 3a 2 V3/2 

V = Ah = WhStt 
= 3 x (1692.9 x 10" 12 m) 2 x (506.96 x 10" 12 m) x VJ/2 



= 3.7747 x 10- 27 m 3 = 3.7747 nm 3 




Figure 19.1 

E1 9.9(b) The volume of an orthorhombic unit cell is 

V = abc - (589 pm) x (822 pm) x (798 pm) 
3.86xl0 8 pm 3 



(lO^pmcm- 1 ) 3 



= 3.86xl0- 22 cm 3 
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The mass per formula unit is 
135.01 gmoH 



m = 



' * = 2.2419 x 10' 22 g 

6.02214 xl0 23 mol-' 5 



The density p is related to the mass m per formula unit, the volume Vof the unit cell, and the num- 
ber N of formula units per unit cell as follows 

Nm A7 pV (2.9 g cm" 3 ) x (3.86 x 10- 22 cm 3 ) . 
<> = — • so N = — = 2.24 x 10- g " 

A more accurate density, then, is 

5x(2.24xl0" 22 g) 



P = 



3.86xl0- 22 cm 3 



2.90 g cm" 3 



E19.10(b) 



-I-I/2 



[19.3] 



d AU = 



3 
679 



879 J i860 



pm - 



182 pm 



E1 9.1 1 (b) Since the reflection at 1 7.7° is ( 1 1 1 ), we know that 

. A rin „ 137 pm __, 
dm = [19.5] = = 225 pm 



2sin0 
and hence, since d in = 



2xsinl7.7 c 
a 



, — [19.2] = — — for a cubic unit cell, it follows that 
(1 2 +1 2 +1 2 ) 1/2 1 1 3 I/2 



a = (3 1/2 ) x (225 pm) = 389 pm 
The indices of the other reflections are obtained from 



a i (lasw.8} 



(h 2 + k 2 + l 2 )=^\^-\ [19.2] = 

a hki ) \ *• ) 

We draw up the following table: 



[19.5] 



er 



2a sin 8 



h 2 + k 2 + l 2 



(hkl) 



a/pm 



10.7 


1.11 


1(?) 


(100) 


369 


13.6 


1.78 


2(?) 


(110) 


412 


17.7 


2.98 


3 


(111) 


390 


21.9 


4.49 


4(??) 


(200) 


367 
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The calculated values reported in the second table column give cause for concern because they are 
not very close to integer values. The third column rounds the second column off to the nearest 
integer to give values of h 2 + k 2 + P for which we have little confidence. If the third column values 
are correct, the reflections are those of the fourth column and the unit cell is cubic P (primitive 
unit cell, see text Figure 19.23). The final column values are obtained from 



2$m6 



x(h 2 +k 2 +i 2 y n 



and averaged to a = 385 pm with a standard deviation of 21 pm (5%). Having expected a standard 
deviation of about 1%, the variation in a reinforces concern about either the data or the analysis. 
Something could be wrong with the data or, perhaps, the cubic cell assumption is wrong. 

The exercise can be expanded as a small project by assuming that the glancing angle data is good 
but the unit cell is orthorhombic. We take the Miller indices to be (100), (1 10), (1 1 1), and (200) and 
the project is to find the unit cell dimensions a, b, c using a fitting procedure that minimizes the sum 
of the squares of errors (SSE). We will perform the fit with Mathcad as its Given/Minerr solve 
block is very convenient for the minimization of SSE. The key is recognition that eqns 19.3 and 19.5 

provide two expressions for Y = \tdl kh One expression is F ft = ^-j + + ^ j for each data 
point where the parameters a, b, and c are determined by the minimization fit. The other expression 
~ > ! for each data point. We must adjust the parameters a, b, and c so that the function 



J 



SSE = X (^x P - Ifit)? is minimized. Here is the Mathcad worksheet: 



Glancing angles with degrees converted to radians and assumed Miller indices: 



'10.7^ 
13.6 
17.7- 

v 21.9] 



2n 
360 



Setup for SSE: 



1 

t 



1 
1 



\:= 



0 
1 

v<>; 



***** 



SSE(a,Hc):=gYexp^ 



0m g^s val#for :p^teete^fd fl^Miniirsolveift&ck: > 

a:=50J5 fct^SOO c:=50Q 

.*»■■ **<•■ i** 
Given -SSE(a^^0 " 1=t^ 2^ sides 



Dimensions of orthorhombic unit cell in pm; sides = 



( 367.4 " 
476.076 
355.422, 



SOLIDS 443 



Glancing angles of fit in degrees: 



Wit - a?inf 137-Yfit^,k l ,^sktes 0> sides^sides 2 r ) . 360 m = 
" \ 2 ) 2-n 



10.745 
13.6 
17.7 

21.894 



The last line of the worksheet indicates that the glancing angles found by the fit procedure are in 
very good agreement with the experimental glancing angles. The fit gives a = 367 pm, b = 478 pm, 
and c = 355 pm. 



E19.12(b) 6 hkl = arcsin [from eqn 1 9.5] = arcsin 

2d kU 



[from eqn 19.3] 



B m - arcsin* 



83.42 



574.1 



2 ( 
+ 

V 



0 



796.8 495.9 



0 



4.166 c 



ft>m= arcsin 



83.42 



574.1 



+ 

J \ 



i I 2 f o : 

+ 



796.8 495.9 



3.001' 



6 lu = arcsin 



83.42 



574.1 



1 \ 2 ( 1 2 
+ 



796.8 495.9 



7.057 c 



E1 9.1 3(b) All of the reflections present have h + k + l even, and all of the even h + k + 1 are present. The unit 



cell, then, is body-centred cubic . See Figure 19.23 of text 



E1 9.14(b) The structure factor is given by 

^ W = where ft = 2n{hx, + ky, + lz-J [19.7] 

All eight of the vertices of the cube are shared by eight cubes, so each vertex has a scattering factor 
of//8. 

The coordinates of all vertices are integers, so the phase 0 is a multiple of 2% and e'* = 1 . The body- 
centre point belongs exclusively to one unit cell, so its scattering factor is /. The phase is 

(t> = 2ji({/i + {k + \l) = n(h + k + l) 

When h + k + 1 is even, ^ is a multiple of 2n and e'* = 1 ; when h + k + 1 is odd, 0 is 7t plus a multiple of 
2k and e* = - 1 . So, e 1 * = (-1 ) A+ * +/ and 

^=8(//8)(l) + /(-l)^' 



= 2/ for h + k + / even and 0 for h + k + 1 odd for the body-centred cubic lattice 
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E1 9. 1 5(b) The electron density is given by 

V hkl 

The component along the x direction is 

" h 

Using the data of this problem, we sum from h = -9 to +9 and use the relationship F h = F w . The fol- 
lowing Mathcad worksheet computation of p(l .0) uses unit volume. Figure 19.2 shows p(x) with x 
in units of a. High electron density is indicated at the ends of unit cell edge (i.e. at the vertices). 



rioS 




X 



Figure 19.2 

E19.16(b) Using the information of Exercise 19.15b, the Mathcad worksheet computation of ^(1.0) is per- 
formed with eqn 19.9. 
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1.0^ 
10 
4 
4 
6 
6 
8 
8 

10 



P(1.0) = 1.164x10 3 



The Patterson synthesis P(x) of Figure 19.3 with x in units of a shows that atoms represented by 
this data are separated by la unit along the jc-axis. 



1500 



P(x) 500 




Figure 19.3 

E1 9.1 7(b) Draw points corresponding to the vectors joining each pair of atoms. Heavier atoms give more 
intense contributions than light atoms. Remember that there are two vectors joining any pair of 
atoms (AB and AB); don't forget the AA zero vectors for the centre point of the diagram. See 
Figure 19.4 for C 5 H 6 . 

C 6 H 6 



oogo^ 

O ^0^ C2) 0 



°5° 



Figure 19.4 
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h h 

E1 9.18(b) By the de Broglie relationship: X = — = — 

p mo 

h 6.626 xlO" 34 J s 

Hence, v = 



ml (1 .675 x lO" 27 kg) x (105 x 10" 12 m) 



3.77 km s"' 



E19.1 9{b) As discussed in text Example 1 9.4 the wavelength of a thermal neutron is 
h 6.626 xlO" 34 J s 



(mkTf 2 [(1.675 x 10" 27 kg) x (1.381 x 10" 2S J K" 1 ) x (380 K)f 



E1 9.20(b) There are two smaller (black) triangles to each larger (brown) triangle. Let the area of the larger 
triangle be A and the area of the smaller triangle be a. Since b = j5(base) and h = y7/(height), a = \A. 
The black space is then 2NAIA, for N of the larger triangles. The total space is then (NA + ^) = 3NA/2 . 

Therefore, the fraction filled is NA/(3NAf2) = [fl. 



E19.21 (b) The diagonal of the face that has a lattice point in its centre is equal to 4r, where r is the radius of 
the atom. The relationship between this diagonal and the edge length a is 

4r = asfe, so a = 2\[5r 

The volume of the unit cell is a 3 , and each cell contains two atoms. (Each of the eight vertices 
is shared among eight cells; each of the two face points is shared by two cells.) So the packing 
fraction is 



2F atom 2(4/3)*r 3 



0.370 



V a « (2.42rf 3(2) 3 ' 2 

El9.22(b) Consider the eightfold coordination shown in Figure 19.5, where we take the smallest distance 
between the larger hard-spheres at corners to be 2R and the closest approach of a large and small 
hard sphere to be R + r. This lattice gives the minimum value of the radius ratio, y = rlR [19.12]. 

The body diagonal of the cube is a \[3 . Hence 

afi = 2R + 2r or fiR = R + r [a = 2R] or ^3=1 + 7 
/ = V3 -1 = 10.73205 




Figure 19.5 
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E1 9.23(b) The radius ratios determined in Exercises 1 9.22a and 1 9.22b correspond to the smallest value of the 
radius of the interior anion, since any smaller value would tend to bring the anions closer and increase 
their interionic repulsion and at the same time decrease the attractions of cation and anion. 

(a) For sixfold coordination: -^se_ = 0.414 [Exercise 19.22a] 

-^cation 



^nion = (0-414) x (138 pm) [Table 19.3] = 57.1 pm 



(b) For eightfold coordination: = 0.732 [Exercise 19.22b] 

■^cation 



'anion = (0-732) x (1 5 1 pm) = 1 1 1 pm 



E1 9.24(b) The volume change is a result of two counteracting factors: different packing fractions / and 
different radii r. Let 7 and v be the unit cell volume and the atomic hard-sphere volume, respectively. 
v oc r 3 , so the ratio of unit cell volumes is given by 



./hep ^ ^bec ./hep ^ 'bee 

^hep /bee v hcp /boc 'hep 

Since the packing fractions are 

/ hcp = 0.7405 and = 0.6802 [Justification 19.3 and Exercise 19.21a], 

the unit cell volume ratio for iron is 

0.7405 (122)* 
K hcp 0.6802 (126) 3 ' 



Hence, there is a contraction of 1 .2% when iron transforms from hep to bcc. (Actually, the data are 

not precise enough to be sure of this. 122 could mean 122.49 and 126 could mean 125.51, in which 
case an expansion would occur.) 

E1 9.25(b) The lattice enthalpy is the difference in enthalpy between an ionic solid and the corresponding 
isolated ions. In this exercise, it is the enthalpy corresponding to the process 

MgBr 2 (s) -> Mg 2+ (g) + 2Br"(g) 

The standard lattice enthalpy can be computed from the standard enthalpies given in the exercise by 
considering the formation of MgBr 2 (s) from its elements as occurring through the following steps: 
sublimation of Mg(s), removing two electrons from Mg(g), vaporization of Br 2 (l), atomization of 
Br 2 (g), electron attachment to Br(g), and formation of the solid MgBr 2 lattice from gaseous ions 

A f /T(MgBr 2 ,s) = A sub /T (Mg,s) + A ion /T(Mg,g) + A vap /T(Br 2 ,l) 

+ A^^/HBr^g) + 2A eg /T(Br,g) - A L /T(MgBr 2 ,s) 

So the lattice enthalpy is 

A L H *(MgBr 2 ,s) = A sab /T(Mg,s) + A ion /T (Mg,g) + A vap iT(Br 2 ,l) 

+ A bonddiss ir(Br 2 ,g) + 2A eg /T (Br,g) - A f iT (MgBr 2 ,s) 



A L tf*(MgBr 2 ,s) = [148 + 2187 + 31 + 193 - 2(331) + 524] kJ mol' = 2421 kj mol" 1 
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tiotttisI stress 

E19.26(b) Young's modulus: E = — [9.13a] = 215 GPa = 215 x 10 9 kg m 1 s~ 2 

nonnal strain 

We solve this relationship for the normal strain after calculating the normal stress from the data 
provided. 

normal stress ~ force per unit area = F/A 
normal strain = relative elongation = AL/L 
F/A mgIA mg mg 



AL/L - 



E AE %(d/2) 2 E 
10.0 kg x (9.81 ms^ 2 ) 



7t(0.10 x 10- 3 m/2) 2 x (215 x 10 9 kgm-' S - 2 ) 
or about 5.8% elongation 



0.058 



_ . , . transverse strain „ rt , ^ 

E19.27(b) Poisson's ratio: v = : — [19.17] = 0.41 

nonnal strain 

We note that the transverse strain is usually a contraction and that it is usually evenly distributed 
in both transverse directions. That is, if (AL/L),. is the normal strain, then the transverse strains, 
(AL/L) X and (AL/L) V , are equal. In this case of a 2.0% uniaxial stress: 

^.j =+0.020, =(^r) =-0-020x0.41 = -0.0082 [a contraction of widths] 

Application of the stress to a 1 dm 3 cube of lead results in a volume equal to 
(1 - 0.0082) 2 x (1 + 0.020) x 1 dm 3 = 1 .0033 dm 3 

The change in volume is 



3.3xl0- 3 dm 3 



E1 9.28(b) p-type; the dopant, gallium, belongs to Group 13, whereas germanium belongs to Group 14. 

E19.29(b) E g = h Vmin 

u * fs)& v in-M T c ( \ 

= 3.69xl0- 15 s-' = 



_ h _ 6.626xKH 4 Js 
Vmin " E~ 1.12 eV ll.602xlO" 19 J 



3.69 fHz 



E19.30(b) fi =g,{S(S+ l)} 1/2 jU B [19.34, with S in place of s] 
Therefore, since jx — 5.3 fi B and g e ~ 2, 

S(S + 1) = (£) x (5.3) 2 = 7.02, implying that S = 2.20 = ±f- 



Since S = the Mn 2+ ions have four to five unpaired spins 



E19.31(b) Xm = ^K m [19.28] = x M/p = (-7.9 x 10" 7 ) x (84.15 g mol-')/(0.81 1 g enr 3 ) = -8.2 x lQ- 5 cm 3 mol 
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E1 9.320)) The molar susceptibility is given by 
N A glfwlS(S+l) 



[19.35], so S(S + 1) 



3^ ' — ' iV A gM 

Using x m = 5.03 x 10~ 8 m 3 moh 1 [Table 19.6], we find that 

(5.03 xlO" 8 n^mol" 1 ) 



1X 3(1.381 x 10~ 2J J K _i ) x (298 K) 
S(S + 1) = — ~ - J — - x 



(6.022 x 10 23 mol- ! ) x (2.0023) 2 (4tu x 10 7 T 2 J -1 m 3 ) x (9.274 x 10 -24 J T -1 ) 2 
_ -1 + ^1 + 4(2.84) _ U2 



= 2.38, so S : 



corresponding to 2.24 effective unpaired spins. The theoretical number is [2]. The magnetic 

moments in a crystal are close together, and they interact rather strongly. The discrepancy is most 
likely due to an interaction among the magnetic moments. 

E1 9.33(b) The molar susceptibility is given by 



Xm 



3kT 



[19.35] 



Mn 2+ has five unpaired spins, so S = 2.5 and 

(6.022 x 10 23 mol-') x (2.0023) 2 x (4* x 10" 7 T 2 J -1 m 3 )x (9.274 x 10" 24 J T -1 ) 2 x (2.5) x (2.5 + 1) 



Xm 



3(1.381xl0- 23 JK-')x(298 K) 



1.85xl0- 7 m 3 mol- 



E1 9.34(b) The relationship between critical temperature and critical magnetic field is given by 



tf c (7>tf c (0) 

V 

Solving for T gives the critical temperature for a given magnetic field: 



^ f H C (T)\ „„ v ^ f, 15kAm-'^ 







r- 


2.4 K 



Solutions to problems 

Solutions to numerical problems 
P19.2 The powder diffraction pattern shows a reflection from the (100) plane, so we may conclude that 



polonium has the simple (primitive) cubic lattice because, as indicated in text Figure 9.23, the face- 



centred and body-centred cubic lattices do not exhibit this line. Furthermore, only the primitive 
cubic lattice shows a powder diffraction pattern in which the separation between the sixth and 
seventh lines is larger than between the fifth and sixth lines (see text Figure 19.23). 
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d m =a[\92] = 



2sin0 



[19.5] 



P19.4 



P19.6 



a = 



154 pm 

(2) x (0.225) 



342 pra 



X = 2a sin 6 m as = a 



Therefore, a = 



and 



2sin0 ]OO 

a(KCl) sin0 loo (NaCl) sin6°0' 



afNaCl) sin0 loo (KCl) sin5°23' 



= 1.114 



Therefore, a(KCl) = (1 . 1 14) x (564 pm) = 628 pm 



The relative densities calculated from these unit cell dimensions are 



p(KCl) J M(KC1) f g(NaCl) Y = { 74.55^ 



p(NaCl) ^M(NaCl)J ^ a(KCl) J ^58.44 

Experimentally, 

p(KCl) _ 1.99 gem 3 
p(NaCl)~ 2.17 gem- 3 

and the measurements 



x| ^I51| = 0.924 
628 pm 



= 0.917 



are broadly consistent 



As demonstrated in Justification 19.3 of the text, close-packed spheres fill 0.7404 of the total 
volume of the crystal. Therefore, 1 cm 3 of close-packed carbon atoms would contain 



0.74040 cm 3 



= 3.838 xlO 23 atoms 



f f 154 45^ A 
r = J^y^j pm = 77.225 pm = 77.225 x 10" 10 cm 



Hence, the close-packed density would be 

mass in 1 cm 3 (3.838 x 10 23 atom) x (12.01 m^/atom) x (1.6605 x 10" 24 g m~ l ) 



P = 



1 cm 3 



1 cm 3 



7.654 g cm" 



The diamond structure is a very open structure that is dictated by the tetrahedral bonding of the 
carbon atoms. As a result, many atoms that would be touching each other in a normal fee structure 
do not in diamond, for example the C atom in the centre of a face does not touch the C atoms at the 
corners of the face. See text Figure 19.41. 



P19.8 As indicated in Exercise 19.7, the volume of a primitive monoclinic unit cell is 

V= abc sin p = (1.0427 nm) x (0.8876 nm) x (1.3777 nm) x sin(93.254°) = 1.2730 nm 3 
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The mass per unit cell is 

m = pV= (2.024 g cm- 3 ) x (1.2730 nm 3 ) x (10" 7 cm nnr 1 ) 3 = 2.577 x 10" 21 g 
The monomer is CuC 7 H 13 N s 0 8 S, so its molar mass is 

M = [(63.546) + 7(12.01 1) + 13(1.008) + 5(14.007) + 8(15.999) + 32.066] g moH = 390.82 g mol" 1 

The number of monomer units, then, is the mass of the unit cell divided by the mass of the 
monomer 

Y = mN ± = ( 2 - 577 x 10-21 g) x ( 6022 x 1023 mo{ ^ 3 q 7 or m 

M 390.82 g mol" 1 ' U 

P19.10 The length of an edge in the fee lattice of these compounds is a = 2(r + + r_). Then, 

(1) fl (NaCl) = 2(r Na+ + r a _) = 562.8 pm 

(2) a(KCl) = 2(r K+ + r cr ) = 627.7 pm 

(3) <3(NaBr) = 2(r Na+ + r Br . ) = 596.2 pm 

(4) a(KBr) = 2(r K+ + r Br _ ) = 658.6 pm 

If the ionic radii of all the ions are constant then 
(l) + (4) = (2) + (3) 

(1) + (4) = (562.8 + 658.6) pm = 1221 .4 pm 

(2) + (3) = (627.7 + 596.2) pm = 1223.9 pm 



The difference is slight, hence the data support the constancy of the radii of the ions. 



P1 9.1 2 When a very narrow X-ray beam (with a spread of wavelengths) is directed on the centre of a genu- 
ine pearl, all the crystallites are irradiated parallel to a trigonal axis and the result is a Laue photo- 
graph with sixfold symmetry In a cultured pearl the narrow beam will have an arbitrary orientation 
with respect to the crystallite axes (of the central core) and an unsymmetrical Laue photograph will 
result. (See J. Bijvoet et ai, X-ray analysis of crystals (London: Butterworth, 1951).) 

P19.14 (a) When there is only one pair of identical atoms, the Wierl equation reduces to 

1(8) = f 2 , where 5 = — sin— 8 

sR X 2 

sin sR 

Extrema occur at sR = = tan sR and this equation may be solved either graphically or 

cos sR 

numerically to give the extrema values shown in the plot of Figure 19.6. 



The angles of extrema are calculated using the Br 2 bond length of 228.3 pm, the equation 
sRX 
4nR 



sR/l 

8 - 2 sin -1 1 L and sR extrema values shown in Figure 19.6 
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0.5 - 



0 - 



-0.5 



1 1 1 r 

Extrema in units of jt/2 



0.9836 x 5 

0.9950 x 9 

0.9917 x 7 
0.9534 x 3 



0.9986 x 17 

0.9989 x 19 



10 15 



20 



25 



Figure 19.6 



Neutron diffraction: 0 lstmax = 0 

• -if (0-9534 x3rc/2)x (78 pm) )_ 



^W.mm — 2 Sin" 



4jt(228.3 pm) 



14.0' 



. J (0.9836 x 5tt/2) x (78 pm) 



" : : ' MM 1 4 JI (228.3pm) 

Electron diffraction: 6 }st m „ = 0 

J (0.9534 x3rc/2)x (4.0 pm) ]_ 
" 2Sm [ 4,(228.3 pm) J" 



24.2' 



0.72' 



fl _,f (0.9836 x5k/2)x (4 pm) l 
= - SH1 ' 4n(228.3pm) 



1.23' 



/k , v , , sin sRj j 4k . 1 



= 4/c/c 



sin sin ji^, 

+ 0/ CI 



[4 C - CI pairs, 6 CI - CI pairs] 



( sin r^i sinC-V /2 x 

= (4) x (6) x (17) x (P) x I — I + (6) x (17)2 x (/2) x -^i— [x = jj^] 



4 = (40 8)x™i + (1062)M)!!£ 



A plot of this function is shown in Figure 19.7. 
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400 i— i 1 1 1 1 1 1 r 



200 - 



Hf 2 




0 5 10 15 20 25 30 35 40 



Figure 19.7 

We find x max and x min from the graph, and 5 max and s min from the data. Then, since x = sR CCh we can 
take the ratio x/s to find the bond length i^c,. The calculation of s requires the wavelength of the 
electron beam. 

-^— = eV or p = (2m e eV) U2 
2m e 

From the de Broglie relationship, 

_ h_ _ h 6.626 x 10~ 34 Js 

~ p ~ (2m e eV) ]/2 " 2 x (9.109 x 10" 31 kg) x (1.609 x 10" 19 C) x (1.00 x 10 4 V) * Pm 

We draw up the following table: 



0(expt.) 




Maxima 






Minima 






5°22' 


7°54' 


1°46' 


4°6' 


6°40' 


9° 10' 


slpm~ l 


0.0270 


0.0482 


0.0710 


0.0159 


0.0368 


0.0599 


0.0819 


x(calc.) 


4.77 


8.52 


12.6 


2.89 


6.52 


10.6 


14.5 


(x/s)/pm 


177 


177 


177 


177 


177 


177 


177 



Hence, 



i? ccl = 1 77 pm and the experimental diffraction pattern is consistent with tetrahedral 



geometry. 



ln(G/S) = ln(G 0 /S)- 




Thus, the slope of a ln(G) against l/^plot equals -EJlk. The data have minimal uncertainty so the 
slope can be calculated by the two-point difference method. Alternatively, a linear regression fit of 
(1/7, ln(G/S)) data points gives the slope: 
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J 0 -J L_ 

312 K 420 K 

E s = -2k x slope = -2 x (1 .38 1 x 10~ 23 J K 1 ) x (-4270 K)= 1.18 x 10 -19 J 



This is equivalent to 71.0 kJ mol 1 or 



0.736 eV 



P19.18 If the unit cell volume does not change on substitution of Ca for Y, then the density of the super- 
conductor and that of the Y-only compound will be proportional to their molar masses. 

M super = [2(200.59) + 2(137.327) + (1 - x) x (88.906) + x(40.078) + 2(63.546) + 7.55(15.999)] g mol 1 

M super /(g mol - 1 ) = 1012.6 - 48.828* 

The molar mass of the Y-only compound is 1012.6 g mol -1 , and the ratio of their densities is 

^ = 1012.6-48.828* =1 _ Q .^L^ 
p^ aly 1012.6 0.04822^ p Y ^ y 

The density of the Y-only compound is its mass over its volume. The volume is 

^Y-oniy = a 2 c = (0.38606 nm) 2 x (2.8915 nm) = 0.43096 nm 3 = 0.43096 x 10" 21 cm 3 
so the density 

_ 2M = 2 x (1012.6 g mol- 1 ) = g(>4 

Pv-oniy (6 022 x 10 23 mol 1 )x (0.43096 xlO- 21 cm 3 ) ' gCm 

The extent of Ca substitution is 

1 C 7.651 
x= _ . 1 - 



0.04822 7.804 



0.41 



COMMENT. The precision of this method depends strongly on just how constant the lattice volume really is. 



Solutions to theoretical problems 

P19.20 If the sides of the unit cell define the vectors a, b, and c, then its volume is V=a • bx c [given]. 
Introduce the orthogonal set of unit vectors ij, k so that 

a = a x i + a j + a.k 
b = bj + b y j + b.k 
c = cj + c y j + c.k 







a y 


a. 


Then, V = a • b x c = 


K 


by 


K 






c y 
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Therefore, 







a v 


<*2 


a x 


a v 






K 


by 


K 


K 


b y 


K 






C , 


c s 




C y 


c. 




a x 


a y 


a z 




b x 






K 


b y 


b z 


a y 


by 


c y 






c y 




a. 




C s 



[interchange rows and columns, no change in value] 



a x a x + a y a y + a.a z a x b x + a y b y + a z b. a x c x + a y c y + a z c z 
b x a x + b y a y + b z a z b x b x + b y b y + b z b, b x c x + b y c y + b.c. 
c x a x + c y a y + c z a z c x b x + c y b v + c z b z c x c x + c y c y + c.c. 



a 2 ab ac 
b a b 2 b e 
ca cb c 2 



a 2 abcosy ac cos /J 
ab cosy b 2 be cos a 
ac cos {3 be cos a c 2 



= a 2 b 2 c 2 {\ - cos 2 a - cos 2 $ - cos 2 / + 2cosacos/3cos)') 



P19.22 



Hence, V = abc{\ - cos 2 a - cos 2 - cos 2 y + 2 cos a cos/? cosy)" 2 



Thus, for a monoclinic cell, for which a = y= 90°, V- abc{\ - cos 2 jS) 1/2 = abc sin /3 
and for an orthorhombic cell, for which a=f} = y= 90°, V= abc. 

The mathematical forms of the Is and 2s radial wavefunctions are found in Table 9.1. For the 
one-electron hydrogen-like atom 4rcp(r) = R(r) 2 [9.18] and the scattering factor is given by 



/(r,Z) = 4ji| p(r,Z) sm ( 47txr > r 2 dr[9.6], where jc = 



Anxr 



smd P „ . 



z y_ sin(47Lxr) 
4kx 



rdr 



The scattering factor equals one in the forward direction. 

(a) The scattering factor of a Is hydrogen-like orbital is calculated, and plotted, in the following 
Mathcad worksheet. An increase in the atomic number effectively moves the scattering factor away 
from the forward direction. 



pm :=10- 12 -m 



a := 52.91 7721 08 -pm 



f(x,Z)> 



100-a 

' RJ;Z)^in(4=iTX^ dr 



0 : pm 



4-n-x 



N:=200 i:=0..N :=0.01 -pm" 1 
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• ■■ : - pm" 1 ^ 'V- * : 

(b) The scattering factor of a 2s hydrogen-like orbital is calculated, and plotted, in the following 
Mathcad worksheet. An increase in the principal quantum number n moves the scattering factor 
towards the forward direction, while an increase in the atomic number effectively moves the scatter- 
ing factor away from the forward direction. 




-0.2 1 ' —i 1 1 1 

* 0 ; 0.001. ,0.002 ; 0.003 . 0.004 0.005 
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P19.24 Close-packed rods of length L and elliptical cross-section with semi-major axis a and semi-minor 
axis b have a rod volume of nabL. The parallelepiped unit cell is shown in Figure 19.8(a) in a cross- 
section of the packed rods. Examination of the figure reveals that each unit cell contains one rod. 
Thus, the packing fraction /is given by 



TuibL _ ,„.,.. 



Trab 



where A v is the cross-section area of the unit cell. 



Figure 19.8(b) defines the parameters needed for the determination of A p . Examination of the 
centre positions of a pair of stacked ellipses reveals that they have the relative coordinates (0,0) and 
(0,2b). The adjacent ellipse column is centred b higher and, consequently, the vertical contact point 
between the adjacent ellipses is necessarily at bll. The horizontal component of the contact point, 
x, is calculated with the formula for an ellipse using y = bll. 



= 1 



( bl2 * 



= 1 or x = 4 V3a 



The parallelepiped area has a base of 2b and its height h is 

h = 2x = yfSa 
Thus, 

A p =2bh = lfiab 
and 

jcab % 



2Sab 2V3 



0.907 



The above formula for the packing fraction shows that it is independent of the ellipse eccentricity. 




h 

< ► 



(0,26) 2a 



2b $ 



(0,0) 




(xJ>/2) 



(b) 



P19.26 F m = X / f e M( ** + *» +4 »> [1 9.7] 

r 

For each A atom use jf A (each A atom shared by eight cells) but use/ B for the central atom (since 
it contributes solely to the cell). 
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F hki = — f A {\ + e 2niA + e 2nilt + e 2 "'' + e 2 *^* -1 "** + e 2 "'< A+ ') + qIkk^+i) _|_ g27u<7i+fc+/)| _j_ y^ e ni(A+*+/) 
= A + (-l) (A+i+/) / B [fc ^ / are all integers, e ijt = - 1] 



(a) /a=/, /b = 0; F hkl =f no systematic absences 



(b) / B ={/ A ; F„=/ a [1 + {(-1)^] 

Therefore, when ft + fc + / is odd, F m = / A (l - 4) = t/a > and wnen ft + & + / is even, = |/ A . 



That is, there is an alternation of intensity (/<* i 72 ) according to 



whether ft + + / is odd or even 



(c) /a=/b=/; ^=/{l + (-l)^ +/ } = 0 if A + A + / is odd. 



Thus, all ft + /: + / odd hnes are missing 



P19.28 



P19.30 



According to eqn 19.18: 
E 



G - 



2(1 + v P ) 



and K = 



3(1 -2v P ) 



Substituting the Lame-constant expressions for £ and v P into the right-hand side of these relation- 
ships yields: 



G = 



/x(3A + 2^) 
A + /i 



2 1 + - 



2(A + //) 
Expanding leads to: 
/x(3A + 2p) 

G = 



and # = 



g(3A + 2/x) 
A + fi 



3 1- 



A + // 



A + ^i 



2A 



and K = 



+ 2/i + A ^| 
2(A + J u) j 

jx(3A + 2jQ 
A + jU 
A + jU- A 



M3A + 2^) 
3A + 2^ 



=0 



^(3A + 2fi) 
3^ 



3A + 2ju 



(A + ju) 

as the problem asks us to prove. 

Permitted states at the low-energy edge of the band must have a relatively long characteristic wave- 
length, while the permitted states at the high-energy edge of the band must have a relatively short 
characteristic wavelength. There are few wavefunctions that have these characteristics, so the 
density of states is lowest at the edges. This is analogous to the MO picture that shows a few bonding 
MOs that lack nodes and few antibonding MOs that have the maximum number of nodes. 

Another insightful view is provided by consideration of the spatially periodic potential that the 
electron experiences within a crystal. The periodicity demands that the electron wavefunction be 
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a periodic function of the position vector r. We can approximate it with a Bloch wave, if/ ? , 
where k = kj+ kj+ k.k is called the wavenumber vector. This is a bold, 'free' electron approxima- 
tion and in the spirit of searching for a conceptual explanation, not an accurate solution, suppose 
that the wavefunction satisfies a Hamiltonian in which the potential can be neglected: H--(fi 2 l2m)V 2 . 
The eigenvalues of the Bloch wave are: E = h 2 \k\ 2 /2m. The Bloch wave is periodic when the com- 
ponents of the wavenumber vector are multiples of a basic repeating unit. Writing the repeating unit 
as 2nlL, where L is a length that depends on the structure of the unit cell, we find k x = 2n x n/L, where 
n x =s 0, ±1, ±2, .... Similar equations can be written for k y and k z and with substitution the eigen- 
values become E = (l/2m)(2jt7S/L) 2 (n 2 + nj+n 2 ). This equation suggests that the density of states for 
energy level E can be visually evaluated by looking at a plot of permitted n x , n y , «, values, as shown 
in Figure 19.9. The number of n x , n y , n. values within a thin, spherical shell around the origin equals 
the density of states that have energy E. Three shells, labelled 1, 2, and 3, are shown in the graph. 
All have the same width but their energies increase with their distance from the origin. It is obvious 
that the low-energy shell 1 has a much lower density of states than the intermediate energy shell 2. 
The sphere of shell 3 has been cut into the shape determined by the periodic potential pattern of the 
crystal and, because of this phenomena, it also has a lower density of states than the intermediate 
energy shell 2. The general concept is that the low-energy and high-energy edges of a band have 
lower density of states than that of the band centre. 




Figure 19.9 



(a) Hy/ +or _ = v^_ ¥+OI _ and (H- v +or _)yf +or _ = 0 

^ V — V 
v mon v +or 

I P 

•^+or- 1 



'mon r +oi- 



A^mon 



V +or _=0, where j3= A ^ m ° n a-3cos 2 0) 



I 1 x + 



1 x. 



47t£ 0 /icr 3 

y +or „ = 0, where x +or _ = (v mon - v +or _ )fp 



= xl r _-\ = Q 
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*™r- = (v m0 n-*W)43 = ±l and V=v M t^ 
v + = v mon -/3 and v_ = v mon +/3 

v + and v_ are poltted below (Figure 19. 10) as a function of 9 using fi mon = 4.00 D, 
v mon = 25 000 cm" 1 , and r = 0.5 nm. 

T 



2.55 - 



10 4 cm" 1 




2.45 - 



2.35 



0.2 



0.4 0.6 
0/W2) 



Figure 19.10 



The ratio of nlf/uz (and the relative intensities of the dimer transitions) does not depend on /? or 6 
because fi + = 0. To see this, we use the coefficients of the normalized wavefunctions for y/ + and y/_ 
and the overlap integral S = (y/^yr?). 



v +or- 
1 X. 



C +or-,2 



= 0, where * +or _ = ±1 



^H-or-^+or-,) "•" C +Or-,2 
C+or-,2 = ~ •*+or- C +or-,l ® 

The coefficients must also satisfy the normalization condition. 

+ 2c. 



+or-,l ^+or-,2 ~ ■ £,t -+or-,l +or-,2"-* 
= C +or- 1 + C +or-,l ~ ^ +or _C+ or _ 1 S = 1 (ii) 



Thus, 



1 

{2(1 



C +,2 - ~~ C +,\ 



SOLIDS 461 



and 



1 

{2(i+s)r 



C-2 = C, 



(c_a + c 2 K, on J 



[see Problem 19.31] = I SL_£±i | q 



(b) The secular determinant for N monomers has the dimension NxN. 



^mon ^d 



V 0 



= 0 



= v? +2Kcos 



^dimer v tnon 



kn 

N + \ 



k = 1,2, 3, ...,7V [19.21] 



K = m = /7 3 a - 3cos 2 o) = 

The following plot, Figure 19.11, shows thedimer transitions for 0 = Oand N= 15. The shape of the 
transition distribution changes slightly with ./V and transition energies are symmetrically distributed 
around the monomer transition. The lowest-energy transition changes only slightly with N giving a 
value that goes to 

25 000 cm' 1 + 2 V= 25 000 cm" 1 + 2 x (-1289 cm" 1 ) = 22 422 cnr 1 as N -> « 

Since the model considers only nearest-neighbour interactions, the transition dipole moment of the 
lowest energy transition does not depend on the size of the chain. 



10 4 cm" 1 




Figure 19.11 
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P19.34 



6m e 



<r 2 >= | rfy 2 dT with yr = \ — -| e- r/a »=4jc| r\ 2 dr [dT = 4ro* 2 dr] 



4 r [r n \ 

= \ r V 2r/a »dr = 3^ x"e~ ax dx = — V 
«oJo [Jo 



Therefore, 



2m, 



Then, since # m = JV A ju 0 | [19.30 with m = 0] 



-N A foe 2 a 2 0 



2w„ 



P19.36 Only two electronic levels are accessible to nitric oxide at low temperature. The ground state is 
a doubly degenerate 2 IT 1/2 state, while the excited state is a doubly degenerate 2 Yl V2 state that is 
121.1 cm -1 above the ground state. These states originate from spin-orbital coupling of angular 
momentum. Let e = hcv be the energy separation between these levels, then the probabilities that a 
molecule is in one (p u2 ) or the other (p 3l2 ) level are given by eqn 1 5. 14 as (these equations are derived 
from the Boltzmann distribution in the note below) 



Pm = 



1 + e" 



and p m = 



1 



1 + e- 



1 + e £/J 



[15.14] 



Since the ground state of nitric oxide exhibits no paramagnetism, only p in N A molecules contribute 
to the observed magnetic moment of a mole of nitric oxide molecules. Consequently, eqn 19.35 for 
the molar paramagnetic susceptibility must be modified with the inclusion of a factor p V2 : 

= Pvi^Agl^lSjS + 1) 

Xm 3kT L * J 

Substitution of S(S + 1) = (/i/g e jU B ) 2 [19.34 with S substituted for s] where \i is the magnetic moment 
into the above expression gives 



Xm ~~ 



3kT 
^aMoMb(^b) 2 



3kT x (1 + e £lkT ) 
Thus, with /i/ju B = 2 

6.286 x 10^ n^mol" 1 



where elk = hcvlk = hcx (121 .1 cm- 1 )* = 174.2 K 



Xra 



(77K)x(l + e 174 ' 2 '™) 

This relationship gives the molar paramagnetic susceptibility of NO as a function of temperature. 
For example, x m at 90 K is 

6.286 xl0- 6 m 3 mol ] 



Xm 



90 x (1 + e i74 - 2/ < 90 >) 



= 8.81xl0- 9 m 3 mol-' 
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The mass paramagnetic susceptibility is 

Zmass = ;u/Af=(8.81 x 10- 9 m 3 mol- 1 )/(0.03001 kg moi-') = 2.94x 10- 7 m 3 kg-' 

Wishing to compare this with the value found in the older literature, we must convert the SI unit of 
susceptibility to the cgs (or emu) unit by dividing the SI unit by 4rc, converting the m 3 to cm 3 , and 
converting kg to g: 

Xmxs in cgs = (2.94 x 10^ cm 3 g-')/4jc = 23.4 x 10" 6 cm 3 g" 1 

This is in reasonable agreement with the accepted value of 19.8 x 10" 6 cgs for the mass susceptibility 
of NO(s) at 90 K. Figure 19.12 is a plot of the molar paramagnetic susceptibility, as modelled in 
this problem, against temperature below the normal fusion point (1 10 K) of nitric oxide. The curve 
is remarkably different from the # m ( T) behaviour of most paramagnetic substances. Paramagnetism is 
normally a property of the ground electronic state and, consequently, there is an inverse relation- 
ship between x m an< 3 T [19.33] so that Xm decreases with increasing T. Effective angular momenta 
of individual molecules align in a magnetic field at low temperature and become disoriented by 
thermal agitation as the temperature is increased. In the case of NO(s) it is the excited state that is 
paramagnetic so, when all molecules are in the ground state at absolute zero, ^ m = 0. As Tis increased 
from absolute zero, molecules are thermally promoted to the excited state and the observed para- 
magnetism increases, as shown in Figure 19.12. 

COMMENT. The explanation of the magnetic properties of NO is more complicated and subtle than indicated 
by the solution here. In fact, the full solution for this case was one of the important triumphs of the quantum 
theory of magnetism, which was developed in about 1930. See J. H. van Vleck, The theory of electric and 
magnetic susceptibilities. Oxford University Press {1 932). 

Note: The Boltzmann distribution indicates that the probability that a molecule is in the ground- 
state energy level is given by p 0 ~ g 0 , where g 0 is the degeneracy of the ground state, while the prob- 
ability that the molecule is in energy level 1 , that is £ above the ground state, is given by p x g l e~ E/kT . 
For a two-level system the constant of proportionality is provided by the normalization condition 
that po+Pi = 1- Thus, the constant of proportionality is l/(g 0 + g- l e~ £lkT ) and the probabilities are 

Po = goKgo + gier" kr ) and Px =gi<r" T f(gt+g l <r** r ) 
In the special case for which g 0 = g { the probabilities simplify to those given at the top. 



10 -t 




Figure 19.12 
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Solutions to applications: biochemistry and nanoscience 



The X-ray diffraction pattern of fibrous B-DNA (Figure 19.42 of the textbook) is discussed in 
Impact on Biochemistry 19.1: X-ray crystallography of biological macromolecules. Figures 19.43 
and 19.44 of the text provide definitions of the helical tilt angle a and the base-layer spacing h. The 
helical pitch p is the vertical rise per turn of the helix. The characteristic X-shape of the diffraction 
pattern is that of a helix with incident radiation (Cu K a 0. 1 542 nm) perpendicular to the cylindrical 
axis. An angle 6=2.6° between the line of the incident radiation and the line from sample to the first 
spot on the X gives p = A/sin 6 = 0.1542 nm/sin(2.6°) = 3.4 nm. Ten spots (counting two 'missing 
fourth' spots) along the X diagonal indicate that there are 10 base-planes per turn of the helix, 
with each accounting for a turn of 40°. The very large spot is at a distance (l/h) that is 10 times the 
distance \lp shown in Figure 19.13. Consequently, h = 0.34 nm. The missing fourth spots on the X 
diagonals indicate two coaxial sugar-phosphate backbones that are separated by 3p/S along the 
axis. The periodic h spacing of the large, very electron-dense phosphorous atoms causes the \lh 
spots to be very intense. The fact that the fibrous X-ray sample was saturated with water suggests 
that the phosphates are to the outside. 



a = 40° 



Fourth spot in each 
direction is missing 
Counting the missing 
spots, there are a total 
of 10 spots along the 
diagonal. 




l/h 



Figure 19.13 



Figure 19.14 shows the two-dimensional zig-zag projection of the helical sugar-phosphate back- 
bone onto a plane along the central axis. It serves to define the projection length /, perpendicular 
distance d between backbone planes, and the helix radius r. Examination of the right-hand triangle 
that shows the definition of a yields: 

. . p p 3.4 nm 

tan(a) = — or r = - — = - — — = 1.0 nm 

4r 4tan(a) 4tan(40°) 

Examination of the right triangle containing the angle a also shows that / sin(a) = p/2, while the 
right triangle containing the angle 2a shows that / sin(2a) = d. Dividing these two equations 
yields: 

sin(2a) 2d 2sin(a)cos(a) 2d . . d 

— - — - = — or -r 1 — = — or cos(a) = — 

sin(a) p sin(a) p p 



d=p cos(a) = (3.4 nm) cos(40°) = 2.6 nm 
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Finishing, 

j_ P 3.4 nm 
~ 2sin(a) ~ 2sin(40°) 




Figure 19.14 



P1 9.40 Figure 19.1 5(a) shows a dark univalent probe cation in a vacancy within a two-dimensional square 
ionic lattice of grey univalent cations and white univalent anions. Let d 0 = 200 pm be the distance 
between nearest neighbours and let V Q be the absolute value of the Coulombic interaction between 
nearest neighbours. 

V Q.6Q2 xlO-»cr 153X10-J 

0 47t£ 0 4, (1.113xlO- 10 J- 1 C 2 m- , )x(200xlO- 12 m) 

The symmetry of the lattice around the probe cation consists of four regions like that of 
Figure 19.15(b), so we calculate the total Coulombic interaction of the probe within the lattice 
quadrant of Figure 19.15(b) and multiply by 4. The calculation is pursued one column at a time 
and the column interactions are summed. 



0*0*0*0*0*^ dn 

•oio#oto«ol 0 

o«o«o«o«o* 

•o»o#o«o«o 

o«o«o«o#o» 

•o«o»o«o#o 

0*0*0*0*0* 

•o#o«o«o#o 

o«o«o«o«o« 

*o*o*o*o*o 

0*0*0*0*0* 

(a) 

Figure 19.15 



column: 0 1 2 3 4 5 
0*090* 

*o*o*o 
0*0*0* 
*k*o*o 
a*o*o* 



f 4> 



(b) 



Probe-to-column 0 interaction: 



column 0 



= -K 0 x 



1 _ 1 + 1 _ I + 1 ... = -v i n2 = v 0 Y-±-^—— (useful form) 
2 3 4 5 J 0 °tU« 2 +0 2 ) 1/2 
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Probe-to-column 1 interaction using the Pythagorean theorem for the probe-ion distance: 



column 1 



= V n x 



Mi l l > 



■ + 



v 2" 2 5" 2 10 1 ' 2 17" 2 j 



t(w 2 +l 2 )" 2 



Similarly, the probe-to-column m interaction, using the Pythagorean theorem for the probe-ion 
distance, is 

^column™ = — ; — — for 0 < m < °° (the sum is performed with a calculator or software) 

Z=i(n 2 + m 2 ) 1 ' 2 

The total interaction for the region shown in Figure 19.15(b) is the sum of the above expression 
over all columns 

*Fig 19.1 5(b) = *Q X X (»t,„,2\U2 

- -0.4038K 0 = (-0.4038) x (1.153 x 10 18 J) 
= -4.656xlO" l9 J 

The total Coulombic interaction of the probe cation with the lattice is 
Kca. = 4^ Figl9 , 5(b) = 4(-4.656 x 10" 19 J) = 



-1.862 x 10" 18 J 



where the negative value indicates a net attraction. 

COMMENT. Suppose that you interpret the problem to involve placement of the probe cation at the foot of 
the two-dimensional step shown in Figure 19.16, you calculate the probe potential with 

Kotal = 3Vfi g 19.15(b) - ^column 0 

= 3 x (-0.4038V 0 ) - (-V 0 In 2) 
= -0.5183\/ 0 



= (-0.5183)x(1.153x10- 18 J) = 



-5.975 x10" 19 J 



Once again, the negative value indicates a net attraction. 

o«o# 

• o#o 

«o#o 
omom 
momom 

o«o«o«o®o® 
•o«o«o#o«o 
o«o«o»o#o© 
•o«o#o«o#o 
o«o«o«o#o» 

Figure 19.16 



part 3 Change 



Molecules in motion 



Answers to discussion questions 

Gases are very dilute systems and on average the molecules are very far apart from each other 
except when they collide, so what little resistance there is to flow in a gaseous fluid is almost entirely 
due to the collisions between molecules. The frequency of collisions increases with increasing 
temperature (see eqns 20. 10, 20.9, and 20.7), hence the viscosity of gases increases with temperature. 
In liquids, on the other hand, the molecules are very close to each other, which results in there being 
strong forces of attraction between them that resist their movement relative to each other. However, 
as the temperature increases, more and more molecules are likely to have sufficient kinetic energy to 
overcome the forces of attraction, resulting in decreased viscosity. 

The thermodynamic force J is defined in eqn 20.43. 



This expression is a summary of the second thermodynamic law that molecules move in the direc- 
tion that minimizes the chemical potential of the molecules when p and T are local constants, f is 
not one of the 'real' forces such as gravity or electromagnetism; it is the negative gradient of the 
chemical potential, which has a balance of terms involving enthalpy and entropy: 



Thus, the thermodynamic force moves molecules so as to minimize the enthalpy, to which molecu- 
lar interactions provide a great contribution, while simultaneously attempting to maximize entropy. 
Often, one or the other of these tendencies predominate. For an ideal solution the gradient of the 
molar enthalpy is zero, so the force represents the spontaneous tendency for molecules to disperse 
so that entropy is maximized. 

Inelastic neutron-scattering measurements of scattering angle along with energy gain or energy loss 
of the neutrons on passage through a sample is interpreted in terms of the motion of particles in 
the sample. 





NMR longitudinal relaxation time (T 7 ,) measurements involve a spin relaxation process that gives 
up energy to the surroundings. The relaxation is caused by local magnetic fields that arise from the 
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tumbling motion of molecules in a fluid sample and the relaxation times can be interpreted in terms 
of the mobilities of molecules. It has been shown that big molecules in viscous fluids typically rotate 
in a series of small steps of about 5°, whereas small molecules in non- viscous fluids typically 
jump through about 57° in each step. Another fact of basic interest is that proton and l7 0 NMR 
measurements show that the time characteristic of protons hopping from one molecule to the next 
is about 1.5 ps, which is comparable to the time that inelastic neutron scattering shows it takes a 
water molecule to reorientate through about 1 rad. NMR spin relaxation time measurement and 
relationships to molecular motion are discussed in Section 14.9. 

When the laser beam of dynamic light-scattering measurements scatters off two molecules, the 
intensity at the detector may be high or low, depending on the degree of constructive and destructive 
interference. Since the detector signal depends on scattering from a great many molecules, the 
resulting light intensity fluctuation is interpreted as depending on the diffusion coefficient, which is 
a measure of the rate of molecular motion. 



E20.1(b) 



Solutions to exercises 



c = 



[ur) [20 ' 7) and -w^irfp^ 



The mean translational kinetic energy is: (is k > m = (\mv 2 )N K = \mN x {v 1 ) = ~Mc 2 = \RT 
The ratios of species 1 to species 2 at the same temperature are: 



Si 

?2 



Mi 



1/2 



and 



= 1 



(a) ^ = 



(200.6 Y°_ 




7.079 


4.003 1 





(b) The mean translation kinetic energy is independent of molecular mass and depends on 
temperature alone! Consequently, because the mean translational kinetic energy for a gas is propor- 
tional to T, the ratio of mean translational kinetic energies for gases at the same temperature always 
equals 1. 



E20.2(b) (a) c = 



8 x (8.3 145 J mol-' K' 1 ) x (298 K) 
7ix(28.02xl0- 3 kgmol-') 



475 ms-' 



kT kT 
(b) X = — — [see note below] = 



2 ll2 op 



\o = iid 2 ~\ 
2 m nd 2 p 1 J 

(1.381 xlO-^JK-^x (298 K) 



2 1/2 3t x (395 x 10" 12 m) 2 x (1 x 10" 9 Torr) x (1.333 x 10 2 Pa Torr 1 ) 



r [lPa = Unr 3 ] 



= 4.45xl0 4 m= 45.5 km 
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The mean free path is much larger than the dimensions of the pumping apparatus used to generate 
the very low pressure. 

(c) z = ^[20.12] = ^[20.9] 



__ V2 x (475 ms- 1 ) 



4.45xl0 4 m 



xlO-V^ 



54.3 h" 1 



Note: The standard, simple kinetic model expression for the mean free path X estimates that a molecule 
moving with the mean speed c spends a mean time of 1/z between collisions, where z is the collision 
frequency [20. 1 la,b]. (See the IUPAC Compendium of Chemical Terminology in the IUPAC Gold 
Book; http://goldbook.iupac.org/.) Thus, the model estimates that 

c kT 
X = - [20.12 alternative] = — — [20.13 alternative] 



We use this definition throughout our computations. 



E20.3(b) The Maxwell distribution of speeds is f{v) = An 

The factor M/2RTcan be evaluated as 
44.01 xlO" 3 kgrnol" 1 



\3 

M 1 



[2nRT ) 



v 2 e 



-MiP-IIRT 



[20.4] 



M 

2RT ~ 2 x (8.3145 J K" 1 mol" 1 ) x (300 K) 



= 8.82xl0- 6 nr 2 s 2 



f{v) varies over the range 200 to 250 m s -1 . The range is large enough that the assumption of the 
constancy of / over the range may lead to a degree of computational error. Nonetheless, we make 
this assumption and then compare the answer to a software numerical integration without the 
assumption. First, making the assumption of the constancy of / over the integration range, we 
estimate the value of / to be its value at the centre of the range: 



/(225ms^) = (4jr.)x 



8.82xl0- 6 nr 2 s 2 



x (225 m s^ 1 ) 2 x q(-**™«- 6 m™? 



= 1.91xl0- 3 m- 1 s 



Therefore, the fraction of molecules in the specified range is 



"high 



fdv [20.5] = f 



"high 



dv = f x Av = (1 .91 x 10- 3 m-' s) x (50 m s" 1 ) 



9.55 x 10" 2 



corresponding to 9.6%. Here is the result of a Mathcad software numerical integration: 



f(v)dv = 0.0954 



In this case, the constancy assumption gives a very good result. 
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E20.4(b) We want to find a relationship between c = (v 2 ) m = (3RT/M) 112 [20.2, 20.3] and (v 4 ) m for a perfect gas. 
We begin by finding an expression for (v 4 ): 



(v*) = J v A f(v)dv = An(Ml2nRT) m f v 6 e- Mv2l2RT dv [20.4] 
Jo Jo 



= AT^Mi2nRT) m - 

• \ 2 



\5k v 



2RT 



16 { M 



[standard integral] 



= 15 



RT 



M 



Thus, (v*)l{v 2 ) 2 = 5/3 or W /(v 2 ) V2 = (5/3) 1 



E20.5(b) We want the pressure at which X — d where the atomic diameter, d, of an argon atom is related to the 
collision cross-section by a = %d 2 ord= (o/n) 112 . 



P = 



kT 



[Exercise 20.2(b) note] = 



kT 



JnTkT_ 

2'^aA L ~' " J 2 1/2 (jx((j/7c) 1/2 " {2) a m 

k V" (1.381 x 10- 23 J K" 1 ) x (298 K) 



12 

= 2.39xl0 7 Pa = 



(0.36xl0" 18 m 2 ) 3/2 

[U = lPa m 3 ] 



[Table 20.1] 



239 bar 



This pressure is somewhat higher than the ~1 50 bar compressed gas cylinder in which argon gas is 
normally purchased. It should be recognized that at this high pressure the perfect gas estimate may 
be in error. 



E20.6{b) 



kT 



2 m ap 



- [Exercise 20.2(b) note] 



(1.381 x 1 0 -23 J K _1 ) x (217 K) 



0.41 \im 



(2 l/2 ) x (0.43 x 10" 18 m 2 ) x (12.1 x 10 3 Pa) 
E20.7(b) At an altitude of 1 5 km the temperature is 21 7 K and the pressure is 1 2. 1 kPa: 

[20.7] 



'8*rV' 2 



c = 



nM 



8 x (8.3145 J mol- 1 K~') x (217 K) 
ji x (28.02 xlO^ 3 kg mol 1 ) 

- 405 m s' 1 



z = ^^ [20.1 lb and 20.9] 

kT 



1/2 



2 m x (0.43 x 10 18 m 2 ) x (405 m s 1 ) x (12.1 x 10 3 Pa) 



(1.381 x 10" 23 J K _1 ) x (217 K) 



[Table 20.1] 



9.9 xlO 8 s" 1 
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E20.8(b) 



E20.9(b) 



1 = 



kT 



[Exercise 20.2(b) note] 



2 m ap 

(1.381 x 10~ 23 J K~') x (298.15 K) 

(2 1/2 )x(0.52xl0- 18 m 2 )x(^) 
5.60xl0" 3 m 5.53xl0- 8 m 4.20xl0" 5 m 5.60xl0- 8 m 



(/>/Pa) p/atm pllou 

(a) When p = 15 atm, A = 3.7 x 10~ 9 m = 

(b) When p= \ bar, A = 5.6 x 10" 8 m = [56 nm 



/>/bar 



3.7 nm 



(c) When /? = 1 .0 Torr, A = 4.2 x 10" 5 m = 42 um 



A = (3.5 cm) x (4.0 cm) = 1.4 x 10" 5 m 2 
The collision frequency of the helium gas molecules with surface area A equals Z^A\ 

Z^A = —- A [20. 1 6] 

(1 1 1 Pa) x (6.022 x 10 23 mol" 1 ) x (1 .4 x 1Q- 5 m 2 ) 
" {2tc(4.00 x 10- 3 kg mol" 1 ) x (8.3145 J K~ l mol 1 ) x (1500 K)} ,/2 
= 5.29xl0 19 s-' 

The number of helium molecule collisions within A in time interval / equals Z^At if p does not 
change significantly during the period t: 



Z w At = (5.29 x 10< 9 s 1 ) x (10 s) = 5.3 x 10 20 



E20.10(b) The mass loss equals the effusion mass loss multiplied by the time period t: 
™ioss = ( rate of effusion) xtxm = (rate of effusion) x t x M/N A 



W loss - 



( \ 

pAN a 



Mt 



N. 



A J 



[20.16] 



finMRT) 

= pA « tx {l^¥) 

= (0.224 Pa) x {n(l .50 x 10 3 m) 2 } x (24 x 3600 s) x 
= 0.489 g 



0.300 kg mol" 



2tc(8.3145 J mol" 1 K _1 ) x (450 K) 



E2(Ul(b) The mass loss equals the effusion mass loss multiplied by the time period /: 
m ioss = (rate of effusion) x / x m = (rate of effusion) x t x MfN A 
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Solving for p gives 



277 xl0" 6 kg 



f 27c(8.3145Jmol- L K- 1 )x(573 K) 



[ji(0.25 xI0" 3 m) 2 }x (500 $){ 



0.200 kg mol 1 



1.09 xlO 3 Pa 



E 20. 12(b) The pressure of this exercise changes significantly during time period t so it is useful to spend 
a moment finding an expression for p(t). Mathematically, the rate of effusion is the derivative 
-dN/dt. Substitution of the perfect gas law for N, N - pVN A /RT, where V and T are constants, 
reveals that the rate of effusion can be written as -(N A VIRT)dpldt. This formulation of the rate of 
effusion, along with eqn 20.16, is used to find pit): 



N A V)dp pA 0 N A 



dp 
dt 



RT jdt {IkMRT) 112 
pAJ RT V " 



[20.16] 



V \2nM ) 



dp dt V 
— = , where t - —— 

p z A 0 



dp 



2%M \ 
RT J 



— = — dt, where p 0 is the initial pressure 
P T 



ln-L = -L or p(t) = p 0 e-«* 
Po ^ 



The nitrogen and unknown rluorocarbon data can be used to determine the relaxation time, t, for each: 
f, mt 82.3 s 



T unk - 



ln(V/>U ln(65.1/42.1) 



= 189s 



l N 2 



18.5 s 



w(V/>)n 2 ln(65.1/42.1) 



= 42.4 s 



The above definition of t shows that it is proportional to A/ 1 ' 2 . Since the ratio of the relaxation times 
cancels the constant of proportionality, 



/ \l/2 

' M„ 



T N7 







2 




T unk 


M 




V Tn 2 J 






^189 S 


2 






X 




,42.4, 





x (28.02 g mol" 1 ) = 557 g mol" 1 
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E20.13(b) In Exercise 20.12b it is shown that 



In— = -— or p(t) = p Q e~" z , where x = — 
Po t A) 



2kM 
RT 



The relaxation time, x, of nitrogen is calculated with the data: 



x = 



22.0 m 3 



27t(28.02xl0- 3 kgmol- 1 ) 



= 2.4xl0 7 s = 276 days 



7c(0.050xlO- 3 m) 2 J [(8.3145 J mol~ l K" 1 ) x (293 K) 
The time required for the specified pressure decline is calculated with the above equation. 



t = r\a{Po/p) = (276 days) x ln(122/105) = 41.4 days 



E20.14(b) The flux is 



/ = -K-^- [20.20] = -\ AcC K , m [A]— [20.23] = 



[perfect gas, [A] = p/RT] 



where the negative sign indicates flow toward lower temperature and 



8RT } 
kM 



kT RT 
[20.7] and X = — — — [Exercise 20.2(b) note] = ■ 



2 ]l2 ap 



2 il2 N A ap 



&RT 



%M ) [ RT J dz 



= -T X 



d7_ 

dz 



For hydrogen M= 2.016 g mol -1 , o = 0.27 nm 2 [Table 20.1], and appendix data tables are used to 
calculate C Kjn : C Km = C Pim - = (28.824 - 8.3145) J K _l mob 1 = 20.510 J K -1 mol" 1 . 

j = - 2 x { (8-3145 J K-' mol-') x (260 K) Y* 
3 X [ 7c x (2.016 xlO- 3 kg mol 1 ) J 



20.510 J K" 1 mol- 



(6.022 x 10 23 mob 1 ) x (0.27 x 10" 18 m 2 ) 



x (3.5 K m" 1 ) 



-0.17Jm- 2 s" 



E20.15(b) The coefficient of thermal conductivity, k, is a function of the mean free path, A, which in turn is a 
function of the collision cross-section, a. Hence, reversing the order, a can be obtained from k: 

k = \XcCy m [A] [20.23] and c = {^-) [20.7] 
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Therefore, r = - or a = - ^f- 

„ no „ f8x(8.3145JK- I mol- , )x(298K)]' /2 

For nitrogen at 298 K, c = \ — „ a %n — 1 \ = 475 m s" 1 . 

[ n x (28.02 xlO" 3 kg mo]"') J 

From Table 20.2 thermal conductivity values at 273 K we estimate the value at 298 K using the 
kinetic theory finding the k ~ T m [20.23]: k = (0.0240 J K" 1 nr 1 s^ 1 ) x (298/273) 1 ' 2 = 0.025 1 J K" 1 m 1 s 1 . 

The C Vm value is calculated with the perfect gas relationship C v>m = C p m - R and the C Am value 
provided in an appendix table (29. 1 25 J K" 1 mol 1 )- This gives C Km =20.811 J K l mol" 1 . Alternatively, 
the C Km value is calculated with the equipartition theorem: C Km = 20.786 J K _1 mol 1 . 

{475 m s^ 1 ) x (20.81 1 J Kr' mol" 1 ) 

(7 = 



3 x 2 1/2 x (6.022 x 10 23 mol- 1 ) x (0.0251 J K" 1 nr's" 1 ) 
= 1.54xl0 19 m 2 



0.154nm 2 



The experimental value is 0.43 nm 2 . 

Question. What approximations inherent in the equation used in the solution to this exercise are the 
likely cause of the factor of 2.8 difference between the experimental and calculated values of the 
collision cross-section for neon? 

dT 

E20.16(b) The thermal energy flux ('heat' flux) is described by: ./(energy ) = -k — |~20.20l where the negative 

dz L 

sign indicates flow toward lower temperature. This is the rate of energy transfer per unit area. The 
total rate of energy transfer across area A is 

— = v4/(energy) = ~kA— 
dt dz 

To calculate the temperature gradient with the given data, we assume that the gradient is in a steady 
state. Then, recognizing that temperature differences have identical magnitude in Celsius or Kelvin 
units, 

dT AT {(-10)~(50)}K 
dz ~ Az ~ 10.0 x 10" 2 m 
= -6.0xl0 2 Km- 1 

We now assume that the coefficient of thermal conductivity of the gas between the window panes 
is comparable to that of nitrogen given in Table 20.2: k ~ 0.0240 J Kr 1 nr 1 s _1 . 

Therefore, the rate of energy transfer, the rate of heat loss, towards the low temperature is 

c\F 

— - -(0.0240 J K" ! m" 1 s" 1 ) x (1 .50 m 2 ) x (-6.0 x 10 2 K nr 1 ) 
dt 

m 22 J s" 1 
= 22 W| 
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E20.17(b) n = \MXcplRT [20.24, [A] = pIRT for a perfect gas] 

We begin by substituting kinetic-theory relationships for X [E20.2(b) note] and c [20.7]: 



77 - \M X 



RT 



[nM J [RT 



( M -\ 




( 8RT^ 


[3x2 y2 oN AJ 


X 


{ nM ) 



1/2 



We now solve, and compute, the collision cross-section for nitrogen at 273 K: 
From Table 20.2, 77 = 166 x 10~ 6 P = 166 x 10" 7 kg m 1 r ! : 
28.02 xlO" 3 kg mol" 1 



-f 

[3x2 1/2 x 



(6.022 x 10 23 mol 1 ) x (166 x 10 7 kg nr 1 s" 1 ) 



8(8.3145 J K-' mok 1 ) x (273 K) 
71(28.02 xlO" 3 kg mol" 1 ) 

= 3.00xl0" 19 m 2 = 



0.300 nm 2 



E20.18(b) The flow rate of a compressible gas in a steady state, Newtonian, laminar flow through a pipe of 
radius R and length / is described by Poiseuille's formula, 

&V _ (p\-pI)kR* 

dt 1 6/n/» 0 

where Vis the volume flowing, p Y and p 2 are pressures at each end of the tube, and p 0 is the pressure 
at which the volume is measured. (This formula is derived below.) Solving for p\ gives 



= (1.00 xlO 5 ) 2 Pa 2 + 

x(8.70xl0^ms 1 ) 
= 1.0000259 x 10'° Pa 2 



(16) x (10.50m) x (176 x 1Q- 7 kg m 1 S -') x (1 .00 x 10 s Pa) 
rcx(7.5xl0- 3 m) 4 



Hence, a = 1.0000129 bar 



COMMENT. For the exercise as stated the answer is not sensitive to the viscosity. The flow rate is so low that 
the inlet pressure would equal the outlet pressure {to the precision of the data) whether the viscosity were that 
of N 2 at 300 K or 293 K, or even liquid water at 293 K! 

To begin the derivation of the Poiseuille formula consider eqn 20.21 in the form applicable to flow 
through a cylinder of radius r, where 0 < r < R: J(x component of momentum) = -n x (dvjdr) with 
x parallel to the tube walls. This momentum flux is the increase in momentum along the radius per 
time t per area of cylinder surface. As such, the force acting in the x direction is given by 



(2kH) x J(x component of momentum) = -litrlri x (dvjdr) 
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This force is also given by the pressure difference between the cylinder ends, which is taken to be a 
constant along the radius with a constant gradient along x so that (p 2 -p$l=dpldx, multiplied by 
the area cross-section of the cylinder: -nr\p 2 - P\). Steady, laminar flow requires that these two 
forces balance. Thus, in this flow model we envision a maximum of flow at r = 0 with decreasing flow 
until it is zero air = R because of the viscous drag on the surface of each cylinder due to friction 
with more slowly moving surrounding gas. Equating the two forces and solving for du x gives 

-Inrlr) x (dvjdr) = ~{p 2 -p^nr 1 

dv x = ^-rdr 

2 7? dx 

Now, the volume size of a cylinder of length dx is given by dV= nr^dx, so dx/dt = i\l%r 2 )dVldt. 
Equating dxldt with dv x in our working equation gives 

d ( dt )~ 2tj dx T dr 

and integration from r = 0 to r = R with no contribution to the gas flow at r = R gives 



dV_ 
dt 



kR* dp 



877 dx 

To assure conservation of mass in a gaseous volume that expands while moving toward the low- 
pressure end, we make the substitution V= nRTIp to get 

dn = nR 4 p dp = %R A dp 2 &P l _p\~P\ 
dt 



SijRTdx \6i)RT dx' 



dx 



I 



because the pressure gradient 
is independent of x. 



If we measure the amount of gas dXp = p 0 , we can make the substitution dn = (p 0 IRT)dVto get a 
gas flow of 



dV_ 
dt 



%R A 



1 6rjp 0 l 



(P 2 i ~ P2) Poiseuille's formula 



.19(b) n = \Mte[A] [20.24] = 



1 



7J = 



3cN A 
1 



AMRT V' 2 

x 1 HJI " J \ [Exercise 20.2(b) note, 20.7, [A] = p/RT] 



n ) 



3 x (0.88 x 10" 18 m 2 ) x (6.022 x 10 23 mol-') J 



4 x (78.1 1 x 10" 3 kg mol" 1 ) x (8.3145 J K 1 mole-^xT 



= (5.72 x 10- 7 kg m- 1 s^ 1 ) x (77K) 1 ' 2 = (5.72 uP) x (77K) 



1/2 



(a) At T = 273 K, n - (5.72 uP) x (273) 1/2 = 95.5 uP 



(b) At T = 298 K,n = (5.72 uP) x (298) 1/2 = 98.7 uP 



(c) Atr = 1000K,n = (5.72aP)x(1000) 1/2 = 181 uP 
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E20.20(b) k = \XcC V m [A] [20.23] = 



( c v 



3oN A 



4RT X 
kM J 



[Exercise 20.2(b) note, 20.7, [A] = piRT] 



According to the equipartition theorem C V m = \R = \kN k for a monatomic gas so 



K = 



X 



4 x (8.3145 J K" 1 mol" 1 ) x (300 K) 



j \ %M j 

1.381 x 1 0~ 23 J K" 1 
2 

' 1 

(10- 18 m 2 ) x (j/mii 2 )"{ (10" 3 kg moH) x (M/g mol" 1 ) J 



1/2 



= (0.0123 JK-'m-'s-^x 



-1 



o/nm 2 J y M/g mol -1 



1/2 



at T = 300 K 



Energy - -«I77dz [20.20] = -kAT/Az [steady-state flux] 
= -kx (305 K - 295 K)/(0. 15 m) 

= -(66.7 K vct x )k, where the negative indicates an energy flux toward the low temperature 



(a) For neon: 

k = (0.0123 JK" 1 m-'s-'Jx 



,0.24 



20.18 



11.4mJK-' m-' s" 



The observed value of k is larger by a factor of 4. 



^ener- = "(66.7 K m" 1 ) x (1 1 .4 mJ K" 1 m" 1 S" 1 ) - 



-0.76 W m" 2 



-17 mW 



Rate of energy flow = J emT& A = (-0.76 W nr 2 ) x (0.0225 m 2 ) = 
The negative sign indicates flow toward the low temperature. 

(b) For dinitrogen the equipartition theorem gives C ViJa = ^R. Consequently, the above equation 
for the thermal conductivity must be increased by a factor of f . 



k = (f ) x (0.0123 J K _1 m" 1 s" 1 ) x f ] x 



r 1 



28.02 



9.0 mJK- 1 nrV 1 



The observed value of k is larger by a factor of 2.7. 



J m = "( 66 - 7 K m-') x (9.0 mJ K" 1 m 1 s" 1 ) = 



-0.60 W m- 



-14 mW 



Rate of energy flow = J^A = (-0.60 W nr 2 ) x (0.0225 m 2 ) = 
The negative sign indicates flow toward the low temperature. 

COMMENT. The computations of simple kinetic theory give an estimate for the coefficient of thermal 
conductivity that is low but satisfying in that its simplicity gives a result within an order of magnitude of being 
correct. To improve the estimate requires removal of the hard-sphere assumption with consideration of 
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more realistic forces of attraction and repulsion. Additionally, the simple utilization of a mean speed has to 
be replaced with a kinetic theory that recognizes that faster molecules transport more kinetic energy than 
do slower ones. 



E20.21(b) k = ± lcC Km [A] [20.23] = 



E20.22(b) 





I- 


Urt^ 


{3<jN A/ 







20.8 J Kr 1 mol" 



[Exercise 20.2(b) note, 20.7, [A] = p/RT] 



4 x (8.3145 J K l mol 1 ) x (293 K) 



3 x (0.43 x 10- 18 m 2 ) x (6.022 x 10 23 mol" 1 ) 



n x (28.02xl0- 3 kg mol" 1 ) 



8.9 mJK 1 m->s- ! 



Question. Can the differences between the calculated and experimental values of k be accounted for 
by the difference in temperature (293 K here, 273 K in Table 20.2)? If not, what might be responsible 
for the difference? 



D = \Xc [20.22] = j x {^jr j [Exercise 20.2(b) note, 20.7] 



(1.381xl0- 23 JK" 1 )x(298K) 



2 1/2 x (0.43 x 10" 18 m 2 ) x p x (1 J nr 3 Pa" 1 ) 

1.07 m 2 s-' 
p/Pa. 



8 x (8.3145 J K- 1 mol- 1 ) x (298 K) 
7i x (28.02 xlO" 3 kg mol" 1 ) 



The flux due to diffusion is J = -D 



J fTl/" 

I [20. 19], where 3\£ is the number density and z is the direc- 

dz 



tion of the pressure gradient. Dividing both sides by the Avogadro constant converts r*£to molar 
concentration c, while converting the flux to number of moles per unit area per second. Thus, with 
a negative sign that indicates mass flow from high to low pressure, 

dc n d(n/V) D dp r _ , i n 

J = -D— = ~D \ = — nrn~A [P erfeCt § aS laW l- 

az az RT dz 

For a pressure gradient of 0.20 bar nr 1 = 2.0 x 10 4 Pa nr 1 , 
(2.0xl0 4 Pa m~ l )xD 



3 = (8.3145 J mol" 1 K" 1 ) x (298 K) 
(a) />=10.0 Pa, 
1.07 m 2 s-> 



= (8.07 mol nr 2 s" 1 ) x D/(m 2 s" 1 ). 



D - 10 
(b) /7=100kPa, 
1.07 m 2 s" 1 



0.107 inl- 



and J = (8.07 mol m- 2 s" 1 ) x (0.107) = 



0.86 mol mV 



D = 



1.00 xlO 5 



1.07xl0" 5 m 2 s- 



and J = (8.07 mol nr 2 s" 1 ) x (1.07 x 10" 5 ) 



- 86 umol m -2 s _1 
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(c) />=I5.0MPa, 



1.07 m 2 s' 
15.0 xlO 6 



7.13 xlO" 8 inl- 



and J = (8.07 mol nrV 1 ) x (7.13 x 10 8 ) 



0.58 umol m^s 1 



E20.23<b) The molar ionic conductivity is related to mobility by 

K^zu+F [20.36] 
= 1 x (4.24 x 10- 8 m 2 s' 1 V' 1 ) x (96485 C mol"') 



4.09 raSra 2 mol" 1 



A<t> 

E20.24(b) s = WE [20.34] and £ = -y- [20.30] 
Therefore, 



s = u 



= (4.01 xlO- 8 m 2 s-'V- l )x 



n 

= 4.81xl0- 5 ms-' = 



12.0 V 



1.00xl0" 2 m ) 



48.1am s" 1 



E20.25(b) The basis for the solution is Kohlrausch's law of independent migration of ions [eqn 20.29]. The 
limiting molar conductivity of a dissolved salt is the sum of formula weighted limiting molar con- 
ductivities of the formula ions at infinite dilution, so 

A° = v + A + + v_A_ [20.29] 

y^(Nal) = A(Na + ) + X(V) = 12.69 mS m 2 mol" 1 
A^(NaCH 3 C0 2 ) = A(Na + ) + ^(Cf^CO;) = 9.10 mS m 2 mol" 1 
<(Mg(CH 3 C0 2 ) 2 ) = A(Mg 2+ ) + 2A(CH 3 C0 2 ) = 18.78 mS m 2 mol" 1 
Hence, 

A£(MgI 2 ) = <(Mg(CH 3 C0 2 ) 2 ) + 2<(NaI)-2<(NaCH 3 C0 2 ) 
= (18.78 + 2 x 12.69 - 2 x 9.10) mS m 2 mol" l = 



25.96 mS m 2 mol' 



E20.26(b) u± = — [20.361; z = 1 ; S = 1 Q" 1 = 1 C V' 1 s" 1 

zF 

5.54 mS m 2 mol -1 „„, , „ _ . , 

U(¥ ) = TT^TTT 7~T"m TT = 5.74 X 10" 5 HlS C 1 ffi 2 = 



u(C\-) = 



9.6485 xlO 4 CmoH 
7.635 mS m 2 mol-' 



5.74 xlO" 8 m 2 V-'s" 1 



9.6485 xl0 4 C mol" 1 

7.81 mS m 2 mol- L 
9.6485 xl0 4 C mol" 1 



= |7.913xlQ- 8 m 2 V- l s- 1 



8.09x10-* m 2 V" 1 s 1 
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E20.27(b) 



£ = -^[20.50];z = l;lCV = lJ 



zF 



D = 



(4.24 x 10- 8 m 2 V 1 s" 1 ) x (83145 J K~' mol- 1 ) x (298 K) 
Ix^SSxlO-'Cmol" 1 



l^xlO-'n^s 1 



E20.28(b) The parabolic decay/growth in concentration c has the form c(x) = c 0 - Ax 2 , where c Q is the concen- 
tration at x = 0 and the constant A is determined by the condition that c(8 cm) = ^c 0 . 

^ = c 0 -c(*) = Co-ico ^ (? gl x 10 _ 3 x c<)= ( 781 m - 2) x Co 
x 2 (8 cm) 2 

The concentration becomes negligibly small at | ,v| = 1 1 .3 cm so computations are limited to values 
of x for which | x\ < 1 1 .3 cm. The thermodynamic force is determined with eqn 20.45: 

RT dc mn A „ RT d , . 2ARTx 

f(x) = — [20.45] = —(c 0 - Ax 2 ) = 

c ax c ax c 

_ 2 x (78.1 m- 2 ) x (8.3145 J K~' mol-') x (298 K) x x 

l-(7.81xl0- 3 cm- 2 )xx 2 

(3.87 kN mol- 1 ) x(x/cm) 

" l-(7.81xl0- 3 )x(x/cm) 2 

(3.87 kN moH) x 8 



r(8 cm) = 



f(l 1 cm) = 



l-(7.81xl0" 3 )x(8) 2 
(3.87 kN mol" 1 ) x 11 



+61.9 kN mol" 



l-(7.81xl0- 3 )x(ll) 2 



= +774 kNmol" 



The positive force indicates that the force points toward larger values of | x | values. 

E20.29(b) The Gaussian decay in concentration c has the form c(x) = c 0 e~ Ax \ where c 0 is the concentration at 
x = 0 and the constant A is determined by the condition that c(10 cm) = \c 0 . 



A = 



ln(c 0 /c) In 2 



= (0.010 cm" 2 ) x ln2 = (1 .00 cm" 1 mr ! ) x In 2 



x 2 (10 cm) 2 

The thermodynamic force is determined with eqn 20.45: 

, v RT dc „_ „ _ RT d , 2 _ . nrr , 

f(x) = — [20.45] = —c 0 q- 4x = 2ARTx 

c ax c ax 

= 2 x (1.00 m" 1 ) x ln2 x (8.3145 J K~' mol" 1 ) x (291 K) x (x/cm) 

= (3.35 kN mol" 1 ) x (x/cm) 



!F(10 cm) = (3.35 kN mol 1 ) x (10) 



33.5 kN mol- 



E20.30(b) Eqn 20.60, (x 2 ) = 2Dt, gives the mean square distance travelled in any one dimension in time /. We 
need the distance travelled from a point in any direction. The distinction here is the distinction 
between the one-dimensional and three-dimensional diffusion. The mean square three-dimensional 
distance can be obtained from the one-dimensional mean square distance since motions in the three 
directions are independent. Since r 2 = x 2 + y 2 + z 2 [Pythagorean theorem], 
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(r 2 ) = (x 1 ) + {f} + <z 2 > = 3<jc 2 ) [independent motion] 
= 3x2Dt [20.60] = 6Dt. 



(r 2 > 

Therefore, t = — — = 



(1.0 xlQ- 2 m) 2 
6D " 6x(4.05xl0- 9 m 2 s- i ) 



4.1xl0 3 s 



E20.31(b) 



kT 



a = [20.52]; 1 P = 10" 1 kg m"' S" 1 



a = 



(1.381xl0- 23 JKr')x(298 K) 



6ti x (1.00 x 10~ 3 kg m- 1 s 1 ) x (1.055 x 10" 9 m 2 s~ l ) 



= 2.07xl0 10 m= 207 pm 



E20.32(b) The Einstein-Smoluchowski equation [20.62] relates the diffusion constant to the jump distance X 
and time x required for a jump: 

2) = — [20.62], so t = — 
It 2D 

If the jump distance is about one molecular diameter, or two effective molecular radii, then the 
jump distance can be obtained by use of the Stokes-Einstein equation [20.52]: 



A = 2a = 2 



x = 



kT 
StitjD 

_L ( kT 

2D X [skt]D 
1 



[20.52] = 



kT 
3nriD 



2x(3.17xl0" 9 m 2 s 
= 2.01xl0- n s = 



Keptane = 0.386 x 10" 3 kg nr 1 s 1 , CRC Handbook Chemistry and Physics] 

J (1.381xl0- 23 JK- 1 )x(298K) 

') X [3tcx 



(0.386 x 10" 3 kg m- ! s l ) x (3.17 x 10" 9 m 2 s- 1 ) 



20.1 ps 



COMMENT. In the strictest sense we are dealing with three-dimensional diffusion. However, since we are 
assuming that only one jump occurs, it is probably an adequate approximation to use an equation derived for 
one-dimensional diffusion. For three-dimensional diffusion the equation analogous to eqn 20.62 is r = A 2 /6D. 

Question. Can you derive the equation? Use an analysis similar to that described in the solution to 
Exercise 20.30(a) and (b). 

E20.33(b) For three-dimensional diffusion we use an equation analogous to eqn 20.60 derived in Exercise 
20.30(a) and (b). 



t = 



(r 2 ) 
6D 



(a) (r 2 ) = (1.0xlO- 3 m) 2 =1.0xlO-*m 2 
For iodine in benzene [data from Table 20.7]: t = 

l.OxlO^m 2 



l.OxlO^m 2 



6x(2.13xl0- 9 m 2 s-') 



78 s 



For sucrose in water: t = 



6x(0.522xl0- ? m 2 s- 1 ) 



319 s 
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(b) <r 2 > = (1.0xlO- 3 m) 2 =1.0xlCr 4 m 2 
For iodine in benzene [data from Table 20.7]: t = 

1.0xl0- 4 m 2 



1.0xl0- 4 m 2 



For sucrose in water: t = 



6x(0.522xl0- 9 m 2 s- 1 ) 



6x(2.13xl0- 9 m 2 s- 1 ) 
= 3.2xl0 4 s = 



= 7.8xl0 3 s = 



2.2 h 



8.9 h 



P20.2 



P20.4 



Solutions to problems 

Solutions to numerical problems 

In our one-dimensional problem, we can assign the v x component of velocity a positive or a nega- 
tive value when pointing to the east (E) or west (W), respectively. Speed is the absolute value of v x 
so for discrete, rather than continuous, speeds the mean speed c is (in analogy to Example 20.1): 



all speeds all speeds , . all speeds 

c = (W x \)= I f,\v x ,\= X (£) Ki | = (±) X N t \ Vxf \ 



where N t is the number having the velocity component v xi and N is the total number of observa- 
tions. N= 328 in this problem. Likewise, the root mean square speed c is given by 

{all speeds ] 1/2 fall speeds , . ~\ 112 f , , ail speeds 
I m\ = { I ={(i) I m 

(a) Mean velocity: 

(» ) = _L |40(80) + 62(85) + 53(90) + 12(95) + 2(100) 1 , = +2 6? ^ 

v 328 ]+38(-80) + 59(-85) + 50(-90) + 10(-95) + 2(-100)J *" " 



2.67kmh" 1 E 



(b) Mean speed: 

_ = J_ [40(80) + 62(85) + 53(90) + 12(95) + 2(100) , = 
C 328 {+38(80) + 59(85) + 50(90) + 10(95) + 2(100) 

(c) Root mean square speed: 



86.2 km h" 1 



c = 



1 

328 



1/2 



J40(80) 2 + 62(85) 2 + 53(90) 2 + 12(95) 2 + 2(1 00) 2 
j+38(80) 2 +59(85) 2 +50(90) 2 +10(95) 2 +2(100) 2 

This demonstrates that as always (X 2 ) m > (X) for observable X. 



kmh~ l = 86.4 km h- 1 



K = \XcC v J_K] [20.23] and c = f 



%M 



[20.7] - T ] > 2 



Hence, k ~ T m C v m and — = 





,1/2 


(c \ 




) X 
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The molar heat capacities at the two temperatures are estimated with the equipartition theorem. 
At 300 K there are three translational degrees of freedom and two rotational degrees of freedom, 
which gives C Km « (3 + 2)~R = jR. At 10 K the rotational degrees of freedom are not significantly 
populated so there are three translational degrees of freedom alone, which gives C Vm ~ jR. 



P20.6 The atomic current is the number of atoms emerging from the slit per second, which is Z W A with 
/4 = 1.0xlO" 7 m 2 . We use 



p/Pa, 



[(2k) x (M/g mol" 1 ) x (1.6605 x 10~ 27 kg) x (1 .381 x 10" 23 J K' 1 ) x (380 K)f 



= (1.35xl0 23 m- 2 s-')x 



p/Pa 



(M/g mol" 1 ) 1 ' 2 



(a) Cadmium: Z W A = (135 x lO^nrV 1 ) x (1.0 x 10- 7 m 2 ) x 

(b) Mercury: Z W A = (1.35 x 10 23 m^sr 1 ) x (1.0 x 10" 7 m 2 ) x 



0.13 



(112.4) 1 ' 2 

12 
(200.6) 1 



1.7 x 10 14 s-' 



l.lxl0 16 s-' 



P20.8 The molar conductivity, A m , is related to the conductivity, k, by A m = kIc [20.27] = CIRc, where the 
cell constant is C= 0.2063 cm -1 . The Kohlrausch law [18.29] indicates that molar conductivity is 
linear in c 112 . 

A m =K-& 12 [20.28] 
We draw a data table and calculate values for a plot of A m against c m . 



c/(mol dnr 3 ) 


0.00050 


0.0010 


0.0050 


0.010 


0.020 


0.050 


R/Q. 


3314 


1669 


342.1 


174.1 


89.08 


37.14 


c m /(mo\ dm-') 1 ' 2 


0.0224 


0.0316 


0.0707 


0.100 


0.141 


0.224 


A ffi /(mS m 2 mol' 1 ) 


12.45 


12.36 


12.06 


11.85 


11.58 


11.11 



The plot, shown in Figure 20.1, is linear and the linear regression fit yields the intercept and slope. 
The intercept is the limiting molar conductivity and the slope is the negative of the Kohlrausch 
parameter %: 



12.6 mS m 2 mol~'| 



% = 6.66 mS m 2 (mol dm" 1 )" 3 ' 2 
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12.5 n 



£ 

W5 
S 

^ 11.5 



11 



y = -6.6551* + 12.556 
R 2 = 0.9942 



0.05 



0.1 0.15 
c ,/2 /(mol dm" 3 ) 1 ' 2 



— i — 
0.2 



0.25 



Figure 20.1 



(a) A m = ((5.01 + 7.68) - 6.66 x (0.010) 1/2 ) mS m 2 mol" 1 = 12.02 mS m 2 mol 1 



(b) K = cA m = (10 mol m- 3 ) x ( 1 2.02 mS m 2 mol" 1 ) = 120 mS m 2 nr 3 = 



120 mSm- 1 



, v „ C 20.63 m- 1 
(c) R = — = 



k 120 mS nr 



172 Q 



P20.10 s = u£ [20.34] with £ = ^[20.30] = , ^ V = 10.0 V cm-' 

/ 1.00 cm 

Table 20.5 provides the ion mobilities, «. 



j(Li + ) = (4.01 x 10" 4 cm 2 s" 1 V" 1 ) x (10.0 V cm" 1 ) = 40.1 urn s 



s(Na + ) = (5. 1 9 x 1 0 " 4 cm 2 s" 1 V" 1 ) x ( 1 0.0 V cm" 1 ) = 5 1 .9 urn s 



sQC) = (7.62 x 10- 4 cm 2 s" 1 V" 1 ) x (10.0 V cm" 1 ) = 7 6.2 um s~' 
le drift st 

r(Li + ) = 



The drift speed equals the distance travelled in time t divided by t so 1 .00 cm travel requires the times 
1.0xl0 4 um 



40.1 \uxi$- 



249 s 



, r(Na + ) = |l93s[ , and t(K + ) = 



131s 



(a) For the distance moved during a half-cycle, write 

rv/2 rv/2 rv/2 

d=\ sdt=\ u'E dt = u'Eq I sin(2itv0df [£ = £o sin(27tv01 
Jo Jo Jo 

«£o u x (10.0 V cm -1 ) _ _ „ 1C lft 

= —2. = [assume = 10 V] = (3. 18 x 10 -3 V s cm _1 )« 

KV JCX (1.0 x 10 3 s _1 ) 

That is, d7cm = (3.18 x 10" 3 ) x (w/cm 2 V" 1 s" 1 ). Hence, 



d(U + ) = (3.18 x lO" 3 ) x (4.01 x 10- 4 ) cm =12.8 nm 



</(Na + ) = (3.18 x 10- 3 ) x (5. 19 x 1Q- 4 ) cm = |16.5 nm| 
d(K + ) = (3.18 x 10- 3 ) x (7.62 x 10" 4 ) cm = 124.2 nml 



(b) These correspond to about 43 , 55 , and 81 solvent molecule diameters, respectively. 
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P20.12 



P20.14 



P20.16 



The linear gradation of colour indicates a constant concentration gradient across the length of the 
tube: 

dc 

c-c 0 + — x, where c Q = 0. 100 mol dm -3 is the concentration at x = 0 and 
dx 



dc Ac (0.050 -0.100) mol dm 3 



dx A* 10 cm 

Thus, the thermodynamic force is given by 

iT(x) = -— ^[20.45] 
c dx 

(8.3145 J mol" 1 K~ 1 )x(298 K) 
0.100- 0.0050 x(x/cm) 
1.24 kN moH 
~ 0.100- 0.0050 x(x/cm) 

(a) At x = 0, J = |l2kN mol" 



= -5.0 x 10 -3 mol dm- 3 cm" 1 = -0.50 mol dm" 3 nr' 



x (-0.50 m" 1 ) 



= 2.1 x 10 -20 N per molecule = 21 zN per molecule 



(b) At x = 5 cm, 7 = 



HkNmol- 



= 2.7 x 10~ 20 N per molecule = 27 zN per molecule 



(c) At x = 10 cm, 7 - 25 kN mol -1 = 4. 1 x 10" 20 N per molecule = 41 zN per molecule 



Since D « tt 1 [20.52] and n ~ e E * IRT [20.25], we expect that D ~ e ~ E - IRT . 

Therefore, if the diffusion constant is D at Tand D' at T', 

R\n(D'iD) (8.3145 J K" ! mol" 1 ) x ln(2.89/2.05) . , , T , , 
t., ~ --7— j- = ~ v..-> kj mol 



T T J 298 K 273 K 

That is, the activation energy for diffusion is 



9.3 kJ mol" 



kT 

(x 2 ) = 2Dt [20.60], D = [20.52] 
67177a 

kT kTt „ (l-381xlQ- 23 JK-')x(298.15K)xf 
n ~ 6nDa ~ 3to<x 2 ) (3ic) x (2.12 x 10" 7 m) x (x 2 ) 

= (2.06xl0" 15 Jm-')x 



l<* 2 >, 



= (2.06xl0- 3 Jm" 3 s)x 



t/s 



= (2.06xl0" 3 kg m- 1 s- 1 ) x 



<x 2 >/10- 12 m 2 
t/s 



(x 2 )/l0 



12 m z] 
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We draw up the following table: 



f/s 


30 


60 


90 


120 


{x 2 )/l0- l2 m 2 


88.2 


113.5 


128 


144 


T//10- 3 kgm-' s- 1 


0.701 


1.09 


1.45 


1.72 



Hence, the mean value is 1.2x10 3 kg m 1 s 1 



P20.18 The viscosity of a perfect gas is 



n = 



-A 



\MXcp 



[20.74 with [A] = pIRT = P IN A kT] 



N K kT J {2 U2 op 



SRT 

TlM 



sin 



[Exercise 20.2(b) note, 20.7], where a = nd 2 is the collision cross-section 

2 



/ \"2 



So, (/ = 



3d 2 N A 
2 



( mrt\ 

tc 3 J 



MRT 

2 



.1/2 



Sx^^xlO^mol- 1 ) 

1 pm 

10~ 12 m 



A „„„ f (r/K) 1/2 
= °- 274 x i t4 — \ — 1\ 

[fa/kg nr's" 1 ) 



(17.03 x 1Q- 3 kg mol-') x (8.3145 J K -1 mol- 1 ) ]" 2 

K 3 j 77 



pm 



(270) 1/2 V 



(a) - 0.274 x^— -J— ^ pm= 369pm 
[(9.08 xlO" 6 ) J 1 — 

(490) 1/2 



(b) d = 0.274 x 



(1.749 xlO" 5 ) 



pm = 



308 pm 



COMMENT. The change in diameter with temperature can be interpreted in two ways. First, it shows the 
approximate nature of the concept of molecular diameter, with different values resulting from measurements 
of different quantities. Secondly, it is consistent with the idea that, at higher temperatures, more forceful colli- 
sions contract a molecule's perimeter. 
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Solutions to theoretical problems 



P20.20 The most probable speed of a gas molecule corresponds to the condition that the Maxwell distribu- 
tion be a maximum (it has no minimum), hence we find it by setting the first derivative of the func- 
tion to zero and solving for the value of v at which this condition holds. 



f(v) = 4n 



( V 2 
m i 



2nkT 



v 2 e -m V 2/2kT po.4j = const x v 2 t 



2f*-mv 2 t2kT 



[MIR = mlk] 



d/M =0, whe„f2-^| = 0. 



dv 



So, 



inmost probable) = c* - 



2kT\ 



m 



"J 



2RT 
M 



[20.8] 



P20.22 



The average kinetic energy corresponds to the average of \mv 2 . The average is obtained by determining 



(v 2 ) = 



v 2 f(v)dv = 4n 



m 



IvJcT 



3/2 



v*e-™ 2/lkT dv[2QA] 



The integral evaluates to 



3jI i/2 ( 



m 



8 \2kT 



.Then, <i; 2 > = 4ji 



m 



3/2 /- \ -5/2 

ln l,2 f m } 3kT 

x 

m 



8 [2kT 



Thus, {e) = \m(v 2 ) = \kT. 



Write the mean velocity initially as a; then in the emerging beam (v x ) = K\ v x f(v x )dv x , where .ST is 

J o 

a constant that ensures that the distribution in the emergent beam is also normalized. That is, 



1 = a: 



f(v x )dv x =K 



m 



2ukT 



1/2 



. 0 



This integral cannot be evaluated analytically but it can be related to the error function by 
defining 



,_ mv;. 
X ~2kT 



which gives dv x = [ j d% . Then, 

I m J 



\ = K 



\l/2 / 

m ) I 2kT ) 



1/2 C b 



K 



e-* 2 d X = ±tert(t>) 



where erf (z) is the error function: erf(z) = (2/n vz ) \ Q~ x2 d%. 

0 
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Therefore, K = — — — . 

erf(6) 

The mean velocity of the emerging beam is 



m 



2nkT 



1/2 ra 



v t e~ mv * l2kT dv x 



2nkT j I m ) J 0 dv x 

1/2 



= -K 



kT 
2mji 



(e 



1) 



Now, use a = (v^m = {IkTlmitf 11 . 

This expression for the average magnitude of the one-dimensional velocity in the x direction may 
be obtained from 

1/2 



r» /•» / \1/Z 

(vXm=2j v x f(v x )dv x =2j v x \-^j r mvl * l2kT dv x 



1/2 



_( m T(2kT)(2kT 
\2%kT J { m J [ mn 

It may also be obtained very quickly by setting a = «> in the expression for (v x ) in the emergent beam 
witherf(6) = erf(~)= 1. 

Substituting a = (2kT/nm) U2 into {v x ) in the emergent beam, e^ 2 ' 2 * 7 = e -1 '" and erf(i?) = erf(l/7t i/2 ). 



Therefore, (v x ) = 



. 1/2 

2AT ^ 1 - e- 1 '* 
x 



/mi J erf(l/7i 1/2 ) 

From tables of the error function, or from readily available software, 
erf(l/j: 1/2 ) = erf(0.56) = 0.57 and e""* = 0.73 



Therefore, (v K )= 0.47^)-^ 



P20.24 The most probable speed, c*, of a perfect gas is given by 



2kT 



m 



1/2 



[20.8, derived in Problem 20.20] 



Consider a range of speeds Av around c* and nc*, then 



Aru*) _ {nc*ft' mnlc ' ll2kT _ n 2^i )me *2 l2kT _ | B 2 e i-,2 

y(c*) 4r " " ,<: ' : " r l ' * 



c *2 Q -mc*V2kT 



Therefore,4r^r = 9xe- 8 = 
/(«*) 



3.02 x 10' 



and -^fi? = 16 x e" 15 = U.9 x 10^ 
f(c*) 1 
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P20.26 The diffusion equation is: — = D— [20.53]. 

dt dx 2 

We confirm that c(x,t) = — e _ ** 2/f [20.57], where a = — "° and 6 = — is a solution to the 
t 112 * * A(itDy' 2 4D 

diffusion equation by taking both the partial derivative with respect to time and the second partial 

with respect to position to find whether or not they are proportional: 



dc_ 
dt 



(I.* 



,3/2 



>-bx 2 lt 



-bx^lt _ 



c bx 2 
~~2t + l 2 ~ C 



dc _ f a | ( ~2bx 



3 2 c 
9x 2 



26 



,1/2 



a f 26* 

>< — u 



26 



c + 



^ 2bx^ 



\2Dt) {Dt 2 ) Ddt 



as required. 



Initially, the material is concentrated at x = 0. Note that c = 0 for x > 0 when r = 0 on account of the 
very strong exponential factor ^e - ** 2 ' -» 0 more strongly than -» ooj. When x = 0, e _Jt2/4Df = l. 
We confirm the correct behaviour by noting that (x) = 0 and (x 2 ) = 0 at t = 0 [20.59 and 20.60], and 
so all the material must be at x = 0 at f = 0. 



P20.28 The probability of being at x after time t is given by 
P(jc) = f— l e-* 2 " 2 " 2 [20.61] 



' =1^1 



(a) After four steps: t = 4z 



P(6X) = 



2t 



^x(4t) 
The exact answer is 



f 



e -18r/{4r) _ 



— I e-" 2 = 0.0043 
2ji 



zero 



because the number of steps is insufficient to travel this distance. 



(b) After six steps: / = 6t 

1 1/2 



P(6X) = 



2r 



n x (6t) 
(c) After 12 steps: t= \2x 



e -18r/(6r) - | _ 

3tc 



e" 3 = 



0.0162 



P(6A) = 



ji x 



(12r)J 



e -18r/(]2T)_ _ e -3/2 = 

6ti 



0.0514 
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Solutions to applications: astrophysics and biochemistry 

Gmm' 



P20.30 Newton's gravitational force law: F = 



, where G is the gravitational constant and r is the 



centre-to-centre distance between mass m and m'. In this problem r > R, where R is a planet radius. 

The minimum work w required to move an object of mass m from a position near the planet's 
surface to infinity is 



u- = I far = ( !»m}' J -ydr = -Gmm' X 



where g plaDet = ~J£T 1S tne gravitational acceleration of a planet and ^ planel = j |^^T 



Y 




( Gm'~\ 


r 


r=R 


{ * ) 



m = mg phnel R 



Earth 



Using data provided in the problem: 



^Mars — £Earth X 



m 



R 2 ) 

= (9.81 ms" 2 )x (0.108) x 



m | 



<?Earth X 



"'Mars 
w Earth 



R 



Earth 



6.37 
3.38 



= 3.76 m S" 2 



The escape speed v esc is determined by the minimum kinetic energy that provides the energy w. 

I »n& = (g£) plan e t "J, so that = (2gi?)piLet 

(a) The escape speed for Earth: = [2 x (9.8 1 m s" 2 ) x (6.37 x 1 0 6 m)] 112 - 

(b) The escape speed for Mars: v esc = [2 x (3.76 m s" 2 ) x (3.38 x 10 6 m)]" 2 = 



11.2 km s-' 



5.04 km s" 



Since c = (8RT/nM) m [20.7], the temperature at which the mean gas speed corresponds to the 
escape speed is given by T = nMv^/SR and computed temperature values for hydrogen, helium, and 
oxygen are summarized in the following table: 



io- 3 77a: 


H 2 


He 


o 2 




Earth 


11.9 


23.7 


190 


[c=11.2 kms" 


Mars 


2.4 


4.8 


38 


[c = 5.0 km sr 1 ] 



In order to calculate the proportion P of molecules that have speeds exceeding the escape velo- 
city, we must integrate the Maxwell distribution [20.4] from v esc to infinity. P is a function of M, T, 

and v esc : 



P(M,7> esc ) = 



f(v)dv = 4n 



M 



2%RT 



2 0 -Mu 2 l2RT 



dv 



The integral of this expression has no analytical solution but it is easily numerically performed on 
the scientific calculator or with computer software. Avoid unit errors by using SI units throughout. 
Here is a Mathcad setup for the computations along with the desired calculations: 
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R:=8.3145 P(M,T,v wc ):=4-n T j 



v 2 -e2flT dv 



For gases of the Earth's atmosphere, = 1 1 .2 x 1 0 3 m s~ 1 : 



Hydrogen at 240 K: 
Hydrogen at 1 500 K: 
Helium at 240 K: 
Helium at 1500 K: 
Oxygen at 240 K: 
Oxygen at 1500 K: 



P(0.002016, 240, 1 1 .2 • 10 3 ) = 2.498 x 10" 27 
P(0.00201 6, 1 500, 1 1 .2 • 1 0 s ) = 1 .487 x 1 0" 4 
P(0.004, 240, 1 1 .2 • 10 3 ) = 3.210 x 10- 54 
P(0.004, 1500, 11.2 - 10 3 ) = 9.516 x 1CH> 
P(0.032, 240, 1 1 .2 ■ 10 3 ) = 0.000 x 10° 
P(0.032, 1500, 11.2 • 10 3 ) = 1.888 x 10^ 



For gases of the Mars atmosphere, = 5.04 x 10 3 m sr 1 : 

Hydrogen at240 K: P(0.002016, 240, 5.04 • 10^= 1.122 x 10" 5 

Hydrogen at 1500 K: P(0.002016, 1500, 5.04 - 10 3 ) = 2.502 x 10-' 

Helium at 240 K: P(0.004, 240, 5.04 ■ 1 0 3 ) = 5.093 x 1 0~ 11 

Helium at 1 500 K: P(0.004, 1 500, 5.04 • 1 0 3 ) = 4.307 x 1 0" 2 

Oxygen at 240 K: P(0.032, 240, 5.04 • 1 0 3 ) = 5.659 x 1 0^ 98 

Oxygen at 1 500 K: P(0.032, 1 500, 5.04 • 1 0 8 ) = 4.246 x 10- M 

Based on these numbers alone, it would appear that H 2 and He would be depleted from the atmo- 
sphere of both Earth and Mars only after many (millions?) years, that the rate on Mars, although 
still slow, would be many orders of magnitude larger than on Earth, that 0 2 would be retained on 
Earth indefinitely, and that the rate of 0 2 depletion on Mars would be very slow (billions of years?), 
although not totally negligible. The temperatures of both planets may have been higher in past 
times than they are now. 

P20.32 Dry atmospheric air is 78.08% N 2 , 20.95% 0 2 , 0.93% Ar, and 0.03% C0 2 , plus traces of other gases. 

Nitrogen, oxygen, and carbon dioxide contribute 99.06% of the molecules in a volume with each 
molecule contributing an average rotational energy equal to kT. The rotational energy density is 
given by 

_E R _ 0.9906A r (e R ) _ 0.9906(e R )pN A _ 0.9906 kTpN A 
Pr ~ V ~ V ~ RT ~ RT 
= 0.9906/7 = 0.9906(1 .013 x 10 5 Pa) = 0.1004 J cm" 3 

The total energy density (translational plus rotational) is 



p T = p K + p R = QA5 Jcnr 3 + 0.10 Jcm _3 = 0.25 J cm 



P20.34 For order of magnitude calculations we restrict our assumed values to powers of 10 of the base 
units. Thus, 

p - 1 g cm -3 = 1 x 10 3 kg m -3 

rj(air) = 1 x 10 -5 kg nr' s _1 [see comment and question below] 
We need the diffusion constant: 

6izria 
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a is calculated from the volume of the virus, which is assumed to be spherical: 

Q^m u )x(lxlO-^kgm u -') lxlQ _ 25m , 
lxl0 3 kg m 3 





m ( 


V = 






P 


v = 








a - 









lxlO" 25 m 3 



^lxlO^m 



(lxlO- 23 JK-')x(30QK) 
~ 6n x (1 x 10- 5 kg m- 1 s" 1 ) x (1 x 10" 8 m) 

For three-dimensional diffusion: 
(r 2 ) 1 m 2 



^lxlO" 9 m 2 s" 



t- 



6D lxl0- 8 m 2 s- 1 



= 10 8 s 



300 y 



Therefore, it does not seem likely that a cold could be caught by the process of diffusion. 

comment. In a Fermi calculation only those values of physical quantities that can be determined by scientific 
common sense should be used. Perhaps the value for T/{air) used above does not fit that description. 

Question. Can you obtain the value of n(ai r ) by a Fermi calculation based on the relationship in 
Table 20.3? 



P20.36 c(xj) = c 0 + (c, - c 0 ){l - erf (§)}, where = jc/(4£*) i/2 and erf (§) = 1 - — ey 2 dy 

ft J £ 

In order for c(x,t) to be the correct solution of this diffusion problem it must satisfy the boundary 
condition, the initial condition, and the diffusion equation [eqn 20.53]. At the boundary x = 0, £ = 0, 



and erf (0) = 1 — 

TV 11 



Jo 



— 1 = 0. 

V 2 



Thus, c(0,f) = c 0 + (c s - c 0 ){ 1 - 0} = c s . The boundary condition is satisfied. At the initial time (t = 0), 
%(x,0) = °° and erf(<~) = 1 . Thus, c(x,0) = c 0 + (c s - c 0 ) { 1 - 1 } = c„. The initial condition is satisfied. We 
must find the analytical forms for dcldt and d 2 cldx 2 . If they are proportional with a constant of 
proportionality equal to D, c(x,t) satisfies the diffusion equation. 

Mx,t) = D 1 (c s -c 0 )x c _ x2tA 
dx [2 ^{Dtf 11 



d 2 c(x,t) = 1 (c s -c 0 )x c . j2/4flf 

The constant of proportionality between the partials equals D and we conclude that the suggested 
solution satisfies the diffusion equation. 

Diffusion through alveoli sites (about 1 cell thick) of oxygen and carbon dioxide between lungs and 
blood capillaries (also about 1 cell thick) occurs through about 0.075 mm (the diameter of a red 
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blood cell). So, we will examine diffusion profiles for 0 < x < 0.1 mm. The largest distance suggests 
that the longest time that must be examined is estimated with eqn 20.59. 



71X, 



max 



Tc(lxlO^m) 2 

AD ~ ^.lOxlO-^s- 1 ) 



= 3.74 s 



Figure 20.2 shows oxygen concentration distributions for times between 0.01 s and 4.0 s. We set c Q 
equal to zero and calculate c s with Henry's law [Section 5.3(b), eqn 5.23]. 



b 02 = — [16.26b and Brief illustration of Section 5.3b] = m Tu^1 TT E Table 51 1 

= 2.7xl0- 4 molkg- 1 
So, c s = 2.7 x 10" 4 mol dm" 3 . 



21kPa 



Oxygen concentration profiles at t 




0.02 



0.04 0.06 
x/mm 



0.08 



0.1 



Figure 20.2 




The rates of chemical 
reactions 



Answers to discussion questions 

The determination of a rate law is simplified by the isolation method in which the concentrations 
of all the reactants except one are in large excess. If B is in large excess, for example, then to a good 
approximation its concentration is constant throughout the reaction. Although the true rate law 
might be v =& r [A][B], we can approximate [B] by [B] 0 and write 

v = V t [A], where k' T = A: r [B] 0 [21.10] 

which has the form of a first-order rate law. Because the true rate law has been forced into first-order 
form by assuming that the concentration of B is constant, it is called a pseudo-first-order rate law. 
The dependence of the rate on the concentration of each of the reactants may be found by isolating 
them in turn (by having all the other substances present in large excess), and so constructing the 
overall rate law. 

In the method of initial rates, which is often used in conjunction with the isolation method, the rate 
is measured at the beginning of the reaction for several different initial concentrations of reactants. 
We shall suppose that the rate law for a reaction with A isolated is v = k T [A] a ; then its initial rate, v 0 , is 
given by the initial values of the concentration of A, and we write v 0 = fc r [A]g. Taking logarithms gives 

log v 0 = log k t + a log [A]q [21.11] 

For a series of initial concentrations, a plot of the logarithms of the initial rates against the 
logarithms of the initial concentrations of A should be a straight line with slope a. 

The method of initial rates might not reveal the full rate law, for the products may participate in the 
reaction and affect the rate. For example, products participate in the synthesis of HBr, where the 
full rate law depends on the concentration of HBr. To avoid this difficulty, the rate law should be 
fitted to the data throughout the reaction. The fitting may be done, in simple cases at least, by using 
a proposed rate law to predict the concentration of any component at any time, and comparing it 
with the data. 

Because rate laws are differential equations, we must integrate them if we want to find the concen- 
trations as a function of time. Even the most complex rate laws may be integrated numerically. 
However, in a number of simple cases analytical solutions are easily obtained and prove to be very 
useful. These are summarized in Table 21.3. In order to determine the rate law, one plots the right- 
hand side of the integrated rate laws shown in the table against t in order to see which of them 
results in a straight line through the origin. The one that does is the correct rate law. 
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D21.4 The parameter A, which corresponds to the intercept of the line at II T= 0 (at infinite temperature), 



is called the pre-exponential factor or the frequency factor. The parameter E a , which is obtained 
from the slope of the line {-EJR\ is called the activation energy. Collectively, the two quantities are 
called the Arrhenius parameters. 

The temperature dependence of some reactions is not Arrhenius-like, in the sense that a straight 
line is not obtained when In k is plotted against l/T. However, it is still possible to define an activa- 
tion energy as 



This definition reduces to the earlier one (as the slope of a straight line) for a temperature-independent 
activation energy. However, this latter definition is more general because it allows £ a to be obtained 
from the slope (at the temperature of interest) of a plot of In k against l/Teven if the Arrhenius 
plot is not a straight line. Non-Arrhenius behaviour is sometimes a sign that quantum-mechanical 
tunnelling is playing a significant role in the reaction. 



D21.6 The rate-determining step is not just the slowest step: it must be slow and be a crucial gateway for 



the formation of products. If a faster reaction can also lead to products, then the slowest step is 
irrelevant because the slow reaction can then be side-stepped. The rate-determining step is like a 
slow ferry crossing between two fast highways: the overall rate at which traffic can reach its destina- 
tion is determined by the rate at which it can cross on the ferry. 

If the first step in a mechanism is the slowest step with the highest activation energy, then it is rate 
determining, and the overall reaction rate is equal to the rate of the first step because all subsequent 
steps are so fast that once the first intermediate is formed it results immediately in the formation of 
products. Once over the initial barrier, the intermediates cascade into products. However, a rate- 
determining step may also stem from the low concentration of a crucial reactant or catalyst and 
need not correspond to the step with highest activation barrier. A rate-determining step arising 
from the low activity of a crucial enzyme can sometimes be identified by determining whether or 
not the reactants and products for that step are in equilibrium: if the reaction is not at equilibrium 
it suggests that the step may be slow enough to be rate-determining. 



D21.8 In the analysis of stepwise polymerization, the rate constant for the second-order condensation 



is assumed to be independent of the chain length and to remain constant throughout the reaction. 
It follows, then, that the degree of polymerization is given by 

W=l+fc r /[A] 0 [21.68b] 

Therefore, the average molar mass can be controlled by adjusting the initial concentration of mono- 
mer and the length of time that the polymerization is allowed to proceed. 

Chain polymerization is a complicated radical chain mechanism involving initiation, propagation, 
and termination steps (see Section 21 .9(b) for the details of this mechanism). The derivation of the 
overall rate equation utilizes the steady-state approximation and leads to the following expression 
for the average number of monomer units in the polymer chain: 

(N) = 2/c r [M]P]" 1/2 [21 .75] 

where k r = \k v (fkjc^r m , where k p , k if and k x are the rate constants for the propagation, initiation, 
and termination steps, respectively, and /is the fraction of radicals that successfully initiate a chain. 
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We see that the average molar mass of the polymer is directly proportional to the monomer concen- 
tration, and inversely proportional to the square root of the initiator concentration and to the rate 
constant for initiation, therefore the slower the initiation of the chain, the higher the average molar 
mass of the polymer. 



D21.10 Both the Marcus theory of photo-induced electron transfer and the Forster theory of resonance 



energy transfer examine interactions between a molecule excited by absorption of electromagnetic 
energy (the chromophore S) and another molecule Q. They explain different mechanisms of quench- 
ing, that is, different ways that the chromophore gets rid of extra energy after absorbing a photon 
through intermolecular interactions. Another common feature of the two is that they depend on 
physical proximity of S and Q: they must be close for action to be efficient. 

In the Marcus theory, the rate of electron transfer depends on the reaction Gibbs energy of electron 
transfer, A r G, and on the energy cost to S, Q, and the reaction medium of any concomitant molecular 
rearrangement. The rate is enhanced when the driving force (A T G) and the reorganization energy 
are well matched. 

Resonant energy transfer in the Forster mechanism is most efficient when Q can directly absorb 
electromagnetic radiation from S. The oscillating dipole moment of S is induced by the electro- 
magnetic radiation it absorbed. It transfers the excitation energy of the radiation to Q via a mech- 
anism in which its oscillating dipole moment induces an oscillating dipole moment in Q. This energy 
transfer can be efficient when the absorption spectrum of the acceptor (Q) overlaps with the 
emission spectrum of the donor (S). 



Solutions to exercises 

E21 .1 (b) The initial amount of NH 3 is assumed to be zero. Let its final amount be and let a be the fraction 
of that final amount produced during any given time. Thus, a varies from 0 to l over the course of the 
reaction. At any given time, the amount of ammonia produced up to that time is a« an) , the amount 
of nitrogen consumed is and the amount of hydrogen consumed is 3cw am /2. If we let « initia! 

be the total quantity of gas initially present (H 2 and N 2 ), then the total at any given time will be 



Thus, the total amount of gas changes from « initial to n initial - n am over the course of the reaction. 
(Note that total gas amount decreases at the same rate as ammonia is produced.) Since the volume 
and temperature do not change, we may also write 



"total = "initial ~ ^"am^ - 3aw am /2 + a« am = K initial - an. 



am 




E2l.2(b) 



V = 



if] 

Vj dt 



[21.3b], so — —-VjV 
dt 



Rate of consumption of A = v = 2.7 mol dm' 3 s~' 



Rate of consumption of B - 3v = 8.1 mol dm 




Rate of formation of C = v= 2.7 mol dm 3 s 1 



Rate of formation of D = 2v = 5.4 mol dm -3 s _1 
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E21.3(b) 



v = iffl pi .3b] = ISM = I x (2 .7 mol dm" 3 s"') = 
v, dt 1 3 dt 3 v 



0.9 mol dm _3 s 1 



0.9 mol dm- 3 s 



1 .8 mol dm -3 s" 



0.9 mol dm" 3 s" 1 



2.7 mol dnr 3 s" 1 



Rate of formation of C = v = 
Rate of formation of D = 2v = 
Rate of consumption of A = v = 
Rate of consumption of B = 3v = 

E21 .4(b) The rate is expressed in mol dm -3 s'\ therefore 
mol dm" 3 s"' = [k T ] x (mol dm -3 ) x (mol dm" 3 ) 2 

where [k r ] denotes units of k„ requires the units to be 



dm 6 mol -2 s _1 



(a) Rate of consumption of A = v = /c r [A][B] 



E21.5(b) Given 



(b) Rate of formation of C = v = \ A^[A][B] 2 
d[C] 



dt 



= ^ r [A][B][C]- 1 



the rate of reaction is [21.3b] 



^[Apicr 1 



1 d[J] = d[C] 
Vj dt dt 



The units of k r , [k r ], must satisfy 

mol dm -3 s _1 = [k r ] x (mol dm -3 ) x (mol dm -3 ) x (mol dm- 3 ) -1 

Therefore, [k T ] = s 



E21 .6{b) (a) For a second-order reaction, denoting the units of k r by [k T ] 



molecule nr 3 s _l = [k r ] x (molecule nr 3 ) 2 , therefore [k r ] = 


m 3 molecule -1 s _I 


or 


m 3 s _1 


For a third-order reaction 








molecule nr 3 s~' = [k T ] x (molecule nr 3 ) 3 , therefore [k T ] = 


m 6 molecule 2 s _1 


or 


m 6 s" 1 



COMMENT. Technically, 'molecule' is not a unit, so a number of molecules is simply a number of individual 
objects, that is, a pure number. In the chemical kinetics literature, it is common to see rate constants reported 
in molecular units of m 3 s _1 , m 6 s _1 , cm 3 s _1 , etc., with the number of molecules left unstated. 

(b) For a second-order reaction 



Pa s _1 = [k T ] x Pa 2 , therefore \[k T ] = Pa' 1 s~' 
For a third-order reaction 



Pa s" 1 = [k t ] x Pa 3 , therefore [k r ] = Pa' 2 s^ 1 
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E21.7(b) The rate law is 

where /is the fraction reacted. Thus, 

Taking logarithms 



ln|^-| = aln 

v 2 



1-/ 
l-/ 2 



In 



so a = 



In 



9.71 
7.67 



.1-/2 



In 



0.90 
0.80 



-2.0 



The reaction is 



second order 



COMMENT. Knowledge of the initial pressure is not required for the solution to this exercise. The ratio of pres- 
sures was computed using fractions of the initial pressure. 

E21.8(b) Table 21.3 gives a general expression for the half-life of a reaction of the type A -» P for orders 
other than 1 : 



2"-' - 1 



(»-lMA] S - 

Form a ratio of the half-lives at different initial pressures: 



Po,\ 
Po,i 



_[ Poj. 



Hence, In 



^^1/2(^0,2) ) y Po,\ J 



In 



or («-!) = 



340 s 



178 s 



In 



28.9 kPa 
55.5 kPa 



= -0.992 » -1 



Therefore, 



n = 0. 



E21 .9(b) The rate law is 

ld[A] 

v = 

2 dt 



= k T [A] 
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The half-life formula in eqn. 2 1 . 1 3 is based on the assumption that 
d[A] 



dt 



That is, it would be accurate to take the half-life from the table and say 
In 2 



tin — 



K 



where fcj = 2k T . Thus, 
In 2 



2(3.56 xlO^s- 1 ) 



9.74xl0 5 s 



Likewise, we modify the integrated rate law [eqn. 21. 12(b)], noting that pressure is proportional to 
concentration: 



P = Po? 



(a) Therefore, after 50 s, we have 

p = (33.0 kPa)e- 2x(3 - 56 * 10 " 7s " Ws:i = 

(b) After 20 min, 



32.999 kPa 



p = (33.0 kPa)e" 2x(3 ' 56>:10 " 7 5-1 )x( 20x60 s) = 



32.97 kPa 



E21 .1 0(b) From Table 2 1 .3 , we see that for A + 2B — > P the integrated second-order rate law is 



k T t = 



1 



[B] 0 -2[A] C 



In 



[A]q([B] 0 -2[P]) 
([A] 0 -[P])[B] 0 J 



By the time [B] falls to 0.010 mol dm -3 , it has dropped by 0.020 mol dm -3 , so the [A] has fallen by 
0.010 mol dm" 3 to 0.040 mol dm" 3 , and the [P] has risen by 0.010 mol dnr 3 to 0.010 mol dm" 3 . 



(a) Substituting the data after solving for k r 

1 



(3.6 x 10 3 s) x (0.030 - 2 x 0.050) mol dm" 3 



x In 



0.050 x (0.030- 2x0.010) 



(0.050- 0.010) x 0.030 



3.5xl0- 3 dm 3 mol- l s- 1 



(b) The half-life in terms of A is the time when [A] = [A] 0 /2 = 0.025 mol dm -3 . The stoichiometry 
requires [B] to drop by 0.050 mol dm -3 ; however, since [B] 0 was only 0.030 mol dm -3 , this concentra- 
tion cannot be reached from the given initial conditions. The half-life of A, then, is 
there is not enough B to react with it. 



infinite 



since 



The half-life in terms of B is the time when [B] = [B] 0 /2 = 0.015 mol dnr 3 , [A] = [A] 0 - [B] 0 /4 = 
0.0425 mol dm" 3 , and [P] = [B] 0 1 A = 0.0075 mol dm" 3 : 
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«w(B) = 



1 



-In 



[A] 0 aB] 0 -2fP]) 



* r ([B] 0 -2[A] 0 ) L([A]o-[P])[B]o J 

1 



(3.5 x ICHdm 3 mol" 1 s ") x (0.030 - 2 x 0.050) mol dm" 3 ) 



xln 



' 0.050x0.015 \ 
^0.0425x0.030 J 



2.2xl0 3 s 



0.61 h 



E21 .1 1 (b) The integrated rate law is 

1 , [A] 0 ([B] 0 -2[C]) 



Kt = 



[B] 0 -2[A] 0 ([A] 0 -[C])[B] 0 
Solving for [C] yields, after some rearranging 
[A] 0 [B] 0 (e^- 2 r A i°>-l) 



[Table 21.3] 



[C] = 



[B] 0 e^[ B fc- 2 tAk,)_2[A] 0 



so 



[C] 



(0.027) x (0.1 30) x ( e ° 34*(o.no-2xo.o27)x,/s _ ^ 0 .027 x (e c 



-1) 



mol dnr 3 (0.130) x e »^»-"M- 2 >*-«">»* - 2 x (0.027) 
0.027 x(e 0026x20 -l) 



e o.o26«/ s _ q_ 42 



(a) [C] = 

(b) [C] = 



g0.026x20 _ 0 42 

0.027 x(e 0026xl5 * 6O -l) 

g0.026xl5x60_ Q 42 



mol dm -3 = 



0.014 mol dm 



-3 



mol dm -3 = 



0.027 mol dm' 3 



comment. Note that part (b) tells us that the reaction is essentially complete after 1 5 min. In fact, it is essen- 
tially complete considerably before this time. When is the reaction 99% complete? 



E21.12(b) The rate law is 
ld[A] 



2 dt 
which integrates to 



If 1 
2k t t = - 



= k t [Af 



1 ^ 



/ = 



2ljA] 2 [A] 2 
1 



so t = 



1 



1 



_j_ 

4* r U A ! [Ai, 
1 



1 



4(6.50 x 10" 4 dm 6 mol" 2 s" 1 ) J I (0.015 mol dm" 3 ) 2 (0.067 mol dm" 3 ) 2 



1.6xl0 6 s 



19 days 



E21 .13(b) The equilibrium constant of the reaction is the ratio of rate constants of the forward and reverse 
reactions: 

K = —, so k x = Kk[ 

K 
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The relaxation time for the temperature jump is [Example 21 .4]: 

r={* r +A:;([B3 + [C])}-', so k=T- l -k' T ([B] + [C]) 
Setting these two expressions for k x equal yields 

1 



Kk;=r l -k;{[B) + [C]\ so k' T = 



Hence, k[ = 



r(K + [B) + [C]) 
1 



(3.0 x 10-* s) x (2.0 x 10" 16 + 2.0 x 10" 4 + 2.0 x 10" 4 ) mol dnr 



gJxlOMn^moHs- 



and K = (2.0 x 10" 16 mol dm" 3 ) x (8.3 x 10 8 dm 3 mol" 1 s~ l ) = 



E21 .14(b) The rate constant is given by 



1.7X10-V 1 



-E a 



{RT 



[21.31] 



k T = ^4exp 
so at 24°C it is 

1.70 x 10- 2 dm 3 moHs-^ A&xp 
and at 37°C it is 

2.01 x 10 2 dm 3 mol" 1 s" 1 = ,4 exp 



(8.3 145 J K" 1 moH) x [(24 + 273) K] 



(8.3 145 J K" 1 mol" 1 ) x [(37 + 273) K] 
Dividing the two rate constants yields 



so In 



1.70 xlQ- 2 _ 
2.01 xlO" 2 " £XP 

( 1.70xl0- 2 



v- 



and E 3 = ~ 



2.01xl0- 2 8.31451^^01" 



8.3145 J K 1 mol 1 ) 



U U 

^297K 310 K J 



1 



1 



297 K 310 K 



1 



1 



297 K 310 K 
= 9.9xl0 3 Jmol- 1 = 



1 i " f ':»!x,'".-. : : 



9.9 kJ mol- 1 



With the activation energy in hand, the prefactor can be computed from either rate constant value 



A = k r exp 



RT 



= (1.70 x 1 0- 2 dm 3 mol" 1 s" 1 ) x exp 



9.9xl0 3 Jmol- 1 



(8.3145 J K^mol^x (297 K) 



= 0.94 dm 3 mol" 1 s" 
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E21 .15(b) Proceed as in Exercise 2 1 . 14(b): 



Rln 



K(T } ) J _ (8.3145 J K"' mol~') x ln2 



_L__L 

T x T 2 



1 



1 



53kJraol-' 



298 K 308 K 



E21 .16(b) Call the stable double helix S and the unstable one U. The rate of the overall reaction is 

however, we cannot have the concentration of an intermediate in the overall rate law. 
(i) Assume a pre-equilibrium with 



K = 



[U] 
[A][B] 



, which implies [U] = A:[A][B] 



and v = * 2 [U] = k 2 K[A]\B] = k e{[ [A][B] with k sfr = k 2 K 



(ii) Apply the steady-state approximation: 
d[U] 



dt 



-0=^ 1 [A][B]-/: 1 '[U]- J fe 2 [U] 



*,[A][B] 

so [U] = — — — and v 



*i*a[A][B] 



*dr[A][B] With£ eff =- 



^1 ^2 



COMMENT. The steady-state rate law reduces to the pre-equilibrium rate law if k\ » k 2 , which is likely to be 
the case if the first step is characterized as fast and the second slow. The steady-state approximation also 
encompasses the opposite possibility, that k\ <s: k 2 , in which case /c eff « k v implying that the first step is rate 
limiting. 

1 k' 1 
E21. 17(b) — = —2- + [analogous to 21 .62] 

/c r A: a /c b ^/'a 

Therefore, for two different pressures we have 



1 



1 



1 f 1 



K(P\) k r (p 2 ) kApi p 2 



1 



,1 1 

so k a =\ 

Pi Pi 
1 



1 



1 



Kipd K(pi) 
I 



l 



l 



1.09xl0 3 Pa 25 Pa Il.7xl0-V 1 2.2xl0~ 4 s- 



9.9 x 10^ s" 1 Pa" 1 = 9.9s-'MPa 
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E21 .1 80s) Let the steps be 



A + B^I (fast:fc a ,AO 
and I -> P (Ar b ) 

Then, the rate of reaction is 
Applying the pre-equilibrium approximation yields 

[AP] K LJ a; 

and t;= feA[A][Bj = ^ [A][B] ^ 

Thus, £ a = £ a (a) + £,(&) - E&a) [21 .64] = (27 + 1 5 - 35) kJ mol" 
E21 .19(b) The degree of polymerization is [21 ,68b] 

W=i+MA] 0 

= 1 + (2.80 x 10~ 2 dm 3 moH s^ 1 ) x 10.00 h x 3600 s h" 1 x 5.00 x 10" 2 mol dm" 3 



7 KJ mol 



51.4 



The fraction condensed is related to the degree of polymerization by 



/VN 1 W-l 51.4-1 

(N) = - , so p = 



l-p 



(N) 



51.4 



0.981 



E21 .20(b) The kinetic chain length varies with concentration as 
v = k T [M][X\ y2 [21.74] 
so the ratio of kinetic chain lengths under different concentrations is 



v 2 ., [M] 2 f[I] 



v. [Ml (JI] 2 j 



= 5.0x(10.0) I/2 =r 



15.8 



E21 .21 (b) The quantum yield tells us that each mole of photons absorbed causes 1 .2 x 10 2 moles of A to react 
[21 .76a]; the stoichiometry tells us that 1 mole of B is formed for every mole of A that reacts. From 
the yield of 1 .77 mmol B, we infer that 1 .77 mmol A reacted, caused by the absorption of 



(1.77 x 10- 3 mol) x (6.022 x 10 23 einstein-') 
1.2 x 10 2 mol einstein - ' 



4.4 x 10' 8 



photons 



E21 .22(b) The quantum yield is defined as the amount of reacting molecules n A divided by the amount of 
photons absorbed n abs . The fraction of photons absorbed / abs is one minus the fraction transmitted 
/ rans , and the amount of photons emitted n phQion can be inferred from the energy of the light source 
(power P times time t) and the energy of per photon {he IX). 
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ft A _ n A hcN A 

"abs 0 - /tntoJW 

(0.324 mol) x (6.626 x 10 34 J s) x (2.998 x 10* m s-') x (6.022 x 10 23 mol' 1 ) 
(1 - 0.257) x (320 x 10" 9 m) x (87.5 W) x (28.0 min) x (60 s mirr 1 ) 



1.11 



E21 .23(b) The Stern-Volmer equation [21 .83] relates the ratio of fluorescence quantum yields in the absence 
and presence of quenching 

The last equality reflects the fact that fluorescence intensities are proportional to quantum yields. 
Solve this equation for [Q]: 



[Q] = 



(Vf)-l 



(100/75) - 1 



0.038 mol dnr 



t 0 *q (3.5 x 10" 9 s) x (2.5 x lO'dm'moHs- 1 ) 
E21 .24(b) The efficiency of resonance energy transfer is given by [2 1 . 8 5] : 

^=1-^ = 0.15 

ho 

Forster theory relates this quantity to the distance R between donor-acceptor pairs by 
R 6 



[21.86] 



R« Q +R 6 

where R^ is an empirical parameter listed in Table 21.7. Solving for the distance yields 

,1/6 / . \I/6 



R=R,\^--l} = (2.2nm)xUL-l , = 



2.9 nm 



Solutions to problems 

Solutions to numerical problems 

P21.2 A simple but practical approach is to make an initial guess at the order by observing whether the 
half-life of the reaction appears to depend on concentration. If it does not, the reaction is first 
order; otherwise refer to Table 21.3. Visual inspection of the data seems to indicate that the half-life 
is roughly independent of the concentration, therefore we first try to fit the data to eqn 21 . 1 2b: 

As in Example 21 .3 we plot In 1 against time to see if a straight line is obtained. We draw up 

UA] 0 J 

the following table (A = (CH 3 ) 3 CBr): 
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t/h 

[A]/(10- 2 mol dnr 3 ) 
[A] 
[A] 0 



In 



[A] 0 



^ \hdr.v mol- i 



0 

10.39 
1 

0 

9.62 



3.15 
8.96 

0.862 
-0.148 
11.16 



6.20 
7.76 

0.747 



12.89 



10.00 
6.39 

0.615 



-0.292 -0.486 



15.65 



18.30 
3.53 

0.340 



-1.080 



28.3 



30.80 
2.07 

0.199 



-1.613 



48.3 



-1.0- 




-2.0 



Figure 21.1 

The data are plotted in Figure 21.1. The fit to a straight line is only fair, but the deviations look 
more like experimental scatter than systematic curvature. The correlation coefficient is 0.996. If we 
try to fit the data to the expression for a second-order reaction in Table 21.3, the fit is not as good; 

that correlation coefficient is 0.985. Thus, we conclude that the reaction is most likely 

A non-integer order, neither first nor second, is also possible. 

The rate constant k t is the negative of the slope of the first-order plot: 



first order 



k t = 0.0542 h"^ 
At 43.8 h 



l.SlxlO-V 1 



lnf ^ ) = -(0.0542 h 1 ) x (43.8 h) = -2.374 
1 1 AJo J 



[A] = (10.39 x 10- 2 mol dm- 3 ) x e" 2359 = 9.67 x 10 3 mol dm" 3 
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P21.4 



P21.6 



Examination of the data shows that the half-life remains constant at about 2 min. Therefore, the 
. This can be confirmed by fitting any two pairs of data to the integrated 



reaction is 



first-order 



first-order rate law, solving for the rate constant from each pair, and checking to see that they are 
the same to within experimental error: 

[A] 



inlj^ ] = -* r 'r [21. 12b,A = N 2 0 5 ] 

Note: k' t is the rate constant in the differential equation 
d[A] 



dt 



= fc r '[A] 



Because of the stoichiometry of the reaction, the rate of the reaction is half the rate of consump- 
tion of N 2 0 5 : 

„__La*L W A]-*HA] 

2 dt J 2 



Solving for k[ 
In 



[A] 0 



[A] 



t 

At r = 1.00 min, [A] = 0.705 mol dnr 3 and 

, f 1.000^ 
In 

I 0.705 J 

k' = — = 0.350 min" 1 = 5.83 x 10 3 s ' 

1.00 min 

At t = 3.00 min, [A] = 0.349 mol dnr 3 and 
1.000^ 

- = 0.351 min" 1 = 5.85 x 10~ 3 s" 1 



In 



K = 



0.349 



3.00 min 

Values of k' t may be determined in a similar manner at all other times. The average value of k' t 



obtained is 15.84 x 10 -3 s _1 



(which makes k t = 2.92 x 10 _3 s _1 ). The constancy of k'„ which varies 

. A linear regression 



only between 5.83 and 5.85 x 10 -3 s _1 confirms that the reaction is 
of ln[A] against t yields the same result. The half-life is [21.13]: 



first order 



Un = 



ln2 



0.693 



k\ 5.84xl0- 3 s-' 



= 118.7 s = 



1.98 min 



The data for this experiment do not extend much beyond one half-life. Therefore, the half-life 
method of predicting the order of the reaction as described in the solutions to Problems 21.1 and 
21.2 cannot be used here. However, a similar method based on 'three-quarters lives' will work. For 
a first-order reaction, we may write (analogous to the derivation of eqn 21.13) 
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M»=-ln^ = -to| = to| = 0.288 or /jM =°|?£ 

Thus, the three-quarters life (or any given fractional life) is also independent of concentration 
for a first-order reaction. Examination of the data shows that the first three-quarters life (time to 
[A] = 0.237 mol dm -3 ) is about 80 min and by interpolation the second (time to [A] = 0. 178 mol dm -3 ) 
is also about 80 min. Therefore, the reaction is first order and the rate constant is approximately 



0.288 0.288 



= 3.6xl0" 3 min- 



t V4 80 min 

A least-squares fit of the data to the first-order integrated rate law [21.12b] gives the slightly more 



accurate result, k t = 
ln2 



3.65xl0- 3 min" 1 



The half-life is 



Un — 



ln2 



190 min 



k t 3.65 xlO^ 3 min- 1 
The average lifetime is calculated from 
[A] 



[A] 0 



= e-*<' [21.12b] 



which has the form of a distribution function in the sense that the ratio 
sucrose molecules that have lived to time t. The average lifetime is then 



[A] 
[A] 0 



is the fraction of 



I. 



e^'dt 



274 min 



The denominator ensures normalization of the distribution function. 

COMMENT. The average lifetime is also called the relaxation time. Note that the average lifetime is not the 
half-life. The latter is 1 90 min. Also note that 2 x f 3/4 * t V2 . 

P21.8 The data do not extend much beyond one half-life, therefore we cannot see whether the half-life is 
constant over the course of the reaction as a preliminary step in guessing a reaction order. In a 
first-order reaction, however, not only the half-life but any other similarly defined fractional lifetime 
remains constant. (See Problem 21.6.) In this problem, we can see that the two-thirds-life is not 
constant. (It takes less than 1.6 ms for [CIO] to drop from the first recorded value (8.49 umol dm -3 ) 
by more than a third of that value (to 5.79 umol dm 3 ); it takes more than 4.0 more ms for the con- 
centration to drop by not even a third of that value (to 3. 95 umol dm- 3 ). So, our working assumption 
is that the reaction is not first order but second order. Draw up the following table: 

The plot of 1/[C10] vs. t (Figure 21.2) yields a reasonable straight line; the linear least-squares fit is: 

(l/[C10])/(dm 3 umol" 1 ) = 0.1 18 + 0.0237(r/ms) R 2 = 0.974 

The rate constant is equal to the slope 



K = 0.0237 dm 3 umol- 1 ms 1 = 2.37 x 10 7 dm 3 mol" 1 s l 
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t/ms 


[C10]/(u.mol dm" 3 ) 


(1/rClOlVfdm 3 umol" 1 ^ 


0.12 


8.49 


0.118 


0.62 


8.09 


0.124 


v.yty 


Tin 
/.IK) 


AMI 

0.141 


1.60 


5.79 


0.173 


3.20 


5.20 


0.192 


4.00 


4.77 


0.210 


5.75 


3.95 


0.253 



P21.10 



0.30 



■3 0.25 

E 

3. 



J 0.20 - 



0 0.15 



0.10 



! ! ! ! ! ! ! ! 1 ! ! 




j 






- 












" j"" 


■» 










i i i i „ i i . L — 1 i i i 



3 

t/ms 



Figure 21.2 



Note: k[ is the rate constant in the differential equation 
d[C10] 



dr 



= fc r '[C10] 



Because of the stoichiometry of the reaction, the rate of the reaction is half the rate of consump- 
tion of CIO: 

t , = _I^l = W1O] = f [ C,0 ] 



SO 



A r =1.18xl0 7 dm 3 moHs- 



The half-life depends on the initial concentration [eqn 21.16]: 

__L 1 

tm ~ * r [ClO] 0 ~ (2.37 x 10 7 dm 3 mol" 1 s-'X8.47 x 10^ mol dm" 3 ) 

d[P] 



4.98xl0" 3 s 



A + B^P, 



dr 



= /c r [A] m [B]" 



and for a short interval St, 
<5[P]=fc r [A] m [B]"Sf 
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Therefore, since <5[P] = [P], - [P] 0 = [P] ( 
[P] 



= Ar r [Ar l [B]"<5r 

is independent of [Propene], implying that m = 1 . 



[A] 

[Chloropropane] 



[Propene] 

[Chloropropane] _ f p(HCl) 10 7.5 5.0 



[HC1] 



0.05 0.03 0.01 



These results suggest that the ratio is roughly proportional to />(HC1) 2 , and therefore that m = 3 
when A is identified with HC1. The rate law is therefore 



d[Chloropropane] 
dt 



and the reaction is 



= fc r [Propene][HCl] 3 
first order in propene and 



third order 



in HC1. 



P21 .12 If the rate constant obeys the Arrhenius equation [eqn 2 1 .29], a plot of In k against 1/7" should yield 
a straight line with slope -EJR. Construct a table as follows: 



fc r /s ere io 3 K/r ink T 

2.46x10^ 0 3.66 -6.01 

0.0451 20 3.41 -3.10 

0.576 40 3.19 -0.552 



0 

-1 

-2 
-3 
-4 

-5 



-6 - 



-7 




ln(* r /s _1 ) = -1 1667 K/T + 36i702 



0.0031 0.0032 0.0033 0.0034 0.0035 0.0036 0.0037 



KIT 



Figure 21.3 



The plot is shown in Figure 21.3. The best-fit straight line fits the three data points very well: 
Infc/s" 1 ) = -1.17 x 10 4 K/r+ 36.7 



so £ a = -(-1.17xl0 4 K)x(8.3145Jmol- 1 K-')= 9.70 x 10 4 J mol -1 = 97.0kJmol 
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P21 .14 We can estimate the activation energy of the overall reaction by proceeding as in Exercise 21 .14(a) 
and(b): 



{j ~ f) 



-a In 3 
_j t_ 

292 K. 343 K 



— 18 kJ mol" 1 



To relate this quantity to the rate constants and equilibrium constants of the mechanism (Prob- 
lem 21.1 1), we identify the effective rate constant as fc eff = kK x K 2 and apply the general definition of 
activation energy [eqn 21.30]: 



dT d(VT) dT d(l/T) 

This form is useful because rate constants and equilibrium constants are often more readily differ- 
entiated when considered as functions of \IT rather than functions of T, as in this case: 

\nk en = Ink + In K x + \nK 2 

dlnJL- dln/t dln^, dlnA: 2 

since ^InK A T H r yan > t j^ 0 ^ e q Uat i on Section 6.4(a)] 
d(VT) R 



Hence, E, = £ a eff - A,H { - \H 2 = (-1 8 + 1 4 + 1 4) kJ mol" 1 = 



+ 10 kJ mol 1 



P21 .1 6 (a) First, find an expression for the relaxation time, using Example 2 1 .4 as a model: 
^ = -2* a [A] 2 + 2/c a '[A 2 ] 

Rewrite the expression in terms of a difference from equilibrium values, [A] = [A] eq + x 
d£] = dOA^x) = | = _ 2K([AU+ xy + 2K([A2U _ , x) 

^ = -2^ d [A]^-4^[A] eq x - 2Kx 2 + 2/tfA^- Kx 

Neglect powers of x greater than x\ and use the fact that at equilibrium the forward and reverse 
rates are equal, 

K[A^ = K[A 2 U 

to obtain 

^-^AJAk + AOx, so -«4AJAL,+ ft: 
at x 

To get the desired expression, square the reciprocal relaxation time, 
(i) ± - 16*2[At + 8^'^+ (*0 2 
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introduce [A] tot = [A]^ + 2[A 2 ] eq into the middle term, 



- 16^[A]^+ uxi^U - ^KK[A 2 U + (Ky ^SKKlAU + iK) 2 



and use the equilibrium condition again to see that the remaining equilibrium concentrations 
cancel each other. 

COMMENT. Introducing [Aj lol into just one term of eqn (i) above is a permissible step but not a very systematic 
one. It is worth trying because of the resemblance between eqn (i) and the desired expression: we would be 
finished if we could get [A] tC)t into the middle term and somehow get the first term to disappear! A more sys- 
tematic but messier approach would be to express [A]^ in terms of the desired [A] tot by using the equilibrium 
condition and [A] tot = [A]^ + 2^^. Solve both of those equations for [AJ^, set the two resulting expressions 
equal to each other, solve for [A]^ in terms of the desired [A] t0 „ and substitute that expression for [A]^ every- 
where in eqn (i). 

1 

(b) Plot — vs.[A] tot 

The resulting curve should be a straight line whose ^-intercept is (k^) 2 and whose slope is %kJc' A . 

(c) Draw up the following table: 



[A] tot /(mol dm" 3 ) 0.500 0.352 0.251 0.151 0.101 

r/ns 2.3 2.7 3.3 4.0 5.3 

l/(r/ns) 2 0.189 0.137 0.092 0.062 0.036 



The plot is shown in Figure 21 .4. 




[A] 101 /(moVdm 3 ) 



Figure 21.4 
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They-intercept is 0.0003 ns~ 2 and the slope is 0.38 ns~ 2 dm 3 moH, so 



K = {3 x 10- 4 x (10- 9 s)" 2 } 1/2 = (3 x 10'V 2 )" 2 = [l77xl0 7 s 
OJSxOO^s^dm^ol" 1 



k = 



and K = 



8 x (1.7 x10V 1 ) 
^/dm^ol-'s- 1 2.7x10* 



2.7xl0 9 dm 3 mol-'s" 



1.7 xlO 7 



1.6 xlO 2 



COMMENT. The data define a good straight line, as the correlation coefficient R 2 = 0.996 shows. That straight 
line appears to go through the origin, but the best-fit equation gives a small non-zeroy-intercept. Inspection 
of the plot shows that several of the data points lie about as far from the fit line as the y-intercept does from 
zero. This suggests that the y-intercept has a fairly high relative uncertainty and so do the rate constants. 

P21 .18 (a) The fluorescence intensity is proportional to the concentration of fluorescing species, so 



f = !W'*o[21.79] s0 taffL-i- 
h [S]o \h ) *o 



A plot of ln(/ f // 0 ) against t should be linear with a slope equal to -1/t 0 (i.e. t 0 = -1/slope) and an 
intercept equal to zero. See Figure 21.5. The plot is linear, with slope -0.150 ns 1 , so 




Figure 21.5 



To ^-l/(-0.150ns- 1 )= 6.7 ns 



Alternatively, average the experimental values of yln^j and check that the standard deviation is 

a small fraction of the average (it is). The average equals -1/t 0 (i.e. t 0 = -1/average). 

(b) The quantum yield for fluorescence is related to the rate constants for the various decay mech- 
anisms of the excited state by 



[21.81] = k ( t 0 [21.80] 



so kf= <t> { k 0 = 0.70/(6.7 ns)= 0.105ns 
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P21.20 Proceed as in Problem 21.18. In the absence of a quencher, a plot of ln/ r // 0 against t should be 
linear with a slope equal to -1/t 0 . The plot is in fact linear with a best-fit slope of -0.1004 jas -1 
(See Figure 21.6.) 



-1 



Tn = = 9.96 us 

0 -0.1004 ns- 1 ^ 



-0.5 - 
-1 - 

-1.5 
-2 
-2.5 







N. iVw No 
\l ; quencher 




With 1 *K 
quencher \ 













10 

Time/jis 



15 



20 



Figure 21.6 



In the presence of a quencher, a graph of In J f /J 0 against t is still linear but with a slope equal to -1/t. 
This plot is found to be linear with a regression slope equal to -1 .788 



-1 



T = 



= 5.59 us 



-0.1788 (is-' 

The rate constant for quenching (i.e. for energy transfer to the quencher) can be obtained from 
- = — + kqiQ] [Example 21.9] 

T T 0 



Thus, &q = 



T-'-Tq 1 = j?r(T-'-T 0 -') 

[N 2 ] /> N2 
(0.08206 dm j atm K -1 mol-'XSOO K)(0.1788 - 0.1004) x (lO^s)' 1 
9.74xl0" 4 atm 



= ^xlO'd^mol^s" 1 



Solutions to theoretical problems 

P21 .22 The rate of change of [A] is 
d[A] 



dt 



Hence, 



= -k t [A\" 



f[A] 



[A]o 



d[A] 
[A]" 



- -k T dt = -k x t 
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Therefore, k T t = I — ?— ] x ' 



1 



n-l) [[A] [Air 1 J 
At/ = r !/2 ,[A] = [A] 0 /2 



k r t ]/2 - 



and t m = 



1 



n-l 



2"" 1 - 1 



*,("-l)[A] 



2"-'~n 

[[Air Mr j" I »-i 

[as in Table 21.3] 



I [Air j 



Now, let t m be the time at which [A] = [A] 0 /3. Substitute these expressions into the integrated rate 
law: 

i i W 3n " 

k r h/3 — I - I X 



1 1 


( 3""'-P 




f 1 1 


[Air j 




X 


[[AirJ 



and t\n = 



3-'-l 



*t(«-i)[A]r 



P21.24 y = ^ = A,[A][B] 

df 

Let the initial concentrations be [A] 0 = A 0 , [B] 0 ~ B 0 , and [P] 0 = 0. Then, when P is formed in concen- 
tration x, the concentration of A changes to A 0 - 2x and that of B changes to B 0 - 3x. Therefore, 

ffl = *± = k ( A - 2x)(B 0 - 3x) with x = 0 at t = 0 
dt dt 

kAt = 



dx 



(A Q -2x)x(B Q -3x) 



Apply partial fractions decomposition to the integrand on the right: 



•i a / 

£ r d/ = 
o Jo 



2B 0 -3A 0 
-1 



1 



1 



3(A 0 -2x) 2(B 0 -3x)) 



dx 



{(2B Q -3A Q )) 



[ x dx 



0 X 2^0 



dx 



0 X 3^0 



-1 



(25 0 -3^ 0 ) 
-1 



In 



V ~2 A 0 



K 2B 0 -3A 



M (2x-A 0 )B 0 



o J 



A 0 (3x-B 0 ) 



1 



3A n -2B n 



In 



(2x - ,4 0 )£ 0 
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P21 .26 Integrate eqn 21.30 
„. dlnfc. 1 



d(i/r) J 

to find an expression for In k t as a function of temperature 



dln£ r = — L d(l/r) 
R 



so 



dlnA: r = 



-^-d(i/r> = -^- 1 dd j ) 



and lnk = - + C 

RT 

This is eqn 21 .29, with C= In A. 



P21 .28 The rate law = -^[A]" for n * 1 integrates to 
dt 





( 


[ 1 ] 


X 


V 



Au = *, /2 , kt il2 = 



[Table 21.3] 



1 



n-1 
1 

n-1 



[A] 0 J U A lo 



n-il 



U A U (JA] 0 



Hence, — = 



(})»-' -1 



P21.30 



2A^=^A 2 ^ = -2A: r [A] 2 + 2* r '|A 2 ] 

Define the deviation from equilibrium, x, by the following equations, which satisfy the law of mass 
conservation: 

[A] = [A] eq + 2* and [AJ = [A 2 ] eq - x 

Then, 

d([A] eq +2x) 



dt 



= -Ikr&A]^ + 2xf + 2fc r '([A 2 ] eq - x) 



~ = -KdAU + Ixf + fc r '([A 2 ] eq - x) = -fc r ([A]2 q + 4[A] eq x + 4x 2 ) + £ r '([A 2 ] eq - *) 

= -{4k : x 2 + 4k T {A]^x + A: r [A^ q - A r '[A 2 ] Bq } 
- -{(* r ' + 4^[A] eq )x + ft^AE, - AtfA^} 
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In the last equation the term containing x 2 has been dropped because x will be small near equilib- 
rium and the x 2 term will be negligibly small. The equation may now be rearranged and integrated 
using the following integration, which is found in standard mathematical handbooks: 

= — m(aw + b) 



aw + b a 

dx 



(*; + 4* r [A] eq )x + MA]^-*;[A 2 k 

1 



dt 



(tf + ^A],,) 



ln{(* f ' + 4k r [A]^)x + ^[A]^- ^'[A^} = -t + constant 



Let ln^|„-,. - M [A] i when , ={k - ' ['- \ \ - \A ] 

Then, y = y ^^w^ 

Comparison of the above exponential to the decay equation y = y Q &~' lT reveals that 



T = 



1 



^ + 4^[A] eq 



COMMENT. Note that this equation can be used as the basis of an alternative derivation of the equation 
discussed in Problem 21 . 1 6. The manipulations use the facts that K = [AJ^/tA]^ = k t /k' t and [A]^ = [A]^ + 2^*, 
by conservation of mass, which can be used to show that 

Jk 2k 
[A] tot = [ A]^ + -j-j- [A]*, or ■^-[A]i, + [A] iq -[A] tot *0 

This quadratic equation can be solved for [A]^: 



Substitution of this equation into — = {k[ + 4k T [A]„) 2 and some algebraic manipulation yields the 

result of Problem 21.16: 4" = K 2 + ZKKWm- 
x 

P21.32 (a) To find mean cube and mean square molar masses, we need an expression for the probability 
P N that a polymer consists of N monomers. In stepwise polymerization, P N is the probability that 
the polymer has N- 1 reacted end groups and one unreacted end group. In terms of the fraction p 
of total end groups in the mixture that have reacted, the former probability is p N ~ u , the latter 1 -p. 
Therefore, the total probability of finding an N-mer is 

/V =/>"-'(! -P) 

Since the molar mass of an iV-mer is N times the monomer mass, M l5 the mean square molar mass 
is 
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(M 2 ) = S(M,^ = M\^N 2 P N = M\{N 2 ) = M\ (1 - p)£ tf 2 p^ 1 

N N N 

dp dp* dp dp (1-/0 

Similarly, the mean cube molar mass is 
<M J > = XWTO = ilf 1(1 - pfelPp*-* 

= M\{\ ~ p)-^-I^V = M\{\ - p)^-p^-p^-Y<P N 
dp * dp dp dp N 

= " 'V^ 0 " '> = (l-p)3 



Therefore, 



<Af 3 ) 
<M 2 > 



M,(l + 4p + p 2 ) 



1-p 2 



(b) <Ar> = r L [2 1.68a], S op-l- 7 ^- 
1 - p {N) 



(M 2 ) 



A/li,+4il -i)) + ( 1 -(i) 



1-1- 



1 

w 

M t ((AT) 2 + 4(N) 2 - 4(N) + ( N) 2 - 2{N) + 1) 
<A0 2 -<A0 2 +2(A0-1 



Af 1 (6<AT) 2 -6(A^>+l) 



2W-1 



P21.34 



d[A] 
dt 

d[A] 
[A] 3 



= -fc r [A] 2 [OH] = ~k T [A] 3 because [A] = [OH] 

= -k T dt and f [ ' ^ = -fc r [ d/ = -^/ 
J tA] 0 [A] 3 r J 0 



. dx —1 

Since | — = yj, the equation becomes 



1 



1 



2k T t or [A] = [A] 0 (l + 2A: r /[A^)- 1/2 



[A] 2 [A] 2 . 

By eqn 21 .68a the degree of polymerization, <A0, is given by 
[A] 0 



(N) = ^ = \(l + 2k [t [A]iy 2 



520 INSTRUCTOR'S SOLUTIONS MANUAL PHYSICAL CHEMISTRY 



P21.36 Consider the following mechanism: 

Cl 2 + ftv-»2Cl 7 a 

Cl + CHCl 3 ^CCl 3 +HCl k 2 

CCl 3 + Cl 2 ->CCl 4 + Cl k 3 

2 CCl 3 + Cl 2 -> 2 CCI4 k 4 



(i) = 2* 4 [CCl 3 ] 2 [Cl 2 ] + ^[CCl 3 ][Cl 2 ] 

(ii) [ = fc 2 [Cl][CHCl 3 ] - fcs[CCl 3 ][Cl 2 ] - 2yfc 4 [CCl 3 ] 2 [Cl 2 ] = 0 

at 

(Hi) ^3 = 21, - £ 2 [CI][CHC1 3 ] + £ 3 [CC1 3 j[Cl 2 ] = 0 
at 

(iv) = - * 3 [CCI 3 ][C1 2 ] - £ 4 [CC1 3 ] 2 [C1 2 ] 

at 

Therefore, 7 a = & 4 [CC1 3 ] 2 [C1 2 ] [add eqns (ii) and (hi)] 
which implies that 



[CC1 3 ] = 



/ J ' 2 



*4Ci 2 ] 

Then, with (i), 



d[cci 4 ] ynci.r 

dt * kf 



When the pressure of chlorine is high, and the initiation rate is slow (in the sense that the lowest 
powers of / a dominate), the second term dominates the first, giving 



= ! jf^ n = \ k ^ a 2V 2 



k 

with k T = —7-. It seems necessary to suppose that CI + CI recombination (which needs a third body) 

k\ n 

is unimportant. 



Solutions to applications 
P21.38 (a) For the mechanism 

hhhh...T==±hchh... 













<—7- 





hchh. . cccc . . . 



THE RATES OF CHEMICAL REACTIONS 521 



the rate equations are 

d[ ^- ] = -K [hhhh ...} + k'lhchh . . .] 
dt 

d l hchh ~l = k 3 [hhhh...] - K[hchh..] - k b [hchh...) + k^cccc...] 
dt 

d l cccc --- ] = k b [hchh.. .] - kZicccc...] 
dt 

(b) Apply the steady-state approximation to the intermediate: 
d[hc ^ " ] = k^hhhh ...]- K[hchh ...]- k b [hchh ...} + K[cccc . . .] = 0 
k a [hhhh . . .] + k b [cccc . . .] 



so [hchh...] = 



K + K 



. dlAAAA...] , , , A k a [hhhh...] + k b [cccc...] 

Therefore,- 5 — l = -kShhhh...] + k^ 



dt " a l fc a ' + /t, 



= [hhhh...] 



KK ~ (&.' + ) 1 + ( ^b[CCCC . . .] 



^a / I ^a 



K a + 'Si ^ ^b 

This rate expression may be compared to that given in the text [Section 21.4] for the mechanism 

Ar^B 

Here, hhhh... <==>cccc... with k t{{ =-^- k'^-^ K 



** K + K K + K 

We approach the lifetime via the efficiency of resonant energy transfer: 
i7r= 1 - — [21.85] = 1 - — 

and T) T = *° [21.86] 
T R§ + R 6 L J 

Equating these two expressions for 7j x and solving for R gives: 



^+i? 6 T 0 T 0 tfg T 0 -T 

iv I T 0 T 0 - T 0 + T T _ f T 



-1 = •» •» = _^_ or 7? = ^ 



y t 0 -t t 0 -t t 0 -t lr 0 - T 



(\ 170 
QQ1Q = 
1-0.010 J 



2.6 nm 



22 



Reaction dynamics 



Answers to discussion questions 

A reaction in solution can be regarded as the outcome of two stages: one is the encounter of two 
reactant species; this is followed by their reaction in the second stage, if they acquire their activation 
energy. If the rate-determining step is the latter, then the reaction is activation controlled. An 
activation-controlled reaction is activated to the extent that the rate-limiting step has a significant 
activation energy. 

If the rate-determining step is the coming together of the reactants, then the reaction is said to 
be diffusion controlled. For a reaction of the form A + B -» P that obeys the second-order rate law 
v = £ r [A][B], in the diffusion-controlled regime, 

k r = k d = 47rR*DN A [22AS) 

where D is the sum of the diffusion coefficients of the two reactant species and R* is the distance at 
which reaction occurs. A further approximation is that each molecule obeys the Stokes-Einstein 
relationship and Stokes' law, and then 

* d ,^ [22.21] 

where 77 is the viscosity of the medium. The result suggests that k d is independent of the radii of the 
reactants. It also suggests that the rate constant depends only weakly on temperature, so the activa- 
tion energy is small. 

Much work in chemical dynamics is based on classical dynamical theories, in which trajectories 
on potential energy surfaces are important quantities. (By the way, this statement characterizes 
approaches to dynamic phenomena outside chemical reactions, such as protein folding to cite one 
example.) As we have learned, classical mechanics is a limiting case of the more generally accurate 
quantum mechanics, and in quantum mechanics trajectories are not valid constructs. Classical 
approaches are often computationally more tractable and conceptually simpler than quantum, 
which is why their use persists; however, classically based approaches increasingly diverge from 
quantum results for systems of low mass or at low temperature. Under such conditions, so-called 
tunnelling (the non-zero probability of a system to be in a state from which classical mechanics 
forbids it) is a quantum-mechanical effect too important to ignore. 



Perhaps the most common application of quantum approaches to dynamics is in the calculation of 
potential energy surfaces. Quantum-chemical techniques are often used to derive potential-energy 
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surfaces on which classical trajectories are then investigated. Quantum-mechanical scattering theory 
(Section 22.8d) is brought to bear in some cases. 

D22.6 See Section 22.8, particularly subsection (b). In general, for a collision to become a reaction, the 
collision must have enough energy for the system to reach the 'height' of the transition state, the 
saddle point on the potential energy surface between the reactant and product 'valleys'. The colli- 
sion must also have a trajectory that crosses the saddle point without returning to the reactants. 
(Remember, if a system has enough energy to reach the transition state, it has enough energy to go 
back to reactants!) 

The position of the transition state in the potential energy 'landscape' influences the characteristics 
of trajectories that lead to reaction. See Figures 22.24 and 22.25 in the main text. For example, if 
the transition state lies nearer the reactants, the trajectories most likely to lead to reaction have 
reactants high in translational energy; once past the transition state, these trajectories roll from side 
to side of the product valley, yielding vibrationally excited products. Conversely, if the transition 
state lies nearer the products, then reactants with high translational energy are very likely to 'bounce 
off' the surface back into the reactant valley. It takes side-to-side motion (i.e. vibrational motion) to 
get the system around the corner to the transition state; once there, products with high translational 
energy are formed. 

D22.8 For electron transfer to occur at an electrode, several steps are necessary. A species in a bulk solu- 
tion phase must lose its solvating species and make its way through the electrode/solution interface 
to the electrode. Once there, its hydration sphere must be adjusted by the electron transfer itself, and 
then the species must detach and reverse its steps as it were, passing back through the interface into 
the bulk solution phase. Because there are energy requirements associated with these steps, they are 
said to be activated. How the activation Gibbs function depends on applied potentials and on the 
resemblance of transition state to oxidized and reduced species is examined in Further information 
22.2. 



Solutions to exercises 

E22.1 (b) The collision frequency is 
z = (7c rel ^[20.11a] 



where c rd = 



20.10 with fi = — 

2 



, g — ltd} [Section 20.1b] = 4xR 2 , and 9i = — 

J. 



Therefore, z = oc ld 9^ - {AkR 2 ) x 



fci j [ Km 1 



-1' 

mkT ) 



= 16 x (100 x 10 3 Pa) x (180 x 10" 12 m) 2 



(28.01 x 1.661 x 10- 27 kg) x (1.381 x 10 -23 J K~ ! ) x (298 K) 



= 6.64xl0 9 s" 
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The collision density for like molecules is 



Z = — [22.7a] = -^- 



6.64xl0 9 s" ! 



100 xlO 3 Pa 



1.381xl0- 23 JK" 1 x298 K 



S.OTxlO^s-'m" 3 



For the percentage increase at constant volume, note that 7i is constant at constant volume, so the 
only constant-volume temperature dependence on z (and on Z) is in the speed factor: 



1 ( & ^ 

z« r 1/2 so — — 



z[dT 



h 



IT 



1 f dz '\ 

and — 



_ c 5z 5Z ST If 10 K 

Therefore, — = — = — = — 

z Z 27 2 298 K 



Z{dT) y 2T 
= 0.017 



so both z and Z increase by about 



1.7% 



E22.2(b) The fraction of collisions having at least along the line of flight may be inferred by dividing out 
of the collision-theory rate constant [eqn. 22. 12] those factors that can be identified as belonging to 
the collision rate: / = Q - E J RT , 



(a) (i) 
(ii) 

(b) (i) 

(ii) 



15xl0 3 Jmol- ] 





RT (8.3145 J K- 1 mol" 1 ) x (300 K) 

£ a _ lSxlO^mol- 1 

RT ~ (8.3145 J K" 1 mol" 1 ) x (800 K) 

£~ a 150xl0 3 Jmol-' 
~RT ~ (8.3145 J K"' mol" 1 ) x (300 K) 



150xl0 3 Jmol-' 



= 6.01, so / = e^ 01 = 0.0024 
= 2.26, so / = e" 2 - 26 = 



0.10 



= 60.1, so / = e-« 01 = 7.6xl0~ 27 



RT (8.3145 J K-' mol" 1 ) x (800 K) 



= 22.6, so / = e - 226 = 1.6 xlO- 10 



E22.3(b) A straightforward approach would be to compute / = e- E * IRT at the new temperature and compare 
it to that at the old temperature. An approximate approach would be to note that /changes from 

f _ q-ejrt t0 exp El where x is the fractional increase in the temperature. If x is small, 

J0 *{RT(\ + x)) 

the exponent changes from -EJRT to approximately -E a (l - x)IRT and/changes from/ 0 to 
Thus, the new fraction is the old one times a factor of/ l x . The increase in / expressed as a percentage is 

IslA x i oo% = &f* x ~& x 100% = (/o* - 1) x 100% 

(a) (i) fo x = (2.4 x 10' 3 )' I0/300 = 1 .22 and the percentage change is 
(ii) /-* =(0.1 0)- 10/80 ° = 1 .03 and the percentage change is 



22% 



3% 



(b) (i) fo x = (7.6 x iO- 27 )- 10/300 = 7.4 and the percentage change is |640%| ( 
exact approach). 



600% 



using the 



(ii) fo x = (1 -6 x 10- 10 )- 10/80 ° = 1 .33 and the percentage change is |33% 
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E22.4(b) 



K=Pa 



[22.13] 



V W J 

We are not given a steric factor, so assume that P = 1 . 

8(1.381xlO- 23 JK')x(450 K)) 



& r = 0.30x(10- 9 m) 2 x 



x (6.022 xl0 23 mol-')xexp 



n x (3.930 x 1.661 x 10" 27 kg) ) 
^OOxlO^mol" 1 



(8.3145 J K _1 mol 1 ) x (450 K) 



l.VxlO-^m^ol-'s- 1 



lZ/xlO^dn^mol- 1 s" 



E22.5(b) According to the RRK model, 

[22.14a] 



where E is the available energy, E* is the energy needed to break a bond, and s is the number of 
modes of motion available to accept the energy. 



1- 



250 kJ mol 1 
300 kJ mol" 1 



1.3x10" 



E22.6(b) The rate constant for a diffusion-controlled bimolecular reaction is 
k A = 4xR*DN A [22AX[ 
where D = D A + D B = 2 x (4.2 x 10" 9 m 2 s l ) = 8.4 x 10" 9 m 2 s" 1 

k d = 4n x (0.50 x 10- 9 m) x (8.4 x 10~ 9 m 2 s" 1 ) x (6.022 x 10 23 mol 1 ) 

k d =3.2xl0 7 m 3 mol- 1 s- 1 = 



S^xlO^dn^moHs- 1 



E22.7(b) The rate constant for a diffusion-controlled bimolecular reaction is 

_ 8RT 8 x (8.3145 J K^moH) x (298 K) 6.61 x 10 3 J mol" 1 

k d - — [22.21] - 

3n 3n tj 

(a) For decylbenzene, t/ = 3.36 cP = 3.36 x 10" 3 kg nr 1 s" 1 



k A = 



6.61 x IP 3 J mol' 1 
S^xlO^kgm-'s- 



= 1.97xl0 6 m 3 mold's" 1 



1.97xl0 9 dm 3 mol-V 



(b) In concentrated sulfuric acid, n = 27 cP = 27 x 1 0 3 kg nr 1 s _I 

6.61xl0 3 Jmol-> . , , 

k * = ia3l- i — T = 2.4 x 10 5 m 3 moH s" 1 

27 x 10 _3 kg m 's 1 



= 2.4 x 10 s dm 3 mol' s 1 
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E22.8(b) The rate constant for a diffusion-controlled bimolecular reaction is 



_ 8RT _ 8 x (8.3145 J K~' mol-') x (298 K.) 
d ~ 3r? Sx^OlxlO^kgm-'s- 1 ) 

= 1.10 xl0 7 m 3 mol"' r*= 



l.lOxlO^dm'mol-'s- 1 



Since this reaction is elementary bimolecular it is second order, hence 

t U2 - | [Table 21.3, with k T = 2k d because two atoms are consumed] 



SO /i/ 2 = 



1 



2 x (1.10 x lO^dn^mol-'s- 1 ) x (1.8 x 10- 3 mol dm 3 ) 
E22.9(b) The steric factor, P, is 

^ — [Section 22.1(c)] 

<7 

The mean collision cross-section is cr = nd 2 with d=(d A + d*)l2. 
Get the diameters from the collision cross-sections: 
d A = {a A ln) m and d^ = {a z ln) m 



2.53 x 10- 8 s 



°=4 



Therefore, P = 



112 ( 
+ 



8.7xl0" 22 m 2 



a*) _ K 2 + ^b 2 ) 2 _ {(0-88 nm 2 ) 1/2 + (0.40 nm 2 ) lf2 } 2 = 
4 4 



0.62 nm 2 



0.62x(10" 9 m) 2 



1.41 xlQ- 3 



E22.1 0(b) Since the reaction is diffusion controlled, the rate-limiting step is bimolecular and therefore second 
order, hence 



d[P] 
dt 



= *d[A][B] 



where k d = 4xR*DN A [22. 1 8] = 4xN A R*(D A + Z> B ) 



kT 1 



1 



6kt] [ R A R% 
2 x (8.3145 J K-' mol" 1 ) x (293 K) 



2RT 



= 4KN A x(R A + R B )x Tr -\— + —\[2220] = - nr (R A +R B )x\— + —\, 



x (442 + 885) x 



377 



1 



1^442 885 



3 x (1.27 xl0" 3 kg m 's-') 
= 5.76 x 10 6 m 3 mol" 1 s' 1 = 5.76 x 10 9 dm 3 mol" 1 s" 1 
Therefore, the initial rate is 

^23 = (5.76 x 10 9 dm 3 mol 1 s 1 ) x (0.200 mol dm" 3 ) x (0.150 mol dm" 3 ) 
dt 



1.73 x10 s mol dnrV 
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COMMENT. If the approximation of eqn 22.21 is used, k 6 = 5.1 2 x 1 0 9 dm 3 mo)- 1 s" 1 . In this case the approxi- 
mation results in a difference of just over 1 0% compared to the expression used above. 

E22.1 1(b) For reactions in solution the relationship between energy and enthalpy of activation is 
&*H= £, - RT [Brief Comment in Section 22.5(a)] 

k T = Be AlslR Q^ tMIRT , B = j^j x [22.43] 
= Be A * SIR e- E * IRT Q = Az- E * !RT 
Therefore, A = tBe* s,R , implying that A*S = - 1 

Therefore, since E a = 6134 K x R 

A X H = £ a - RT = (61 34 K - 298 K)R 
= (5836 K) x (8.3145 J K _1 mol 1 ) = 



+48.52 kJmof 1 



(1.381 x 10~ 23 J K" 1 ) x (298 K) ^ (8.3145 J K- 1 mol-') x (298 K) 
6.626 x 10 _34 J s X 10 5 Pa 

= 1.54 x 10 11 m 3 mol" 1 S" 1 = 1.54 x 10 14 dm 3 mol" 1 s" 1 

and hence A*S = (8.3145 J K _1 mol" 1 ) x I In — - - 1 

1 1.54xl0 14 dm 3 mol- 1 s-' 1 



-32.2 J K~' mol" 1 



COMMENT. In this connection, the enthalpy of activation is often referred to as the 'energy' of activation. 
E22.1 2(b) The enthalpy of activation for a bimolecular solution reaction is [Exercise 22. 1 1 (b)] 



A*tf = E a -RT = 8.3145 J K _1 mol" 1 x (5373 K - 298 K) = |+42.2 kJmol- 1 
The entropy of activation is [Exercise 22. 1 1(b)] 

MS = R\\n—-\ 



B 



kRT 2 

with B = -— - = 1 .54 x 1 0 14 dm 3 mol-' s" 1 [Exercise 22. 1 1 (b)] 
hp 

Therefore, A*S = 8.3145 J K _1 mol" 1 x \ In 6 - 45x10 ' 3 I - 1 J> = -15.6 J K _I mol' 



1.54 xlO 14 

Hence, A*G = - TA*S = {42.2 - (298) x (-15.5 x 1(H)} kj mol" 1 = 



+46.8 kJ mol' 



E22.13(b) Use eqn 22.44 to relate a bimolecular gas-phase rate constant to activation energy and entropy: 

k r =e 2 Bt* ts/R e- E » ,RT 
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kT_) v ( RT_) m ^ = (1 .381 x 10- 23 J K- 1 ) x (328 K) 2 x (8.3145 J mol-' K-') 

(6.626xl0- 34 Js)x(10 5 Pa) 



where B= ^ J x [^i" t 22 i3 l = 

= 1.86 xlC'in 3 mol" 1 r 1 
Solve for the entropy of activation: 



XS = R< ln^-2 
B 



= 8.3145JK- 1 mol-'x 



In 



0.23 m 3 mol- 1 s-' 
1.86xl0 11 m 3 mol- 1 s- 1 



-2 + 



49.6xl0 3 Jmol- 1 
328 K 



-93 J K M mol- 1 



E22.14(b) For a bimolecular gas-phase reaction. 



{ B 



+ ^2- [Exercise 22.13(b)] 



= 7? 



5 i?r r 



In- -2 

5 



where 5 = — [Exercise 22.11(a)] 

hp 

For two structureless particles, the rate constant is 

k T = N A a* e- Al£otRT t 22 - 39 ) 

The activation energy is [21.30] 

dr d7\ 2^2 flr 



= RT 2 \ ■^- + =^\ = A I E 0 +—, 
[2T RT 2 ) 2 

so the prefactor is 

A = k T t E > IRT = N A o* j^— j e-^'^e^'^e 1 ' 2 ) = JV A a* j e 1 ' 2 



Hence 



l*H j + 2 n p*h 



&S = R{\nN.o* 



-2 



= R\\n 



c*p*h( 8 



(kTf 12 { xfi 
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For identical particles, 

fi = mil = (78 x 1 .66 1 x 10 27 kg)/2 = 6.5 x 10" 26 kg 
and hence 

A J 5 = 8.3145 J K _1 mol~' 

0.62 x (10- 9 m) 2 x 10 s Pa x 6.626 x 10 34 J s 



x<Mn- 



(OSlxlO-^JK-'xSOO K) 3 ' 2 



8 



^x6.5xl0" 26 kg 



1/2 



= -77 J K" 1 mol" 



E22.1 5(b) At low pressure, the reaction can be assumed to be bimolecular. (See Section 21 .8(a).) 
( A \ 

(a) m = Ryn— " 2 j [Exercise 22. 14(b)] 



where B - 



kRT 2 1.381 x 10" 23 J K 1 x 8.3145 J K^mol 1 x (298 K) 2 



hp* 6.626xl0- 34 Jsxl0 5 Pa 
= 1 .54 x 10 u m 3 mol" 1 s" 1 = 1.54 x 10 ,4 dm 3 mol" 1 s" 1 . 



Hence, A X S = 8.3145 J K _1 mol _! x 



In 



2.3xl0 13 dm 3 mol- 1 s- [ 
1.54 xlO 14 dm 3 molds' 1 



-21 = 



-32 J K-' moF 



(b) The enthalpy of activation for a bimolecular gas-phase reaction is 
A X H= E a - 2RT[Brief Comment in Section 22.5(a)] 



A l H = 30.0 kJ mol" 1 - 2 x 8.3 145 J mol" 1 K" 1 x 298 K = [+25.0 kJ mol-' 
(c) The Gibbs energy of activation at 298 K is 

A*G = A*#- TA*S= 25.0 kJ mol" 1 - (298 K) x (-32 x 10" 3 kJ K _1 mol" 1 ) 

A*G = 



+34.7 kJ mol- 



E22.16{b) Use eqn 22.49 to examine the effect of ionic strength on a rate constant: 
log k r = log k° + 2Az A z B I l/2 

Hence, log k° = log k T - 2Az A z h I U2 = log 1 .55 - 2 x 0.509 x (1 x 1) x (0.024 \) V2 = 0.032 

and k° = 



1 .08 dm 6 mol -2 min" 



E22.1 7(b) To solve this exercise requires some information left out of this edition of the textbook. See Quanta, 
Matter, and Change by Peter Atkins, Julio de Paula, and Ron Friedman (New York: WH Freeman, 
2008). For a donor-acceptor pair separated by a constant distance, assuming that the reorganiza- 
tion energy is constant, eqn 20.62 in Quanta, Matter, and Change holds. 

, , (A r <T) 2 A t G* 

In k„ = — - — + constant 

4Z.RT 2RT 
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or, using molecular units rather than molar units, 



. , (A r G*) 2 A r <T 

In k et - — — - — — + constant 

4XkT 2kT 

Two sets of rate constants and reaction Gibbs energies can be used to generate two equations (the 
above equation applied to the two sets) in two unknowns, A and the constant. 



(A r GT) 2 . A T G] 



4XkT 2kT 



= constant = In ^ + 



(A r Gf) 2 , A r G\ 



AXkT 2kT 



so 



AXkT 



2kT 



and X = 



(A r GT) 2 -(\G!) 2 



4/trin^ 2 - + 2(A r Gt- A r Gt) 



x = 



(-0.665 eV) 2 - (-0.975 eV) 2 



4(1.381x10-^^X298^^3.33x10^ _ _ gy 

l^xlO-^JeV- 1 2.02 x!0 5 



1.53 eV 



If we knew the activation Gibbs energy, we could use eqns 20.58 and 20.60 of Quanta, Matter, and 
Change to compute H DA (r) from either rate constant, and we can compute the activation Gibbs 
energy from eqn. 22.61 (Atkins, Peter, and de Paula, Julio, Physical Chemistry (9th edn, Oxford: 
Oxford University Press, 2009)): 

_ (A,G- + X? _ {(-0.665 + 1.53) ,vp 
4X 4(1.53 eV) 



Now ka= ^y (jQ"\Jz^ 



[4XkT J 



so 



exp 



A*G 

2tr 



(6.626xl0- 34 JsX2.02xl0 5 s" 1 ) 



4(1.53 eVXl.602 x 10~ 19 J eV-')(1.381 x 10~ 23 J K -1 X298 K) 



xexp 



(0.123 eVXl -602 x 10~ 19 J eV" 1 ) " 
2(1.381 xlO" 23 J K-»X298K) , 



9.6xlO" 24 J 



E22. 18(b) For the same donor and acceptor at different distances, eqn 22.63 applies: 
In k et = -fir + constant 
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The slope of a plot of In £ et versus r is -/?. The slope of a line defined by two points is: 

_ Ay _ lnfr^-ln^ _ In 4.51 x W- In 2.02 x 10 s 
SOpe_ Ax~ r 2 -r, " (1.23-1. ll)nm 

so /3 = -6.7nm 1 

Rearrange eqn 22.63 to solve for the constant and substitute one of the known values of k a : 

constant = ]nkjs~ l + (3r = In 2.02 x 10 5 + (-6.7 nnr 1 ) x (1 .11 nm) 
= 4.8 

Thus, when r = 1 .48 nm, 

In kjs- 1 = -(6.7 nm" 1 ) x (1.48 nm) + 4.8 = 14.7 



and yt et = e 147 s-'= 2.4xl0 6 s 



E22. 19(b) The conditions are in the limit of large, positive overpotentials, so eqn 22.70 applies: 
lny'=lny 0 + (l -a)fy 



where / = = 



96845 Cmol" 



RT (8.3145 J K-'mol-^x (298 K) 



= 38.9 V~ ] 



Subtracting this equation from the same relationship between another set of currents and over- 
potentials, we have 

ln^ = (l-«)/(n'-n) 
J 



which rearranges to 
, n+ b(//7) 



= (105xl0^ 3 V) + 



ln (72/1 7.0) 



{\-a)f ' (1 - 0.42) x (38.9 V)-' 

E22.20(b) Take antilogarithms of eqn 22.70, then 



0.169 V 



; 0 = j e -o-*>nf = (17.0 mA cm" 2 ) x e -(i-o.42)xo.io5Vx38.9/v = [1^59 rqA cm 2 

E22.21(b) In the high overpotential limit 

j = j^ a)fil [22.69] so — = e (1 - a)/( " 1 -" 2 > and j 2 = j^o-^n^-m) 

So, the current density at 0.60 V is 

7 2 = (1.22 mA Cm' 2 ) X e (l-0.5O)x(O.6OV-O.50V)x(38.9/V) = 

E22.22(b) (a) The Buder-Volmer equation [22.65] is 
j = y 0 (e (1 - a)A - e-rt) 



8.5 mA cm" 



= (2.5 x 10~ 3 A cm' 2 ) x ( e o-o.58)x«uov) X (38.9/v)_ e -o.58x ( o.3ov)x(38.9/v}) _ 0 34 A cm" 2 



532 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



(b) Eqn 22.69 (also known as the Tafel equation) corresponds to the neglect of the second 
exponential above, which is very small for an overpotential of 0.3 V. (Even when it was kept, in 
part (a), it was negligible.) Hence, 



J = 



0.34 A cnr 



The validity of the Tafel equation increases with higher overpotentials, but decreases at lower 
overpotentials. A plot of j against n becomes linear (non-exponential) as 77 — > 0. 

The validity of the Tafel equation improves as the overpotential increases. 

E22.23(b) The Butler-Volmer equation [22.65], with transfer coefficients from Table 22. 3, is 

j = j 0 (& l - a)fi i - e" 0 ^) = yo(e 0 ' 42/ "- e-°- 58A ) 

Recall that n is the overpotential, defined as the working potential E' minus the zero-current poten- 
tial E. The latter is given by the Nernst equation (6.27): 

£ = £ ..«I lne = £ -_i ln f(£^ = 0.77V-iln4p^ 
vF * f a(Fe 3+ ) / fl(Fe 3+ ) 

Thus, 77 = £' - 0.77 V + lln a( ^ e * = E' - 0.77 V + -Unr, 

where r is the ratio of activities. Specializing to the condition that the ions have equal activities 
yields 

t? = £'-0.77V 

and j = (2.5 mA cm" 2 ) x ( e °-42/£'-o.4 2 /xo.77v _ e -a»/r«oji/.«o.77V) 

Evaluating the constant parts of the exponentials (with / = 38.9 V^ 1 ) and incorporating them as 
numerical factors yields 

7 = 



(8.6 x 10- 6 mA cm" 2 ) x e °- 42 ' £ '- (8.8 x 10" 7 mA cm- 2 )e-°- 5 */ £ ' 



E22.24(b) The current density of electrons is j 0 /e because each one carries a charge of magnitude e. Look up 
j 0 values in Table 22.3, and recall that 1 A = 1 C s~'. 

For Cu|H 2 |H + j 0 = 1.0 x 10"* A cm 2 
j 0 l.OxlO^Acnr 2 



6.2xl0 12 cm- 2 s- 



e 1.602 xl0" 19 C 
For PtlCe^Ce 3 " > 0 = 4.0 x 10" 5 mA cm" 2 
7 0 4.0xlO" 5 Acm- 2 



2.5xl0 i4 cm- 2 s- 



e 1.602 xlO- 19 C 

There are approximately X = 1.5 x 10 15 atoms in each square centimetre of surface. 



(260xl0 i2 m) 2 
The numbers of electrons per atom are therefore 



4.2 x10 V 



and 



0.17 s" 



, respectively. 
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E22.25(b) When the overpotential is small, its relationship to the current density is 

r? = ^[22.68] = ^, 

Fjo /Jo 

which implies that the current through surface area S is 
I=Sj=Sj 0 fy 

An ohmic resistance r obeys r\ = Ir, and so we can identify the resistance as 

r= iu-L = ! 

/ SJJ l.0cm 2 x3Z.9V- J xj a 

O 0 /A cm 2 ) 
(a) Pb|H 2 |H + ; 0 = 5.0x 10 12 Acm- 2 
2.57xlO" 2 Q 



r = 



5.1xl0 9 Q 



= 5.1GQ 



5.0 xlO" 12 

(b) Pt|Fe 3+ ,Fe 2+ y 0 = 2.5 x 10- 3 mAcnr 2 
2.57xlO" 2 Q 



r = 



2.5 x 10" 3 



io a 



E22.26(b) Zn can be deposited if the H* discharge current is less than about 1 mA cm 2 . The exchange current, 
according to the high negative overpotential limit, is 

j = -j Q e-*fi [22.7 1] = -(0.79 mA cm" 2 ) x e"° -*<<M-wv M -&w v) = _ 2 . 1 x 10 6 mA cm' 2 

This current density is much too large to allow deposition of zinc- that is, H 2 would begin being 
evolved, and quickly, long before zinc began to deposit. 



Solutions to problems 

Solutions to numerical problems 
P22.2 Draw up the following table as the basis of an Arrhenius plot [21 .29]: 



77K 


600 


700 


800 


1000 


10 3 JUT 


1.67 


1.43 


1.25 


1.00 


£ r /(cm 3 mol -1 s _1 ) 


4.6 x 10 2 


9.7 xlO 3 


1.3xl0 5 


3.1 xlO 6 


In (/r r /cm 3 mol -1 s _! ) 


6.13 


9.18 


11.8 


14.9 



The points are plotted in Figure 22. 1. 
The least-squares intercept is at 28.3, which implies that 
^/(cm 3 moH s" ! ) = e 28 3 = 2.0 x 10 12 
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30 



P22.4 




10 3 /(77K) 

Figure 22.1 

But comparison of eqn 22.13 to the Arrhenius equation tells us that A = N A Pa\ 

V *P J 



1/2 



so 



p = 



N A a [SkT 

The reduced mass is 

H = m(NOJ/2 = (46 x 1 .661 x 10" 27 kg)/2 = 3.8 x 10" 26 kg 
so, evaluating P in the centre of the range of temperatures spanned by the data, 
2.0xl0 12 x(l(Hm) 3 moI- 1 s- 1 J k x 3.8 x 10" 26 kg 



P = 



(6.022 x 10 23 mol" 1 ) x 0.60 x (10" 9 m) 2 



8xl.381xlO- 23 JK-' x800K 



= 6.5 xlO" 3 



a* = Pa = (6.5 x 10" 3 ) x (0.60 nm 2 ) = 



3.9xl0 3 nm 2 



= 3.9xl0" 21 m 2 



Draw up the following table for an Arrhenius plot [21.29]: 



ei°c 


-24.82 


-20.73 


-17.02 


-13.00 


-8.95 


27K 


248.33 


252.42 


256.13 


260.15 


264.20 


WKIT 


4.027 


3.962 


3.904 


3.844 


3.785 


10 4 k T /s~ l 


1.22 


2.31 


4.39 


8.50 


14.3 


In (kjs- 1 ) 


-9.01 


-8.37 


-7.73 


-7.07 


-6.55 



The points are plotted in Figure 22.2. 

A least-squares fit of the data yields the intercept +32.7 at l/T= 0, which implies that lnj | = 32.7, 



and hence that A = 1 .53 x 10 14 s" 1 . The slope is -1.035 x 10 4 K = -EJR, and hence £ a = 86.0 kJ mol" 1 . 
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-6 



-9.5 





i In(Vs"') 


^-10349/7> 32.659 




, , 


; 




r i 


i 




















! 


1 L _ 1 1 





0.00375 0.0038 0.00385 0.0039 0.00395 0.004 0.00405 

T/K 



Figure 22.2 



In solution A*H = £ a - RT [Brief comment in Section 22.5(a)], so at -20°C 
A*H = 86.0 kJ mol" 1 - (8.3 145 J mol" 1 K~ l ) x (253 K) 



+83.9 kJ mol" 1 



We assume that the reaction is first order for which, by analogy to Section 22.4 

kT - kT 
Ki = ~K* and Jt t = k*&= v*x fV x & 
hv x hv* 

with A*G = -RT\nK* [22.40] 

kT kT 
Therefore, Ic r = Aq-^ irt = —- e - Atc//?r = _ e AJs/R e- At/// * r 
/i 

We can identify A J S by writing 

k r = — e * tslR e- E * IRT e = At- E * IRT 
h 

and hence obtain 

hA , j 



A^S = R In, 



= 8.3 145 J K- 1 mol" 1 x\ In 



(6.626 x 1Q- 34 J s) x (1.53 x 10 14 s L ) 
(1.381xl0- 23 JK-')x(253K) 



-1 



+19.6 J K" 1 rnol" 



Therefore, A*G = A*H - TA*S = 83.9 kJ mol 1 - 253 K x 19.6 J K" 1 mol" 1 = 



+79.0 kJ mol' 
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P22.6 Figure 22.3 shows that log k T is proportional to the ionic strength even when one of the reactants is 
a neutral molecule. 



-0.155 



-0.16 -■ 

- E -0.165 
o 
£ 

:§ -0.17 



-0.175 -■ 



-0.18 



- 

log k r ■- 


- , ■ ~ 
= 0.145 ljr — 0-18 




15 




• 




— 




! 








































1 


I l 1 


1 


i 1 


i 1 1 


i 


i 



0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 
//(mol kg"') 



Figure 22.3 

From the graph, the intercept at / = 0 is -0.182, so the limiting value of k r is 



^ =10 -oi82 = 0.658 dm 3 mol' 1 min- 1 



Compare the equation of the best-fit line to the logarithm of eqn 22.47b: 

\ogk T = logJfc?- logtf r = log*?- log-*!!— = log^ + log^^L 

7r7H,o 2 T c t 

which implies that log 7 '' 7 " 202 = 0. 145/ . 

If the Debye-Hiickel limiting law holds (an approximation at best), the activity coefficients of V 
and the activated complex are equal, which would imply that log/ H2 o 2 = 0.145/ . 

P22.8 Linear regression analysis of ln(rate constant) against l/Fyields the following results: 

ln(A: r /22.4 dm 3 mol" 1 min 1 ) ^C+B/T 
where C = 34.36 (standard deviation 0.36), 

B = -23227 K (standard deviation 252 K), 
and R = 0. 99976 (indicating a good fit) . 

ln(A::/22.4 dm 3 mol 1 min 1 ) = C + BIT 
where C = 28.30 (standard deviation = 0.84), 

B' = -21065 K (standard deviation = 582 K), 
and R = 0.99848 (indicating a good fit). 
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P22.10 



P22.12 



The regression parameters can be used in the calculation of the pre-exponential factor (A) and the 
activation energy (E a ) using In k T = In A - EJRT. 

In ,4 = C+ln(22.4) = 37.47 



so ^ = 1.87xlO ,6 dm 3 moHmin- , = 3.12 x 10 ,4 dm 3 moHs 1 



E. A = -RB = -(8.3 145 J K -1 mol" 1 ) x (-23227 K) x 

In /4'=C' + ln(22.4) = 31.41 
so ^' = 4.37xl0 13 dra 3 mol- 1 min- 1 = 



(m 



193 kJ mol-', 



7.29xlO n dm 3 mol , s- 1 



E' 3 = ~RB' = -(8.3145 J K _1 mol" 1 ) x (-21065 K) x 
To summarize: 



IkJ 
10 3 J ) 



175 kJ mol- 1 





^/(dm 3 mol- 1 s- 1 ) 


^/(kJmoH) 


Forward reaction 


3.12xl0 14 


193 


Reverse reaction 


7.29 x 10" 


175 



Both sets of data, k r and fit the Arrhenius equation very well and are thus consistent with the 
collision theory of bimolecular gas-phase reactions that provides an equation [22.13] compatible 
with the Arrhenius equation. The numerical values for A' and A may be compared to the results of 
Example 22. 1 . The pre-exponential factor for the reverse reaction is comparable to the one estimated 
in that problem based on collision density; however, the prefactor for the forward reaction appears to 
be much larger than collision density. These data are not really compatible with collision theory. 

Deposition may occur when the potential falls to below E. (Recall that rj < 0 for cathodic processes.) 
if is given by the Nernst equation [6.27]: 

RT 

E = E* + lna(M + ) 

zF v ' 

Simultaneous deposition will occur if the two potentials are the same; hence the relative activities 
are given by 



RT RT 

— r lna(Sn 2+ ) = iT(Pb, Pb 2+ ) + — -lna(Pb 2+ ) 

2F 2F 



a(Sn 2+ ) 



IF 



or ln '2/, = ir= {#*(Pb, Pb 2+ ) - £**(Sn, Sn 2+ )} = 2 x (38.9 V" 1 ) x (-0.126 + 0.136)V = 0.78 
a(Pb ) t RT J 

That is, we require <z(Sn 2+ ) = e° 7 %(Pb 2+ ) = 2.2a(Pb 2+ ). 
The thickness of the double layer is 

✓ \l/2 



eRT 



2pF 2 Ib» 



[18.16] 
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where / = -Yzf(bjb% b* = 1 raol kg" 1 
2 ; 

For NaCl, lb* - b NaCl ~ [NaCl] assuming complete dissociation. 
For Na 2 S0 4 , Jb*= {((l) 2 (2£ Na2S04 ) + (2) 2 * Na2SO J = 36 Na2 so 4 = 3[Na 2 S0 4 ], 
also assuming complete dissociation. 
We need the relative permittivity of water 

e = £r e 0 = 78.54 x (8.854 x 10" 12 J- 1 C 2 nr 1 ) = 6.954 x 10~ ]2 J" 1 C 2 nr 1 



■s 1/2 



(6.954 x 1Q- 10 J-'^m- 1 ) x (8.3145 J K-'moH) x (298 K) "j ( J_ 
2 x (1000 kg nr 3 ) x (96485 C mor 1 ) 2 J * [ Ib\ 

3.04 x 1Q- 10 m mol 1/2 kg- 1/2 304 pm mol I/2 kg~ 1/2 

(ib«y> 2 ~ (ib*y> 2 

These equations can be used to produce the graph of r D against b sali shown in Figure 22.4. Note the 
contraction of the double layer with increasing ionic strength. 



5000 



Gouy-Chapman diffuse double layer 




4000 -■ 



P22.14 



3000 



2000 - 



1000 - 




40 60 
Vtmmolkg- 1 ) 

Figure 22.4 

At large positive values of the overpotential the current density is anodic. 
j=j 0 (e^ - e-^) [22.65] = ; 0 e< 1 ^ [22.69] =; a [22.93] 
\nj = In j 0 + ( 1 - a)fn anode 
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Performing a linear regression analysis of In j against n, we find 
slope = ( 1 - a)f= 19.550 V' 1 , standard deviation = 0.355 
^-intercept = In {j 0 /(mA m -2 )} = -10.826, standard deviation = 0.287 
R = 0.99901 



; 0 =e-™inAm- 2 = 



2.00 x 10- 5 mA nr 2 



, 19.550 V- 1 19.550 V" 1 
a = 1 : = I - 



/ 



38.9 V-' 



0.498 



The linear regression explains 99.90% of the variation in a In j against r\ plot and standard deviations 



are low. There are essentially no deviations from the Tafel equation /plot. 



Solutions to theoretical problems 
P22.16 We are to show that 

[J]* = ^ r f [J]e-Vdr + [J]e-^ 
Jo 

is a solution of eqn 22.25, 
d[J]* „d 2 [J]* 



= D 



-* r [J]* 



dt dx 2 

(subject to the stated initial condition and boundary condition) provided that [J] is a solution of 
dt dx 2 



First, evaluate the derivatives of [J]*: 



d[J}* 



dt ~w** + \ir 



e-^-A: r [J]e-V = 



dt 



and mi = k J'(*V] 



dx' 



dx 2 



Thus, D 



dx 2 



= K 



33 k -a- 

v dt 



dt j 



e-^' = K 



3[J]*l d/+ 9[J]* 



dt 



dt 



The integral on the right is 
d[J]* 



dt 



d? = [J]*-[J]J-[J] 1 



where we have used the initial condition that requires [J] and therefore also [JJ* to be zero initially. 
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which is equivalent to eqn 22.25. 
P22.1 8 The equilibrium constant, assuming unit activity coefficient for the neutral HA, is 



P22.20 



[H + ][A"]rl 



[HA]y HA ' ! [HA] 
[HA]K a 



Therefore, [H + ] = 



[A-] 7 I 



and log[H + ] = logtf a + log^ - 21og 7± = log* a + log^ + 2AI™ 



Write u = k T [H + ][B]. 

Then, logy = log(A: r [B]) + log[H + ] 

.[HA] 



= log(A: r [B]) + log 



+ 2^t/ 1/2 +iogi: a 



Call the rate in the limit of zero ionic strength v° (i.e. involving the terms other than /), then 
log v = log v° + 2AI m 

That is, the logarithm of the rate should depend linearly on the square root of the ionic strength. 



log— = 2AI in so v = 



v" x 



That is, the rate depends exponentially on the square root of the ionic strength. 
A + B-»Ci-»P 



( kr . tl 

k— | xKl [22.37b] = 



( kT 

K-— IX 

V h 



( N K RT s 



Ll, c -*eoIRt [2 2.36] 



\ P ) 

We assume that the only factor that changes between the atomic and molecular case is the ratio of 
the partition functions. 

For collisions between atoms 

qX=ql~lQ 26 = qt = qI 

C=(^c) 2 ^=(10 l 5 ) 2 x(10 26 )-10 29 



k T (atoms) 



10 29 



= 10" 



10 26 xl0 26 

For collisions between non-linear molecules 

ql - {qlYiqir-^ql) - (10 15 ) 3 X (0 X (10 26 ) = 3 x 10 30 = q\ 
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(?c ) 3 (?c ) XN+N,) - 7 (qI) ~ GO 1 5 ) 3 x (1) x (10 26 ) = 3 x 10 30 
k^ (molecules) « ^ X = 3 x 10~ 3i 



Therefore, 



1 x 10 61 

k T (atoms) 
k r (molecules) 3 x 1 0 31 



10" 



3xl0 7 



P22.22 Start from the Butler-Volmer equation [22.65] and expand it in powers of n: 
j = y 0 ( e (i-«)/»_ e -«A) 
= y 0 {l + (1 - a)nf + 1(1 - a)WP + •• • -1 + <*fy - \aWf 2 + ■ ■•} 
= 7o^/ + {(T?/) 2 (l-2a) + -} 

Average over one cycle (of period 2^/w): 



CO 



where <tj) = 0, because — 

lit 



cos<»/d/ = 0 



<77 2 } = {tj 2 ,, because — | cos 2 cotdt = { 



1 



0 



Therefore, 0> = \(\-2a)PM 



and {7) = 0 when a = \ . For the mean current, 

</> = l(l-2a)/ 2 5; 0 ^ 
1 - 0.76 



x (1.0 cm 2 ) x (7.90 x 10^ A cm 2 ) x (0.0389 mV" 1 ) x (10 mV) 2 



7.2 



P22.24 



Solutions to applications 

Collision theory gives for a rate constant with no energy barrier 



k T =Pa 



1/2 



N A [22.13] so P = 



P = 



v W J 

fr r /(dm 3 mol- 1 s' 1 ) x (1 Q- 3 m 3 dm" 3 ) 
(ff/nm 2 ) x (10- 9 m) 2 x (6.022 x 10 23 mol-') 

( n x (jj./mj x (1.66 x 10~ 27 kg) 
* { 8 x (1 .38 1 x lO" 23 J K _1 ) x (298 K) 

(6.61 x 10- 13 )A: r /(dm 3 mol" 1 s- 1 ) 
(ff/nra 2 ) x (n/mj 1 ' 2 



V 

8kT J 
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The collision cross-section is 



1 o A ' 2 + <j% 2 

Cab = itdl*, where 4\b = ^ (<4 + <4) = A 2ffl/2 B 



so Oab = 



(ajf+a],' 2 ) 2 



The collision cross-section for 0 2 is listed in the Table 20. 1 . We would not be far wrong if we took 
that of the ethyl radical to equal that of ethene; similarly, we will take that of cyclohexyl to equal 
that of benzene. For 0 2 with ethyl 



a = 



(0.40 1/2 + 0.64 1/2 ) 2 



nm 2 = 0.51 nm 2 



0 = 



m 0 m a (32.0m u ) x (29. lm u ) 



m Q +m et (32.0 + 29. 1)™, 



= 15.2m, 



so 



(6.61 x 10- B ) x (4.7 x 10 9 ) = 
(0.51)x(15.2) 1/2 



1.6 xlO" 3 



For 0 2 with cyclohexyl 
(0.40 1/2 + 0.88 1/2 ) 2 



cj = 



nm 2 = 0.62 nm 2 



so P = 



m 0 m c _ (32.0m u ) x (77.1m u ) _ 
m 0 +m c (32.0 + 77.1)m u 

(6.61 x 1Q- 13 ) x (8.4 x 10 9 ) _ 



= 22.6m, 



(0.62) x (22.6) 1 



1.8 xlO" 3 



P22.26 Eqn 22.49 may be written in the form 
1 log(*,/*?) 



2A J" 2 

where we have used z A = z B for the cationic protein. This equation suggests that z A can be determined 
through analysis that uses the mean value of ^^JK) from several eX p er i me nts over a range of 
various ionic strengths: 



Z A - 



2A\ 1 1,2 



We draw up a table that contains the data rows needed for the computation [b° = 1 mol kg -1 ]: 



7/6° 

iog(k T /kt)Ki/b°r 



0.0100 0.0150 0.0200 0.0250 0.0300 0.0350 

8.10 13.30 20.50 27.80 38.10 52.00 

9.08 9.18 9.28 9.13 9.13 9.17 
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( JSI ¥ a )-"« 

= I 1 ( \og(k r /k°) \ f 9.16 _r— i 
A ^\ 7 1 ' 2 / V 2 (°- 509 ) L ^ J 

We used the positive root because the protein is cationic. 

P22.28 The theoretical treatment of Section 22.9 applies only at relatively high temperatures. At temperatures 
above 130 K, the reaction in question is observed to follow a temperature dependence consistent 
with eqn 22.62, namely increasing rate with increasing temperature. Below 130 K, the temperature- 
dependent terms in eqn 22.62 are replaced by temperature-independent wavefunction overlap integrals. 
The reaction proceeds primarily through tunnelling involving nuclear wavefunctions. See the end of 
Section 22.9(b). 



is 



Answers to discussion questions 

(a) Enzyme-catalyzed reactions that require minutes or hours may be followed with standard 
spectroscopic methods, including UV-visible, infrared, fluorescence, and NMR techniques. It 
may even be possible to determine the progression of substrate consumption, or product forma- 
tion, with a chemical titration or radioactivity assay. Electrical conductivity may be used when 
ions are reaction participants; pH measurements are used to follow the reaction rate when an acid 
or base is a participant. An inhibitor that binds very strongly to the active site may be used to 
quench the reaction at any time, thereby making it possible to separate substrate and product with 
a chromatographic method; after which spectroscopic techniques, and the application of the Beer- 
Lambert law, may prove useful in the case for which substrate and product have overlapping 
spectra. 

A stopped-flow technique provides for the rapid mixing that is necessary to follow reactions that 
require milliseconds or minutes. Standard spectroscopic, conductivity, or pH measurements are 
used to follow the reaction rate. 

Very fast reactions may be followed by disturbing an equilibrium system with the excitation energy 
of flash photolysis or by a very sudden temperature jump initiated with a large current burst through 
the reaction solution. A pulsed laser beam is subsequently used to generate absorption, emission, 
or fluorescence spectra and the evolution of such spectra yields reaction rates. 

(b) The initial rate of an enzyme-catalyzed reaction is acquired by extrapolation of the time evo- 
lution of observed rates to the initial mixing time. When repeated over a range of initial substrate 
concentrations, it is possible to prepare a double reciprocal, Lineweaver-Burk plot of l/u 0 against 
1/[S]„. It is the intercept and slope of this plot that provides the values of the maximum reaction rate 
and the Michaelis constant (see eqn 23.3b). The manner in which an enzyme inhibitor alters the 
slope and intercept provides both evidence for the type of inhibition (competitive, uncompetitive, 
or non-competitive) and values of inhibitor binding constants (see eqn 23.8). 

(c) The molecular shape of a strongly enzyme-binding, competitive inhibitor gives clues about the 
intermediate enzyme-substrate activated complex because, like the inhibitor, the activated ES com- 
plex must bind strongly to the active site in order to initiate reaction. Clues include charge distribu- 
tion, hydrogen bonding, and hydrophobic interactions. The idea of a transition-state intermediate 
involves a slight modification of the Michaelis-Menten mechanism: 

E + S ^ ES ^ ES* -> EP ^ E + P 



23 



Catalys 
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The activated transition-state enzyme-substrate complex, ES*, is a very short lived intermediate 
because it has the activation energy necessary to react. It has been shown that the enzyme has a 
higher affinity for the transition-state intermediate than for the substrate and will bind the inter- 
mediate more strongly. Good inhibitors are generally transition-state analogues. 

D23.4 Text Figure 23.6 summarizes the important characteristics of the three major modes of enzyme 
inhibition: competitive inhibition, uncompetitive inhibition, and non-competitive inhibition. 
Mathematical models for inhibition, which are the analogues of the Michaelis-Menten and 
Lineweaver-Burk equations [23.3a and 23.3b], are presented in eqns 23.7 and 23.8. 



-- — + 
v v, 



"max 



— [23.8], where a = \ + [l]IK l and a'=\ + [l]iK[ 
[S]o 



^=[E][I]/[EI],^' = [ES][I]/[ESI] 

In competitive inhibition the inhibitor binds only to the active site of the enzyme and thereby inhibits 
the attachment of the substrate. This condition corresponds to a > 1 and a' = 1 (because ESI 
does not form). The slope of the Lineweaver-Burk plot increases by a factor of a relative to the 
slope for data on the uninhibited enzyme (a = a' - 1 ). The ^-intercept does not change as a result of 
competitive inhibition. 

In uncompetitive inhibition the inhibitor binds to a site of the enzyme that is removed from the 
active site, but only if the substrate is already present. The inhibition occurs because ESI reduces the 
concentration of ES, the active type of the complex. In this case a = 1 (because EI does not form) 
and a' > 1 . The ^-intercept of the Lineweaver-Burk plot increases by a factor of a' relative to the 
.y-intercept for data on the uninhibited enzyme, but the slope does not change. 

In non-competitive inhibition (also called mixed inhibition) the inhibitor binds to a site other than the 
active site, and its presence reduces the ability of the substrate to bind to the active site. Inhibition 
occurs at both the E and ES sites. This condition corresponds to a > 1 and a' > 1 . Both the slope 
and v-intercept of the Lineweaver-Burk plot increase on addition of the inhibitor. Figure 23.6c 
shows the special case of K x - K[ and a = a', which results in intersection of the lines at the x-axis. 

In all cases, the efficiency of the inhibitor may be obtained by determining K u and v max from a control 
experiment with uninhibited enzyme and then repeating the experiment with a known concentration 
of inhibitor. From the slope and ^-intercept of the Lineweaver-Burk plot for the inhibited enzyme 
[eqn 23.8], the mode of inhibition, the values of a or a', and the values of K u or K[ may be obtained. 

D23.6 The characteristic conditions of the Langmuir isotherm are: 

1 . Adsorption cannot proceed beyond monolayer coverage. 

2. All sites are equivalent and the surface is uniform. 

3. The ability of a molecule to adsorb at a given site is independent of the occupation of neigh- 
bouring sites. 

For the BET isotherm condition number 1 above is removed and the isotherm applies to multi-layer 
coverage. 

For the Temkin isotherm condition number 2 is removed and it is assumed that the energetically 
most favourable sites are occupied first. The Temkin isotherm corresponds to supposing that the 
adsorption enthalpy changes linearly with pressure. 
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The Freundlich isotherm removes condition 2 but this isotherm corresponds to a logarithmic change 
in the adsorption enthalpy with pressure. 



Solutions to exercises 



E23.1 (b) The fast, reversible step suggests the pre-equilibrium approximation: 
[HAH + ] 



K = 



and [HAH + ] = AT[HA][H + ] 



[HA][H + ] 

Thus, the rate of product formation is 



® = & b [HAH + ][B] = |£ b jflHAj[H + ][B] 



E23.2(b) Since v = 



l + * M /[S]o 



[23.3a], 



iW = (l + JW[S]o)» 

= (1 + 0.032/0.875) x (0.205 mmol dm 3 s 1 ) 



= 0.212 mmol dnrV 1 



E23.3(b) 



^ at = tw/[E]o[23.4] 

= (0.0224 mmol dm" 3 s- J )/(l .60 x lO^ 6 mmol dnr 3 ) 

i 1 = k c JK M [23.5] 
= (1.40 x 10 4 s-^^.O x 10 5 mol dm" 3 ) = 



1 .40x10* s" 



0.015 dm 3 mol" 1 s" 1 



Diffusion limits the catalytic efficiency, 7j, to a maximum of about 10 8 -10 9 dm 3 mol -1 s~ l . Since the 
catalytic efficiency of this enzyme is much, much smaller than the maximum, the enzyme is not 
'catalytically perfect'. 

E23.4(b) Eqn 23.7 describes competitive inhibition as the case for which a = 1 + [I] IK X and «' = 1 . Thus, 



l + aK M /[S] Q 

By setting the ratio u(|TJ = 0)/u(|TJ) equal to 1/0.25 (4.00) and solving for a, we can subsequently 
solve for the inhibitor concentration that reduces the catalytic rate by 75%: 



v([I\ = Q) _ l + aK M t[S] 0 
v([T\) l + K M /[S] 0 

1.333(1 + KJ[S] 0 )-\ 

K M /[S] 0 
4.00(1 + 7.5/1.0)-! 

7.5/1.0 

[l] = (a-l)K l 



= 4.00 



= 4.40 



= 3.40 x (0.56 mmol dm" 3 ) =1.90 mmol dm 
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E23.5(b) The collision frequency, Z w of gas molecules with an ideally smooth surface area is given by eqn 23.9: 



Z w — 



(2nMkT/N A ) l > 2 



[23.9; m = MIN A \ 



p x {(kg m- ! s- 2 )/Pa} x (10" 4 m 2 /cm 2 ) 



{2% x (1.381 x 10~ 23 J K-') x (298.15 K) x (kg mol- 1 )/(6.022 x 10 23 mol- 1 )} 1/2 {M/(kg mol" 1 )} 1 ' 2 



= 4.825 x 10 17 



p/Pa 



^/(kgmoH)} 1 ' 2 j 
(a) Nitrogen (M = 0.02802 kg mol" 1 ) 
(i) />=10.0Pa,Z w = 



cm- 2 s-' at25°C 



S.SSxlO^cm^s" 1 



(ii) p = 0. 1 50 uTorr = 2.00 x 10" 5 Pa, Z w = 
(b) Methane (M ~ 0.0 1 604 kg mol" 1 ) 

(i) p= 10.0Pa,Z w = 



5.76xl0 13 cm- 2 s- 



3.81xl0 19 cm- 2 s-' 



(ii) p = 0. 150 jiTorr = 2.00 x 10" 5 Pa, Z w = 



7.62xl0 13 cm- 2 s-' 



E23.6(b) A = %d 2 IA = rc(2.0 mm) 2 /4 = 3. 1 4 x 1 0^ m 2 

The collision frequency of the nitrogen gas molecules with surface area A equals Z^A. 
P 



-A [23.9; m = M/N A ] 



(2%MkTIN A ) V2 
p = (ZyA) x (2nMkT/N A ) V2 /A 
= (5.0 x lO'V 1 ) x {27r(28.02 x 10" 3 kg mol" 1 ) x (1.381 x 10" 23 J Kr 1 ) 

x (525 K)/(6.022 x 10 23 mo\- l )} V2 I(3A4 x 10^ m 2 ) = 



733 Pa 



E23.7(b) The farther apart the atoms responsible for the pattern, the closer the spots appear in the pattern 
(see Example 23.3). Tripling the horizontal separation between atoms of the unreconstructed face, 
which has LEED pattern (a), yields a reconstructed surface that gives LEED pattern (b). 



(a) 



(b) 



E23.8(b) Let us assume that the carbon monoxide molecules are close packed, as shown in Figure 23.1 as 
spheres, in the monolayer. Then, one molecule occupies the parallelogram area of 2y[3r 2 , where r 
is the radius of the adsorbed molecule, which is expected to be comparable to the radius of an 
adsorbed nitrogen molecule. Furthermore, let us assume that the collision cross-section of Table 
20. 1 (o = 0.43 nm 2 = 47C7- 2 ) gives a reasonable estimate of r: r - (ol4%) m . With these assumptions the 
surface area occupied by one molecule is: 

A.oiecuie = 2S{oIAk) = fiolln = >/3(0.43 nm 2 )/27i = 0.12 nm 2 



548 INSTRUCTOR'S SOLUTIONS MANUAL: PHYSICAL CHEMISTRY 



In this model the surface area per gram of the catalyst equals A moieCMkt N, where TV is the number of 
adsorbed molecules. Ncan be calculated with the 0°C data, a temperature that is so high compared 
to the boiling point of nitrogen that all molecules are likely to be desorbed from the surface as per- 
fect gas. 

pV (1.00 xlQ*Pa)x (3.75 xlQ-*m 3 ) 
kT (1.381 x 10 -23 J K _1 ) x (273.15 K) 



^oiecui^ = (0.12 x 10- ,8 m 2 ) x (9.94 x 10 19 ) = 



12 m 2 




E23.9(b) 



Figure 23.1 



V V 
S = y [23.10] = — 

r « r moi 



Kp 



l+Kp 

This rearranges to [Example 23.4] 

P = P , 1 
F V KV 

* r man " r mon 

A> A _P2 Pi 

Hence, — - — -- 
Solving for K mo 



[23.12] 



A- A 



„ = (108-56.4) kPa 

m ° D {PilV 2 - p x IV x ) (108/2.77 - 56.4/1.52) kPa cnr 3 



27 cm 3 



E23. 10(b) The enthalpy of adsorption is typical of chemisorption (Table 23 .2) for which t 0 ~ 1 0~ 14 s [lSection 



E23.11(b) 



23.5(b)] because the adsorbate-substrate bond is stiff. The half-life for remaining on the surface is 
t U2 = T 0 e E *i RT [2 1 .24] « (10- 14 s) x (e^o^****)) [E d « -\ d H] « 
0, Pi \+ Kp 2 



200 s 



m 2 6 2 p 2 l + Kft 
which solves to 



[23.10 and 23.12] 



K _ (miPJnhPi) - 1 = (m.tnhj x (p 2 l Pl ) - 1 ^ 1 
p 2 ~(m l p 2 /m 2 ) 1 - (m x lm 2 ) p 2 



(0.63/0.21) x (4/36.0)-! 1_ 

1- (0.63/0.21) *4.0kPa 



= 0.083 kPa-' 
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Therefore, 



(0.083 kPa-')x (36.0 kPa) ^ ft= (0.083) x (4.0) 

1 (1) + (0.083 kPa-')x (36.0 kPa) 1 > l J ' (1) + (0.083) x (4.0) 



0.25 



E23.12(b) 



S = - [23. 1 2], which implies that p = 



( e )i 

1-0 A" 



(a) p = (0.20/0.80)/0.548 kPa~' = 

(b) p = (0.75/0.25)/0.548 kPa ! = 



0.46 kPa 



5.5 kPa 



E23.1 3(b) 8 = , [23. 12], which implies that K = 



\ + Kp 



Additionally, ln| & } = "^(^ - [6.23] = A **" 



jc, J A' / /; / J a 

Since 9 2 = & U K 2 IK X = p x lp 2 and 

A A des /f ( 1 1 W 12.2 kJ mol 1 ^ 



V^2 I \ 



In— - 

p 2 R (T 2 7, J I 8.3 145 J K 1 mol"' 



1 



1 



318 K 298 K 



= -0.310 



which implies that p 2 = (8.86 kPa) x (e° 310 ) = 



12.1 kPa. 



E23.14(b) 



Kd { & 

6 = _ [23.12], which implies that K = 



l + Kp 
Additionally, In 



1-0 



x 7 



( K 2 



{K,j R 
Since 6 2 = 6 U K 2 /K } = p x lp 2 and 



J \_ 

T 2 Tj 



[6.23] or A ad H = -R\n\^-\x\--- 



K 2 \ { 1 1 





I* 


' 1 








1^2 





= -(8.3145 JK- 1 mol" 1 ) x In 



350 kPa 



1.02xl0 3 kPaj (240K 180 K 



1 



1 



-6.40 kJ mol"' 



E23. 15(b) The desorption time for a given volume is proportional to the half-life of the absorbed species and, 
consequently, the ratio of desorption times at two different temperatures is given by: 

/(2)//(l) = * I/2 (2)// l/2 (l) = e E * IRr i/e E * ,RT i [23.24] = e^m-wiR 

Solving for the activation energy for desorption, £ d , gives: 



E d = R\n{t(2)ft(\)}(VT 2 - 1/J,)" 1 = (8.3145 J K" 1 mol" 1 ) x In [ idli | > 

^1856 



1 



1 



1012 K 873 K 



= 285 kJ mol" 
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The desorption time, t, for the same volume at temperature Tis given by: 



t = i(\ )c- 1 l/r - ' < iK - ( i 856 s)exp|(285 xlO 3 J moH) - 

1 1 



1 



1 



T 873 K 



/(8.3145JK- ] mol- 1 ) 



-(1856 s)expU34.3)x 



v 771000 K 0.873 



(a) At298K,* = 

(b) Atl500K,/ = 



1.56 x 10 36 s 



1.37xl0^s 



E23.1 6(b) The average time of molecular residence is proportional to the half-life of the absorbed species and, 
consequently, the ratio of average residence times at two different temperatures is given by: 

t(2)/t(l) = r 1/2 (2)/f 1/2 (l) = e^/e^' [23.24] = eWK-unvx 

Solving for the activation energy for desorption, E A , gives: 

E, = R \n{t(2)/t(l)}(lfT 2 - l/r,)" 1 = R In {0.65 x r(l)//(l)>(l/T 2 - 1/7;)-' = R \n{0.65}(l/T 2 - VTJr 1 

( 1 1 

= (8.3145 J K-'moH) x In (0.65) x 



1000 K 600 K 



5.34 kJ moH 



E23.17(b) At 298 K: t U2 = T 0 e £ «'* r [23.24] = (0.12 ps) x e 0404 ^ /kJ mo1 " 1 
At 800 K: t m = z^ IRT [23.24] = (0.12 ps) x e w»*"*«»i- 

(a) £ d = 20kJmol- 1 

f, /2 (298 K) = (0.12 ps) x e 0 - 404 * 20 = 

(b) £ d = 200kJmol 1 
/„ 2 (298 K) = (0.12 ps) x e°- 4Wx200 = 1 5 < I 0 22 s 



388 ps , /, /2 (800 K) = (0.12 ps) x e° 



2.4 ps 



, / 1/2 (800 K) = (0.12 ps) x e° 150x200 = 



1.3s 



Solutions to problems 

Solutions to numerical problems 



P23.2 



(a) v = 



[23.3a] 



1 + ^m/[5]o 

Taking the inverse and multiplying by u^v, we find that 
v im = v + K M v/[% 



Thus, t> = - K M — - (Eadie-Hofstee plot) or 
[S]o 



[S] 0 K\ 
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Alternatively, to see the rationale for the Hanes-Woolf plot of [S] 0 /u against [S] 0 , write eqn 23.3a in 
the form 

iWtgjo [23M] 
[S] 0 +Km 

Now divide by [S] 0 and take the inverse to get 



[S] 0 _ 1 re1 _^M 

- IP Jo" 1 



[Hanes-Woolf plot] 



(b) The regression slope and intercept of the Eadie-Hofstee data plot of v against v/[S] 0 are -K M 
and v m!a , respectively. Alternatively, the regression slope and intercept of the alternative form of the 
Eadie-Hofstee data plot of u/[S] 0 against v gives -\/K M and v max /K M , respectively; the slope and 
intercept can be used in the calculation of K u and u max . In contrast, the Hanes-Woolf plot of [S] 0 /u 
against [SJ 0 has a regression slope of l/v mzx and an intercept of K M lv^. Once again the slope and 
intercept of the latter plot can be used in the calculation of K M and v max . 

(c) We draw up the following table, which includes data rows required for both an Eadie-Hofstee 
plot (v against v/[S] 0 , Figure 23.2) and a Hanes-Woolf plot ([S) 0 /v against [S] 0 , Figure 23.3). The 
linear regression fit is displayed in each plot. 



[ATP]/(umol dm- 3 ) 


0.60 


0.80 


1.4 


2.0 


3.0 


u/(umol dm -3 s~') 


0.81 


0.97 


1.30 


1.47 


1.69 


u/tATPJ/s- 1 


1.35 


1.21 


0.929 


0.735 


0.563 


[ATP]/v/s 


0.741 


0.826 


1.08 


1.36 


1.78 





2^ 




1.6- 






\ 

-a 


1.2- 


o 
£ 

3. 


0.8- 


3 


0.4- 



j = -1.1015jr+2.3O31 
R 2 = 0.998 



0.5 1 
tV[S] 0 /s-' 



1.5 



Figure 23.2 

Eadie-Hofstee analysis: 



= intercept = 2.30 umol dm -3 s" ! and K M — —slope = 1.10 umol dm -3 



Hanes-Woolf analysis: 



t> mx = 1 /slope =2.31 umol dm -3 s - 1 and K M = inter cep t x =1.10 umol dm -3 
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P23.4 



2 
1.5 
1 

0.5 
0 



y = 0.4337.x: + 0.479 
R 2 = 0.9996 



0.5 



1.5 2 2.5 
[SUnmol dm' 3 



3.5 



Figure 23.3 

When using reaction rates v, the Lineweaver-Burk plot without inhibition has the form: 



1 



v u„ 



bp P3.3b] 

'max J PJo 



where the intercept and slope are simple functions of t> max and K u . When using reaction rates rela- 
tive to a specific, non-inhibited rate (u reI = u/t) referenoe ), the Lineweaver-Burk plot without inhibition 
has the same basic form: 



1 



1 



v 



max,rel 



max,rel j 



1 

[S] 0 



The linear regression fit of the non-inhibited Lineweaver-Burk data plot is 

R 2 = 0.980 



" °- 797 + (2J7) [CBGPlo/10- 2 mol dnr 3 



Consequently, u max re) = llintercept = 1/0.797 - 1 .25 and 

K M = slope x u maX;iel = (2. 17 x 10" 2 mol dm 3 ) x (1 .25) = 2.71 x 10~ 2 mol dm 3 . 
The Lineweaver-Burk plot with inhibition has the basic form: 



1 



1 



[S] 0 

The linear regression fit of the Lineweaver-Burk data plot for phenylbutyrate ion inhibition is 

R 2 = 0.972 



u re! 1 02 + (601) [CBGP] 0 /10' 2 mol dm" 3 



Therefore, a' = intercept x u max-rel = 1.02 x 1.25 = 1.28 and 

a = slope x v maXrreS /K M = (6.01 x 10" 2 mol dnr 3 ) x (1.25)7(2.71 x 10" 2 mol dm" 3 ) = 2.77 



Since both a > 1 and a' ~ 1 (see Section 23.2c), we conclude that phenylbutyrate ion is a competitive 



inhibitor of carboxypeptidase 
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The linear regression fit of the Lineweaver-Burk data plot for benzoate ion inhibition is 

R 2 = 0.999 



— = 3.75 + (3.01) ! 

v re] y [CBGP] 0 /10- 2 moldm- 3 



Therefore, a' = intercept x v max rel = 3.75 x 1 .25 = 4.69 and 

a = slope x v maxM /K M = (3.01 xlO" 2 mol dm" 3 ) x (1.25)/(2.71xl0- 2 moldnr 3 ) = 1.39 



Since both a ~ 1 and a' > 1, we conclude that benzoate ion is an uncompetitive inhibitor of 



carboxypeptidase 



P23.6 



P23.8 



p x {(kg m- 1 s- 2 yPa} x (10^ m 2 /cm 2 ) 



{2tc x (1.381 x 10- 23 J K- 1 ) x (300 K) x (0.03200 kg mol-')/(6.022 x 10 23 mol"')} 1 ' 2 
= 2.69 x 10 18 x (/>/Pa) cnr 2 s" 1 for O, at 300 K 



(a) AtlOOkPa, 



Z w = 2.69xl0 23 cm- 2 s" 1 



(b) at 1.000 Pa, 



Z w = 2.69x1 0 1S cm" 2 s" 



The nearest neighbour in titanium is 291 pm, so the number of atoms per cm 2 is approximately 
1 .4 x 10 15 (the precise value depends on the details of the packing, which is hep, and the identity of 
the surface). The number of collisions per exposed atom is therefore Z w /1.4 x 10 15 cm -2 . 



(a) When p= 100 kPa,Z atom = 



2.0xl0 8 s- i 



(b) When/>= 1.000 Pa, Z atom = 



2.0 x10V 



We follow Example 23.4 of the text, where it is shown that for a Langmuir isotherm 

P_ = JL 1 

V V„ KV„ 
and draw up the following table: 



pf??L 


25 


129 


253 


540 


1000 


1593 


p/V/Pa. cm' 3 


595 


791 


1145 


1682 


2433 


3382 



pi Vis plotted against p in Figure 23.4. The plot is observed to be linear so we conclude that the data 
fits the Langmuir isotherm for these low pressures and, therefore, low coverages. The regression 
slope equals 1/F„; the regression intercept equals VKV„. Thus, 



K„ = 1/^=1/(1.77 cm" 3 ) = 



0.565 cm 3 



and 



K= x intercept) = 1/(0.565 cm 3 x 629 Pa cm- 3 ) = 2.81 x 10" 3 Pa 



COMMENT. It is unlikely that low-pressure data can be used to obtain an accurate value of the volume cor- 
responding to complete coverage. See Problem 23.1 0 for adsorption data at higher pressures 
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4000 




0 H 1 1 — — i 1 

0 400 800 1200 1600 

p/Pa 



Figure 23.4 



P23.1 0 We assume that the data fit the Langmuir isotherm. To confirm this we plot pi K against p and expect 
a straight line [Example 23.4]. We draw up the following table and a data plot is shown in Figure 23.5: 



/,/atm 0.050 0.100 0.150 0.200 0.250 

F/cm 3 1.22 1.33 1.31 1.36 1.40 

/7/K/(10- 2 atmcm- 3 ) 4.10 7.52 11.5 14.7 17.9 




0.05 



0.10 0.15 
p/atm 



0.20 



0.25 



Figure 23.5 

The plot fits closely to a straight line with slope 0.694 cnr 3 . Hence, 

= 1.44xl0" 3 dm 3 = V moa 



V„ - \l slope = 



1 .44 cm 3 



The number of H 2 molecules corresponding to this volume is 



pVN A _ (1.00atm)x(l-44xl0" 3 dm 3 )x(6.Q22xl0 23 mol-') =3£7 ^ 1Q19 
H? ~ RT ~ (0.082 1 dm 3 arm K _I mol 1 ) x (273 K) 
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The area occupied is the number of molecules times the area per molecule. The area per molecule 
can be estimated from the density of the liquid. 



A = n 



- 71 



3Kf 

— = TC 



^4ti j 



4npN A 
3x(2.02gmol-') 



V = volume of molecule = 



M 



4k x (0.708 g cm" 3 ) x (6.022 x 10 23 mol-') 
= 3.41xl0" 16 cm 2 

Area occupied = (3.87 x 10 19 ) x (3.41 x 10" 16 cm 2 ) = 1.3 x 10 4 cm 2 = 



1.3 m 2 



COMMENT. The value for v„ calculated here may be compared to the value obtained in Problem 23.8. 
The agreement is not good and illustrates the point that these kinds of calculations provide only rough value 
surface areas. 



P23.1 2 We assume that the Langmuir isotherm applies. 
8 = ^r- [23.12] and 1-0 = 



1 + Kp 



l + Kp 



For a strongly adsorbed species, Kp»l and 1 - 6 = \IKp. Since the reaction rate is proportional to 
the pressure of ammonia and the fraction of sites left uncovered by the strongly adsorbed hydrogen 
product, we can write 



dp 



To solve the rate law, we write 

Ph 2 = 10>o,nh 3 ~ PnhJ [NH 3 -> {N 2 + |H 2 ] 
from which it follows that, with p = p NHj 

-dp _ kp _ 2k c 
dt ~ p 0 -p 7 ~ 3K 

This equation integrates as follows 



\-—\dp = k 



dt 



or 



t t pA 



We write F = (p 0 /t)]n(p/p Q ), G = (p- p 0 )/t 
and obtain G = k + F' ^k+pqF. 

Hence, a plot of G against F' should give a straight line with intercept k at F' - 0. Alternatively, the 
difference G-F' should be a constant, k. We draw up the following table: 
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t/s 



0 



30 



60 



100 



160 



200 



250 



p/kPa 
G/tkPas- 1 ) 
/"/(kPas" 1 ) 
(G-F'yfldPas- 1 ) 



13.3 11.7 11.2 

-0.053 -0.035 

-0.0568 -0.381 
0.00349 0.00309 



10.7 10.3 9.9 9.6 

-0.026 -0.0188 -0.017 -0.015 

-0.0289 -0.0213 -0.0196 -0.0173 
0.00293 0.00250 0.00263 0.00254 



Thus, the data fit the rate law, and we find 
0.0004 kPa s" 1 . 



k = 0.0029 kPa s" 



with a standard deviation of 



Application of the van't HofT equation [6.21] to adsorption equilibria yields 

din* _ A ad /T din* = -A ad /T 

AT RT 2 1 ' J d(VT) R 

Hence, since A^H* is expected to have no temperature dependence, a plot of In K against 1/7 should 
be a straight line with slope -A^ A H*fR. The transformed data and plot (Figure 23.6) follow. 



77K 


283 


298 


308 


318 


10-" K 


2.642 


2.078 


1.286 


1.085 


1000 KIT 


3.53 


3.36 


3.25 


3.14 




26.30 


26.06 


25.58 


25.41 



26.4 
26.2 

26.0 
25.8 
25.6 
25.4 



y= 17.824 + 2.4134* 




R 1 = 0.946 




• 












_ W ,., 1 i 1 


i i 1 



3.1 



3.2 



3.3 3.4 
1000K/r 



3.5 



3.6 



Figure 23.6 

A ad /T = -R x slope = -(8.3145 J mol 1 K 1 ) x (2.41 x 10 3 K) 
= -20.0xl0 3 JmoH = 



-20.0 kJ mol" 



The Gibbs energy for absorption is 

A dd (T = \ d H* - TA aA S* = -20.Q kJ moT 1 - (298 K) x (0.146 kJ mol"' K~') 
- -63.5 kJ mol" 1 . 
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P23.16 We must adapt the Langmuir gas adsorption isotherm, ^ = -p- + -j^p- [Example 23.4], so that it 

describes adsorption from solution. This can be done with the transforms: p — » concentration, c 
and V -> amount adsorbed per gram adsorbent, s. This gives 

Langmuir isotherm and regression analysis: 

c c 1 

— = — + — - - [Langmuir solution isotherm] 
s s„ Jis„ 

This says that a plot of els against c should be linear and we find that the linear regression fit of the 
data gives 

slope = — = 0.163 g mmol" 1 , standard deviation = 0.017 g mmol" 1 

s x 

intercept = -J- = 35.6 (mmol dm -3 ) x (g mmol"'), standard deviation 
= 5.9 (mmol dm -3 ) x (g mmol -1 ) 



tf(Langmuir) = 0.973 



K = _slope__ = 0.163 g mmol-' = Q ^ ^ 

intercept 35.6 (mmol dm -3 ) x (g mmol -1 ) 

Similarly, the Freundlich solution isotherm [23.20] and regression analysis of the data is: 

s = c,(c/mmoldnr 3 ) 1/C2 or m(5/mmolg _1 ) = m(c l /mmolg _, ) + ^ln(c/mmoldm -3 ) 

This says that a plot of ln(^/mmol g _l ) against ln(c/mmol dnr 3 ) should be linear and we find that the 
linear regression fit of the data gives 

Ci _ intercept dm -3 = 0.1 39 mmol dm -3 , standard deviation = 0.012 mmol dm -3 

slope = — = 0.539, standard deviation = 0.003 

c 2 



i?(Freundlich) = 0.999 94 



The Temkin solution isotherm [23.19] and regression analysis gives: 
s = C[ ln(c 2 c/mmol dm -3 ) 

c, = 1 .08 mmol dm -3 , standard deviation = 0. 14 mmol dm -3 
c 2 = 0.074, standard deviation = 0.023 



tffTemkin) = 0.9590 



The correlation coefficients and standard deviations indicate that the 
vides the best fit of the data. 



Freundlich isotherm 



pro- 
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Solutions to theoretical problems 



P23.18 The description of the progress of infectious diseases can be represented by the mechanism 
S^I->R 



Only the first step is autocatalytic , as indicated in the first rate expression. If the three rate equations 



are added 

dS dl dR A 

— + — + = 0 

dt dt dt 

and hence there is no change with time of the total population, that is 

S(t) + I(f) + R(f) = JV 
Whether the infection spreads or dies out is determined by 

£=rSI-*I 
dt 

At t = 0, 1 = 1(0) = I 0 . Since the process is autocatalytic, 1(0) * 0. 



dt 



= (rS 0 -a)I 0 



If a > rS Q , [ — ] < 0, and the infection dies out. If a < rS, } > 0 and the infection spreads 



(an epidemic). Thus, 

[infection spreads] and 



a 

-<S n 



[infection dies out] 



P20.20 Assume that the steady-state approximation is appropriate for both intermediates ([ES] and [ES']). 
For [ES]: 



d[ESj 
dt 



= fc a [E][S]-fc a '[ES]-£ b [ES] = 0 and [ES] = 



K + K) 



[E][S] 



For [ES']: 

drES'3 
dt 



= fc b [ES]-£ c [ES'] = 0 and [ES'] = 



[ES] 



We now have two equations in the three unknowns [E], [ES], and [ES']. A third is provided by 
the mass-balance expression [E] 0 = [E] + [ES] + [ES']. These three equations may be solved to give 
expressions for each of the three unknowns in terms of the rate constants, [E] 0 , and [SJ. (For prac- 
tical purposes the free substrate concentration is replaced by [S] 0 because the substrate is typically in 
large excess relative to the enzyme.) The expression found for [ES'] is 



[ES1 = 



where = 
1 + * M /[S] 0 ' 



— [El and A M -^^ 



CATALYSIS 559 



Substitution into the rate expression for product formation yields the desired equation: 
v = k c \ES f ] = ' 




Figure 23.7 



Let the number density of atoms in the solid be £A£ Then, the number in the annulus between r and 
r + dr and thickness dz at a depth z below the surface is 2jtfA£r dr dz. The interaction energy of these 
atoms and the single adsorbate atom at a height R above the surface is 



dU = 



-2n2£rdrdzC 6 
{(R + z) 2 + r 2 } 3 



if the individual atoms interact as -C 6 fd 6 with d 2 = (R+z) 1 + r 2 . The total interaction energy of the 
atom with the semi-infinite slab of uniform density is therefore 



dz 



U = -2n9£C 6 dr 
'o 

We then use 



{(R + z) 2 +r 2 } y 



p rdr _ l_ [*" d(r 2 ) _ J_ f°° djc _ _J_ 
J 0 (a 2 +r 2 y ~2j 0 (a 2 +r 2 Y ~ 2 J 0 {a 2 +xf ~ 4a 4 



and obtain 



U = -~K9iC 6 



r dz 



6R' 



This result confirms that U «= 1/i? 3 . (A shorter procedure is to use a dimensional argument, but we 
need the explicit expression in the following.) When 
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K = 4e 



R n R 6 



we also need the contribution from C n 



9QR 9 



and therefore the total interaction energy is 

= 2n9jC i2 it*CC 6 
90R 9 ' 6R 3 

We can express this result in terms of e and <x by noting that C n = 4£<x !2 and C 6 = tea 6 , for then 
90^7? J 12^J? 

For the position of equilibrium, we look for the value of R for which dU/dR = 0: 

- t— I -~ I + — I — — ! =0 









v y 


l-u 




H 





Therefore, <r 9 /10i? 10 = oV4R\ which implies that R = (|) 1/6 cr = 



0.858(7 



For a = 342 pm, R = 294 pm . 



P23.24 



P23.26 



Solutions to applications: chemical engineering and environmental science 

Equilibrium constants vary with temperature according to the van't Hoff equation [6.23 when 
4>ds#* varies only slightly with temperature], which can be written in the form 



K 2 IK,=q « 



t 2 rj 



-160x10* J 

[6.23] = e 8J145JK ' 



'JmoH f 1 1_| 

-lmol-il773K"673Kj _ 



0.0247 



As measured by the equilibrium constant of absorption, NO is less strongly absorbed by a factor 
of 0.0247 at 500°C than at 400°C. 

(a) Ur = W"" 

With a power law regression analysis we find 
, standard deviation = 0.0068 



k = 0.2289 



l/« = 1.6182, standard deviation = 0.0093; 
R = 0.999508 



« = 0.6180 
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A linear regression analysis may be performed by transforming the equation to the following form 
by taking the logarithm of the Freundlich-type equation. 

ln? wattr = ln/: + -ln(RH) 
n 



In k = -1 .4746, standard deviation = 0.0068; k = 0.2289 



n- 0.6180 



- = 1.6183, standard deviation = 0.0093; 
n 

rt = 0.999508 

The two methods give exactly the same result because the software package for performing the 
power law regression performs the transformation to linear form for you. Both methods are actu- 
ally performing a linear regression. The correlation coefficient indicates that 99.95% of the data 
variation is explained with the Freundlich-type isotherm. The Freundlich-fit hypothesis looks very 
good. 

(b) The Langmuir-isotherm model describes adsorption sites that are independent and equi- 
valent. This assumption seems to be valid for the VOC case in which molecules interact very weakly. 
However, water molecules interact much more strongly through forces such as hydrogen bonding 
and multilayers may readily form at the lower temperatures. The intermolecular forces of water 
apparently cause adsorption sites to become non-equivalent and dependent. In this particular case 
the Freundlich-type isotherm becomes the better description. 

(c) r voc = 1 - ? water , where r voc = #voc^vocrh=o 
r V0C =l-fc(RHr 

l-r VO c = A:(RHr 

To determine the goodness-of-fit values for k and n, we perform a power-law regression fit of 
1 - r voc against RH. Results are: 



k = 0.5227 , standard deviation = 0.0719 



- = 1.3749, standard deviation = 0.0601; U = 0.72731 
n 1 1 



R = 0.99620 

Since 99.62% of the variation is explained by the regression, we conclude that the hypothesis that 
r voc = 1 - may be very useful. The values of R and n differ significantly from those of part (a). 
It may be that water is adsorbing to some portions of the surface and VOC to others. 



r~ 
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